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Dinh nghia
Ham sb f(x) duoc goi 1a ham lién tuc ting khic
trén doan [a, b] néu nhu ton tai nhiing diém
a=x1 <X <...<x,=bsaochoham sb f lién
tuc trén khoang (x;, Xiy1) va ton tai hitu han gii
han tir 1 phia f(x+) va
f(xiy1—),Vi=1,2,...,n—1
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Ve A
Tinh chat

Vi du

X X

1 1
Ham — va sin (—) khong la ham lién tuc ting

khic trén [0, 1], vi khong ton tai gidi han f(0+)

v

@ Ham lién tuc ting khdc trén [a, b] thi bi chan
va kha tich trén [a, b|

@ Tich cla hai ham lién tuc tung khic [a ham
lién tuc tung khic.
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Ham tron ting khic

Dinh nghia

Néu ham f(x) lién tuc timg khiic trén [a, b] va c6
thém diéu kién, dao ham cip mét f'(x) lién tuc
trén ting khoang x; < x < Xj+1, va gidi han
F'(xi+), f'(x;—) ton tai, thi ham f(x) duoc goi I3
ham tron timg khic. Néu c6 thém diéu kién, dao
ham cap hai f"(x) lién tuc trén timg khodng

X; < X < Xiy1, va gidi han f"(xi+), f"(x;—) ton
tai, th! ham f(x) duoc goi I3 ham rat tron timng
khic.
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Dinh nghia

Ham lién tuc timg khdc f(x) trén doan |a, b] duoc
goi 13 ham tuan hoan néu tén tai sb thuc duong p
sao cho

f(x+ p) = f(x),Vx.

Lic nay, p duoc goi la chu ky cia f, con s6 nhé

nhét trong nhiing sé p duoc goi 13 chu ky co ban

) hr\ »
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Tinh chit

© Néu

f(x) 13 ham tuan hoan véi chu ky p thi

x + np) = f(x),vn € N.

u f(x), b(x), ..., f(x) 1a nhitng ham tuan

an véi chu kypva ck € R, thi

f(x ) cthi(x) + oh(x) + ... + ckfi(x) 13
ham tuan hoan véi chu ky p.

Vi du

Ham ao+alcosx+a2c052x+ .+ bysinx +

bysin2x + ... [3 ham tudn hoan Vdi chu ky 2.
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Dinh nghia
Day nhiing ham {@n(x)} duoc goi 1a hé truc giao

theo ham trong q(x) trén doan [a, b] néu nhu

/ ©m(x)-pn(x).q(x)dx =0, m # n.

Dinh nghia

b
Néu m = n thi ta c6 ||oa(x)|| = \/f ©2(x)q(x)dx
a

duoc goi 13 chuan cia p,(x).
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Hé nhiing ham truc giao

Vi du

D3y nhiing ham {sinmx}, m=1,2,... 1a hé truc

giao trén doan [—m, ] vi

T
) . 0. m#n
/ sin mx. sin nxdx = ’ 7

. T, m=n

O day ham trong g(x) = 1. Chuén

|| sin mx|| = /.
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Hé nhitng ham truc giao

Dinh nghia

D3y nhiing ham truc giao {1n(x)} duoc goi la hé
truc chuén theo ham trong q(x) trén doan [a, b]
néu nhu

/ab Um(x)-¥n(x).q(x)dx = { 0, m#n

1, m=n

Cha y. Hé truc chudn c6 thé thu duocc tir hé truc
giao bang cach chia mdi ham so cla hé cho chuan
clia né.
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Hé nhitng ham truc giao

Vi du

Day nhitng ham 1, cos x,sinx, ..., cos nx,sin nx /a
[-m, 7] vi

/ sinmx.sinnxdx:{ 0, m#n

T, m=n
K

=

s
/ sin mx. cos nxdx = 0,V m,

—T

i
0, m#n
/ COS mXx. cos nxdx = { ’ 7

T, m=n
—T7

2 2 2 x- N A /
Dé thu duoc hé truc chuén, ta chia moéi ham cho chun cia né

1 cosx sinx cos nx sinx

Vor' Ty T

hé truc giao trén
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Chudi Fourier

Dinh ly
Moi ham lién tuc tong khic, tuadn hoan véi chu ky
21, ¢6 thé duoc xap xi béi chudi luong gidc

f(x) ~ % + Z(ak cos kx + by sin kx)
k=1

Chidng minh.
Vi f(x) 1a ham lién tuc tiing khdc nén kha tich
theo Riemann trén [—m, 7r]. Xét téng riéng
a n
so(x) = = + 3 (ay cos kx + by sin kx).

ng.com 2 Ttps!//fb.comitailieudientucntt
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Ta sé& xac dinh nhiing hé sb ag, ax, bx sao cho
sa(x) x4p xi t6t nhit ham f(x) theo nghia binh
phuong cuc tidu, ¢6 nghia 13 cuc tiéu tich phan

I(ag, ak, bx) = /[f(x) — sp(x)]%dx
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Diéu kién can dé | dat cuc tiéu Ia

% . / ﬂ [f(X) =T =D (aeosix + by sinfx)] dx =0

j=1

j=1

aa_;k ~ /_ ] [f(x) — 2 =Y (acosjx+ by sinJX)] cos kxdx = 0

or = —2/ f(x) — 2. (aj cos jx + bjsin jx) | sin kxdx =0
Oby _L 2

Jj=1
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_ ChdiFouier]

Do t|nh truc giao cua day 1,cos x,sinx, ..., cos nx, sin nx

va f cos mxdx = f sin mxdx = 0 nén

) f

a—ao = 7rdQ —/f(X)dX =0
ol 27a ij( ) cos kxdx =0
_— = — X Xax =
83k Ak
ﬁ—2 b 2jf(x)sinkxdx0
ob, K N
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Vay
1 ™
=— [ f(x)d
o= [ e
1 ™
ax = —/ f(x) cos kxdx,
T —T
1 [" _
by = —/ f(x) sin kxdx,
™ —T
o 0’ 0?1 0%l
Vi — = = =2 = 0 né
! 833 ™ 63% 6?b£ ™ 8akbk nen

d?l > 0, c6 nghta 13 | c6 gia tri cuc tiéu.
ng.com https://fb.com/tailieudientucntt
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Chi

<\

M6t ham sb £(x) c6 thé biéu din xdp xi béi chudi
Fourier ctia né. Tuy nhién, mét chudi Fourier cé
thé khong hoi tu vé ham f(x).

Ching ta s& nghién ctu 3 loai hdi tu cla chudi
Fourier: hdi tu theo diém, hoi tu déu, hdi tu theo
giad tri trung binh binh phuong
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Su héi tu clia chudi Fourier

Dinh nghia

o
Chudi " f,(x) duoc goi la hoi tu theo diém trén

n=1
khodng a < x < b dén ham f(x) néu né héi tu
dén f(x) véi mbi x € (a, b). Cé nghia I
Vx € (a, b) lubn cé

1 (x) — sp(x)] = 0, n — o0,

trong dé sp(x) = > fi(x).
k=1
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Dinh nghia

Chudi " f,(x) duoc goi I3 héi tu déu trén doan

n=1
a < x < b dén ham f(x) néu

max |f(x) — sa(x)| = 0,n — o0,

trong dé s,(x) = > f(x).
k=1

Cha y. Tu sy hoi tu déu suy ra hdi tu theo diém,
wBhung chiéu nguge,laikbéng.ding.
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Dinh nghTa

Chubi Z fo(x) duoc goi la hdi tu theo gid tri

trung b/nh binh phuong (héi tu trong khong gian
Ly) dén ham f(x) trén doan a < x < b néu

b
/ 1f(x) — s,,(x)\zdx — 0,n — 00,

trong dé sp(x) = > fi(x).
k=1
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Su héi tu clia chudi Fourier

Van dé co ban: Chudi Fourier clia ham tudn
hoan f(x) c6 hoi tu vé ham f(x) khéng?

Tra 18i. Chua chic ch3n. Vi du, néu ham f(x)
lién tuc, tudn hoan véi chu ky 27 thi chudi Fourier
clia né c6 thé hoi tu theo diém dén f(x) véi

x € [—m, 7| cho trudc, nhung khéng ding véi moi
Vx € [—m, 7. Dé la van dé hoi tu dia phuong va
hoi tu toan cuc.
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Su héi tu clia chudi Fourier

Dinh ly

Néu f(x) kha tich trén (—m, ) thi chudi Fourier
ctia né hoi tu theo gid tri trung binh binh phuong
dén ham f(x) trén (—m, ), cé nghia I3

/ f(x) — Sn(X)’2dX — 0,n — 00.

—T

Dinh Iy ndy khéng gi3i quyét dusc vin dé héi tu theo diém hay bao
dam su hoi tu cla chudi Fourier véi moi x € (—m, 7). Tuy nhién, néu
f(x) 13 ham tudn hoan véi chu ky 27 va tron timg khiic trén R thi
chudi Fourier clia né s& hdi tu vé f(x) véi moi Vx € [—, 7]
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B4t ding thic Bessel

B4t ding thic Bessel

Dinh ly

Cho f(x) Ia ham lién tuc ting khic va tuan hoan
vdi chu ky 2. Khi dé

2

o 1 T
>+ > (a; + bp) < —/ F2(x)dx

Chidng minh. Ta ¢6

7T[1"(x) — sp(x)]dx >0
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B4t ding thic Bessel

& /_ i[f(x)]zdx—Q / " F(x)so ()t
O

Ta c6 ff(x sn(x)dx =
f f( ) [EOWL Z(akCOSkX—l—kainkx)] dx =
k=1

n
=—+7rY (a; + b7)

1 https://fb.com/tailieudientucntt
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B4t ding thic Bessel

m T n 2
[ si(x)dx = [ [? + 3" (ak cos kx + by sin kx)] dx
k=1

—T —T

2 n

— T L (@24 B
2 k=1

Vay J1F() — sy =
f F2(x)dx — [W—ao +7 Z::(ak + b2)] 0
2 l

% + Z(ak + b7) < f 2(x)dx

Lay gldl han 2 vé& khi n —> oo ta dugc
E + Z(ak +b) f f2(x

ng.com https//fb conWta lieudientucntt
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B4t ding thic Bessel

2 n

\ . a
Diéu nay cé ducc vi tong riéng EO + kzl(ai + b7)
- A%, X
la ddy tang va bi chan trén nén > + > (a; + by)

hoi tu.
\ \ ? ~ o
= Diéu kién can dé chudi 20 —|— > (a; + b7) hoi
k=1

tula lim ax =0va lim bk:O
k—o0 k—o0
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Dinh nghia

Chudi Fourier duoc goi I3 héi tu theo gid tri trung
binh dén f(x) khi

™

n 2
lim / [f(x) - (% + S (ax cos kx + bysin kx))] dx =0
n—oo

g k=1

Hé thic Parseval

Néu chudi Fourier hoi tu theo gi tri trung binh
22

dén f(x) th|§+2(ak+b2 —ff2
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Hé thic Parseval

Dinh nghta

Néu chubi Fourier héi tu theo gid tri trung binh thi
hé nhiing ham 1, cos x, sin x, cos 2x, sin 2x, . . .
duoc goi 13 hé day du.

Nhu vay, néu hé nhitng ham
1, cos x, sin x, cos 2x, sin 2x, . .. 13 hé day di thi

f(x) = ? + Z(ak cos kx + by sin kx)
k=1
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Hé thic Parseval Vi du

Vi du
Tim chudi Fourier cda ham sb
Fx)=x+x},—1T<x<m

Dap sb. f(x) =
2 00 4 2
%4-/;1 P(—1)"cosk = ;(—1)ksin kx
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Hé thic Parseval Vi du

Hinh: sum(1->3), sum(1->10)
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Hé thic Parseval Vi du

Vi du

Tim chudi Fourier ciia ham sb
-, —m<x<0
f(x) = ’

x, 0<x<m

f(x) = % ; {kzﬂ [(—1)% — 1] cos kx + % [1—2(—1)] sin kx}

https://fb.com/tailieudientucntt
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Hé thic Parseval Vi du

ng.com
TS. L& Xuan Dai (BK TPHCM)

Hinh: sum(1->10), sum(1->100)
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Vi du
Tim chudi Fourier cia ham sb
fx)=x,—mT<x<m

1sin kx

Dép sb. f(x) =25 (1)
=1 k

Hinh: sum(1->3)

ERT
08
08 L
04

Z
02

El 08 05 04 02 02 04 06 08 10
2

04
08
8
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Hé thic Parseval Vi du

Hinh: sum(1->10), sum(1->100)
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Cho f(x) la ham chdn trén doan [—m, w]. Khi dé
f(x) cos kx 13 ham chan con f(x)sin kx 1a ham [é.

N\

Vi vay, nhiing hé sb Fourier clia ham f(x) Ia

1 [ 2 ("
ax = —/ f(x) cos kxdx = —/ f(x) cos kxdx
0

T/ 4 T

1 ™
bk:—/ f(x)sin kxdx = 0
T J—n

Chudi Fourier ctia ham ch3n 13

f(x) ~ %+Zakcoskx

k=1
ng.com https://fb.com/tailieudientucntt
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Cho f(x) la ham 1é trén doan [—m, w]. Khi dé
f(x) cos kx 13 ham 1é con f(x)sin kx |a ham chan.
Vi vay, nhiing hé sb Fourier clia ham f(x) Ia
1 ™
ay = —/ f(x) cos kxdx =0

™ —T

L [T 2 (7
by = —/ f(x) sin kxdx = —/ f(x) sin kxdx
0

T ) T

N\

Chudi Fourier ctia ham Ié 13

Z by sin kx
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Chudi Fourier Cosine va Sine Vi du

Vi du
Tim chudi Fourier cia ham
-1, —m<x<0
f(x) = sgnx = 0, x=0
+1, O<x<m

4 X sin(2k — 1)x

Dép sb. f(x) =
ap $0. fx) = = 2 =55
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Chuéi Fourier Cosine va Sine Vi du

Hinh: sum(1->10), sum(1->100)

¥
: 1o /\‘: :
| [
| 054 \ |
L , , , , o 1
& 2 1 1 2 3: A
| 05T X
I I
v NV bk

ng.com
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Chudi Fourier Cosine va Sine Vi du

Vi du

Tim chudi Fourier cia ham f(x) = |sin x|

; 2 4 X cos(2kx)
T iy 1—4k?

ng.com https://fb.com/tailieudientucntt

TS. Lé Xuan Dai (BK TPHCM) CHUGI FOURIER TP. HCM — 2015.

38 /1


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chudi Fourier Cosine va Sine Vi du

Hinh: sum(1->3), sum(1->10)
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Chudi Fourier Cosine va Sine Vi du

Vi du
Tim chudi Fourier ciia ham
—x, —m<x<0

0<x<m

)

Flx) = el =

X,

cosx cos3x cosbhbx
4+ +

12 32 52

N
SHES
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Chudi Fourier Cosine va Sine Vi du

Hinh: sum(1->3), sum(1->10)

¥ ¥

3+ 3T

2T 2t

1T 1T
3 2 1 0 1 2 3 3 2 1 0 1 2

kS X
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Chudi Fourier Cosine va Sine Vi du

Vi du

Tim chudi Fourier cia ham
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Chudi Fourier Cosine va Sine Vi du

Hinh: sum(1->3), sum(1->10)
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Chubi Fourier phiic

Chudi Fourier cta ham so f(x)

f(x) = % + Z(ak cos kx + by sin kx)
k=1

S dung cong thic Euler

eix i e—ix eix L e—ix
COSX = ———,sinx = ————,
2 2i
ta co
a0 i lkx + e—/kx b eikx . e—ikx
2 — 21
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Chubi Fourier phiic

_ @ > ax — iby e ax + iby _ikx
| e (M) e

00
_ CO“‘E :(cke’kx+c_ke_’kx),

k=1

? N

6 day

s
=l 1
Q=—=— f(x)dx
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B dg — ibk B 1 d .. .
k=" = 27r/ f(x)(cos kx—i sin kx)dx =

1 [7 :
= — f(x)e ®dx
28 jh
b 1 ["
C_k = B / f(x)(cos kx+isin kx)dx =
2 21 J_ .
1 \ ikx
= — f(x)e"™ dx
21 J_.

o0 1
N . A e o
Vay f(x) = > ce™, & day ¢ = —f_7T f(x)e ™ dx
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Cong thic Parseval

1 [ >
= FPx)de = Y ol

o k=—00

1 " 2 ikx
- _Wf(x)dx:/_ﬁ Zce dx =
Z ck—/ f(x)e’kxdx— Z Cr.C_f =

k=—00
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Coéng thic Parseval Vi du

Vi du
Tim chudi Fourier phic cia ham sé
fx)=e,—mT<x<m

o (1+ ik)(—1)*
o (14 k?)

ikx

Dap sb. f(x) =

sinh(m)e
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Chudi Fourier trén 1 doan bt ky

D3t van dé

Tim chudi Fourier cia ham f(x) trén doan [a, b]
b4t ky. Khi dé ta dung phép déi bién

1 (b— a)t  (2x—b—a)r
X—E(a+b)+T:>t— ele!
Khi dé f(x)=f (%(a+b)—|— (b 2—7Ta)t) = F(t).

Chudi Fourier cta F(t) la

a = :
F(t) = 50 + Z(ak cos kt + by sin kt),
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Chudi Fourier trén 1 doan bt ky

1 s
ay = —/ F(t) cos ktdt,

L
1 /" .
by = —/ F(t)sin ktdt,
m —Tr
= f(x) = @—l-f: ay cos kibrbry 2l + by sin K2xcamalm
2 pt x b—a x b—a ’
6 day
2 b k(2x — b —
ay = b—a/a f(x)cos[ ( Xb_ba a)ﬂ} dx
2 b k(2x — b —
by = b_a/a f(x)sin{ (Xb_a a)”} dx
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Chudi Fourier trén 1 doan bAt ky Vi du

Vi du

Tim chudi Fourier cia f(x) = x, —2 < x < 2

o0

, =z 4 . [ kmx
Dép so. f(x) = > —(—1)*Lsin [ —
k=1 km 2
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Chudi Fourier trén 1 doan bAt ky Vi du

Vi du

1
1, O<X<§

Tim chudi Fourier cia f(x) = { 0 1oyl
2

f(x ):% kﬁ; iU eos(2k — D)
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B6 dé Riemann-Lebesgue va dinh ly vé& su héi tu theo diém

B& dé Riemann-Lebesgue

Dinh ly

Néu g(x) 13 ham lién tuc ting khic trén doan
[a, b] thi

b
lim / g(x)sin Axdx =0

A—00
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B& dé Riemann-Lebesgue va dinh ly V& su héi tu theo diém

Dinh Iy v& su hdi tu theo diém

Dinh ly
Néu f(x) 1a ham tron ting khiic va tudn hoan vdi
chu ky 2w trén [—m, w] thl vdi moi Vx ta cd

dg - . 1
5—}—2(3/( cos kx+ by sin kX) = E[f(x_“)_*_f(x_)]?

k=1
17 17
ax = — [ f(t)cosktdt, by = — [ f(t)sin ktdt,
™o ™o
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Sy héi tu déu, dao ham, tich phan

Dinh Iy v& su héi tu déu va hoi tu tuyét déi

Dinh ly

Cho f(x) 13 ham lién tuc, tudn hoan vdi chu ky 2w
va cho f'(x) la ham lién tuc tung khdc trén doan
[, 7). Néu thém diéu kién f(—=) = f(x) thi
chudi Fourier cia f(x) s& héi tu déu va hoi tu
tuyét doi.
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Su héi tu déu, dao ham, tich phan

Dao ham

Dinh ly

Cho f(x) la ham lién tuc trén doan [—m, 7|, va
f(—m) = f(m). Cho f'(x) la ham tron ting khic
trén doan [—m, w|. Khi dé chudi Fourier cia ham
f'(x) thu duoc bing cdch I3y dao ham timg phan
t cha chudi Fourier cda ham f(x). Chudi Fourier
cha ham f'(x) sé hoi tu theo diém tai nhiing diém

(1
lién tuc va héi tu dén E[f’(x—l—) + f'(x—)] tai
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Sy héi tu déu, dao ham, tich phan

Tich phan

Dinh ly
Cho f(x) 1a ham lién tuc ting khic trén [—m, 7],
tudn hoan véi chu ky 2m. Khi dé

oo

s s s
do .
f(x)dx:/ —dx + / (ak cos kx + by sin kx)dx
-7 AT 2 k=1 YT
v
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Dinh ly
Néu f(x) I3 ham tron ting khic trén doan [0, b
thi véi b > 0 ta c6

b .
lim / f(x)s'“xdx:gf(w)
0

A—00 X

Dinh ly

Néu f(x) 1a ham tron ting khic trén moi doan
hitu han, va kha tich tuyét dbi trén (—oo, +00) thi
E /OOO [/_OO f(t)cos k(t —x)dt] dk = %[f(x—l—) + f(x—)]
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Néu ham £(x) lién tuc tai diém x thi
f(x+) = f(x=) = f(x). Khi d6 su biéu di&n tich
phan Fourier cho f(x) I3

F(x) = %/OOO UZ £(£) cos k(t — x)dt] dk

Thay

cos k(t — x) = cosk(x — t) =

1 o0 (o) .
/ / 'k(x—f>dtdk+— / / f(t)e =t dtdk
0 —00

[eik(x—t) I e—ik(x—t)}

N —

ta dugc
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Tich phan Fourier

1 o0 oo . 1 —00 o9} .
=— / / f(t)e* " dtdk — — / / f(t)e™Ddtdk
2m 0 —00 2m 0 —00

1 [e%) 0 ] 1 0 fe's) )
= F(t)e* = drdk + — / / F(t)e* =8 drdk
1 OO OO ik(x—t)
=— f (t)e dtdk
™ J_ _

—\/127/ *Xdk[\/_/ e " f(t) dt} \/127/_ZF(k)e""Xdk

g day
1 o :
Flk) = —=— / F(£)e *dt
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Tich phan Fourier

THANK YOU FOR ATTENTION
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