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L&i ndi dau

odn rdi rac diroc dua chinh thic vao chuong trinh gidng
day ctia Khoa Todn, Trudng Pai hoc Téng hop TP. Hd
Chi Minh tir n&m hoc 1992 - 1993. Ngay tu dau, tdc gia
da bién soan chuwong trinh va triurc tiép giang day mon
Todn r&i rac. Sinh vien cdc chuyén nganh Todn va Tin
hoc thudng ghi tén hoc trong nam thit hai, sau khi da hoec
Pai s6 Pai cuong, Pai s6 tuyén tinh, Vi tich phan. Do
do6 cac phin Co s¢ logic (Chuong 1), Tap hop va Anh xa
(Chuong 2) chi duoc trinh bay so luge. Noi dung chu yéu
tip trung vao Phép tinh ménh d&, Ly thuyét Dan, Dai s6
Bool va ham Bool. Ngoai ra ¢ mét chuong danh cho Ly
thuyé&t ma phdt hién va sira sai. Tir nam hoc 1994-1995,
vdi sur hinh thanh cia khéi kién thifc Gidao duc Pai cuong,
mén Todn roi rac 14 mén b4t buéc cho nganh Céng nghé
Théng tin & Giai doan 2 va la mén chon lua doi voil nganh
Todn-Tin hoc. Pé&n nam hoc 1997-1998, ndi dung moén
nay duoc nang cao va tro thanh b4t bude d6i voi nganh
Todn-Tin hoc, ciing nhu déi voi hé Cao ddng Céng nghé
Thong tin. Cudi cung trong nam hoc 1998-1999, khi khong
con mé hinh dao tao 2 Giai doan, mén Todn roi rac tror
thanh mén bit buéc cho cdc nganh Todn-Tin hoc, Cong
nghé Thoéng tin cung nhw hé¢ Cao ddng, sinh vién dugc
sdp xép hoc ngay tir hoc ky diu ¢ dai hoc. Do do cac
chueeng vé Co s¢ logic, Nguyén Iy dém trong dé cé phan
Tap hop va Anh xa dugc day ky hon, dé giip cho sinh
vién tiép thu cac moén hoc khdc nhu Vi tich phén, Dai s&
tuyén tinh, Xdc suét Théng ké duge dé dang hon. Céc
ki&n thifc v& S8 hoc nhu Quan hé déng du, USCLN va
BSCNN, Thuéat chia Euclide dugc trinh bay rail rac trong
Chuong 3 nhu cdc vi du vé Quan hé tuong duong, thit tu,
"dan. Mat khdc voi thoi Iwvong 3 Tin chi va do sinh vién
chua hoc Pai s6 Tuyén tinh, Chuong Ly thuyét Ma duye
diza vao sau, trong khoi kién thitc chuyén nganh qua mon




hoc Té hop va Thuat toan ma Chﬁﬁg tor nghi cac sinh vién
ve Toan-Tin hoc, Céng nghé Théng tin cin va nén chon
hoc. Cing xin ndi thém, trong vai nam gin day, noi duilg
chii yéu cua bai thi co so trong ky th: tuyén sinh Cao hoc
va Nghién cttu sinh nganh Cong nghé Théng tin dugc dira
vao mdn Toan roi rac. Do dé quyén sach ¢d thé dung l1adm
tai lieu tham khao cho cac thi sinh trong ky thi ndi trén.
Ngoai ra, vdi néi dung tuong ddi doc lap vdi cdac kién thire
dai hoc khdc, quyén sdch Todn roi rac ¢6 thé dugc sir dung
dé giang day, nang cao kha nang ly luan vé Giai tich té
hop va Ly thuyét tap hop cho hoc sinh phé théng.

uyén sdch gido khoa Todn roi rac trong lin tdi ban nay,

Q ngoai phin in chit Ién théng thudong con ¢ mot s@ it ché
in chiz nhé. Phin chit Ion la néi dung giang day bat budc
cho ca hé Pai hoc va Cao ddng. Phan chir nho la nhung
kién thic va thudng 1a chitng minh khé, ¢é thé bo qua khi
day cho hé Cao ddng. Cac bai tap cudi moi chuong dugce
suru tim bao gbm cdc noi dung rong rai: tir nhing bai tap
ip dung truc tiép cdc cong thitc, khdi niém dén cdc bai
tap cin suy ludn sdu hon.

C udi cling, tac gid xin cam on cdc dong nghiép thuéc B6 mén |

Dai s6, Khoa Todn-Tin hoc cua Truong Dai hoc Khoa hoc

Ty nhién TP. H5 Chi Minh da tham gia giang day nhidu

I6p Todn roi rac theo chuong trinh néu trén va déng gop

nhidu ¥ kién quy bdu. Tdc gia cling xin cam on anh Duong

T&n Tai va PTS Trinh Anh Ngoc da rat nhiét tinh trong

~ viéc stt dung Latex dé mang lai cho quyén sach mot phong
cdch trinh bay rat dac biét.

Tac gia
GS Nguyén Hiru Anh, Ph.D.
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Chuong 1

Cd SO LOGIC

§1 Phép tinh ménh da

Trong toan hoc ta quan tam dén nhitng khdng dinh ¢é gia tr1 chan
ly xac dinh (ding hoé&c sai nhung khong thé vira diing vira sai). Cac
khdng dinh nhu vay duoc goi 14 ménh dé. Cic menh de dung dugc
néi 1a cé gid tri chdn ly duing (hay chan tri ding); cdc ménh deé sai
duoge noéi la.cé chdn tri sai.

Vi du:
1. Cédc khdng dinh sau la ménh deé

- Mén Toan roi rac la mén bdt bude cho nganh Tin hoc.

-14+1=2.

- 4 la s6 nguyén té.

Hai ménh dé diu c6 chan tri 1 va ménh dé thit ba c¢é chan tri 0.

2. Céc khdng dinh dudi dang tdn thdn hoac ménh lénh khong phai 1a
ménh d& vi né khong c6 chan tri nhat dinh.
3. Khang dinh "n la sé nguyén t&” khéng phai 14 meénh db. Tuy |
nhién néu thay n bdi mét s nguyén c¢8 dinh nio dd thi ta sé duce
mot ménh de: chang han vdi n = 3 ta duge mot menh de dung, trmilg
khi vé1 n = 4 ta dugc moét meénh de sai. Khédng dinh nay duwoc goi la
mot v tw va cung la doi twong khao sit cua logic.

Ta thuong ky hiéu cdc ménh dé hdi cac chiy FP,Q,R, ... vichan tr1
ding (sai) dugc ky hieu bai 1 (0) '
T,V de chi chan tri ding vh F

Phan tich ky cde vi du, t
Jloai;

- E51 khi ta con dung cde ky hieu -
dé chi chan tri sai.

a thay cdc ménh dé& duoc chia ra 1bm 2



* Cdc meénh de& dugc xay dung tir cac ménh dé khic nho lién
két ching lai bing cdc lién tit (va, hay, néu... thi...) hoac trang tu
"khoéng”. Ta ndi cdc ménh dé nay 12 ménh de phitc hop.

Vi du: " Néu troi dep thi toi di dao” 12 mot ménh dé phitc hop.

Chi ¥ ring ménh d& "4 khong phai la s6 nguyén t&” la mgt ménh
d& phitc hop. Né duoc xay dung tir ménh dé "4 14 s6 nguyeén t8” nho
phép phu dinh (trang tir khéng).

* CAc meénh de khong thé xay dung tir cdc menh dé khac nho cac
lien tir hosc trang tir khong. Ta ndi cdc ménh dé nay la ménh de
nguyén thiy hay so cdp. -

Vi du: “H6ém nay troi dep”, “3 12 s6 nguyén t6” la cdc ménh deé
nguyén thay,

Muc dich cta phép tinh ménh dé 1a nghién ctu chan tri cia mot
ménh dé phudc hop tif chan tri cia cdc ménh dé don gidn hon va
cdc phép ndi nhitng ménh dé nay thé hién qua lién tir ho#c trang tif
“khéng”.

Cac phép no.

Phép phu dinh: phu dinh cia ménh d& P duwoc ky hiéu bdi - P
(doc 1a khong P). Chan tri cia =P 14 0 néu chan tri cia P 14 1 va
nguoc lai.

Ta cé bang sau goi la Bdng chdn tri cia phép phu dinh

P[-P
0] 1
I 1 D

Phép ndi lién:* ménh dé ndéi lién cla hai ménh dé P,Q duge ky
hig¢u bdi P AQ (doc 12 P va Q). Chan tri ctia P A @ la 1 néu ca P lan
Q déu c6 chén tri 1. Trong cdc trudng hgp khac, PA Q ¢6 chan tri 0.

*Trong mjt 88 tai ligu, phép ndi lién va phép néi rai cing dugc goi 1a phép
hdi va phép tuyén.



NGi cach khac phép noi liten dugce xdc dinh bdi bang chan tri sau:

[

PG

|
|
i
L -.J
Vi du: ménh dé "hom nay troi dep va tran béng dd sé hap dan” duoc
xermn nhu la 1 ménh d8 ddng néu ca 2 ditu kien “tron dep” va “tran
béng da hap dan™ déu xay ra. Nguoce lai néu chi ¢é mét trong hai

diéu kién tréen dung, hoic ca hai déu sai thi meénh dé la mot ménh deé
sal.

- = O Oy
—= o~ DO
- O O C

Phép ndi roi:! menh dé né% roi cia hai ménh dé P,Q 14 meénh
de ky hiéu béi PV Q (doc la P hay Q). Chan tri cia PV Q la 0 néu
ca hai P, Q) cung c¢é chan tri 0. Trong cdc trudng hop khde, PV Q c¢é
chan tri 1. N&i cach khdac phép néi roi duge xdc dinh béi bang chan
tri sau

P 1@ | PVE

0 | 0 0

0|1 1 '
10| .1

L1 1

Vi du: ”"Ba dang doc bdo hay xem tivi” la mot meénh de ding néu lic
nay Ba doc bdo, xem tivi hay vira doc bdo vira xem tivi (!). Nguoc
lai néu ca 2 viéc trén deu khong xay ra, vi du nhu Ba dang lam viéc,
- thi ménh deé la ménh dé sai. Chu y rdng trong ménh de PV Q, tir
"hay” duoc dung theo nghia bao gbm, nghia la P v Q c¢6 thé doéng
thoi ding. Tuy nhién, trong ngén ngit hang nghy ta thudng hidu ” P
hay Q" theo nghia loai trlr, nghia la P diing hay @ ding nhung khéng
thé dong thoi ding. D& phan biét 16 rang, trong trudng hop loai trir

"']:mng mét s3 tai lidu, phép néi litn va phép néi roi ciing duge goi la Phéi;'
181 va pheép tuyén |



ta sé sir dung tit "hoac”: " P hodc Q" va ky hiéu phép néi tuong iing
Eoi ;Dle.(P hay @ nhung khong dong thdi ca hai). Bang chan tri

- L E ‘.h :
CLa o i{g wiLhs

PlQ | PvQ
00| 0O
0|1 1
Ll o| 1
11| o0

Phép kéo theo: ménh de néu P thi @ dugce ky higula P — Q
(cing doc la P kéo theo @, hay P la diéu kién du cia @, hay @Q la
ditu kién can cua P). D& xdc dinh chan tri cho P — Q ta hay xem
vi du ménh de "néu troi dep thi téi di dao”. Ta cé cdc truwdong hop
sau: .
- trot dep va tde gid cua khdng dinh dang di dao: khi dy hién
nhién ménh dé la diing.

- tro1 dep va tdc gid ngoi nhd: ménh deé ro rang 1a sai.

- tro1 zd'u va tdc gia di dao: ménh dé van ding.

- tro1 rdu va tdc gid ngéi nha: mac du ngdi nha, nhung tdc gia
khong vi pham khdng dinh cia minh nén ménh d& van phai duwoc xem
la ding.

Tw do ta co bang chan tri ciia phép kéo theo nhu sau

PIlQ|P—Q
010 1
0|1
L] @
1 |1

1
0
1

Chu y:

1. V@i qui udc vé chan tri nhu trén, ta sé cé nhitng khing dinh
dung rat ngoé nghinh nhu: "néu 2 = 1 thi Quang Trung va Tran Hung
Dao la mét nguroi”

2. Can phan biet ménh d&2 P — Q vdi lenh If P then Q trong
mot s6 ngon ngit lap trinh vi du nhu Pascal, Basic. Trong P — Q
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thica P lan @ 1a ménh deé con trong lénh If P then Q thi P la 1 ménh
de con @ la mot day lién tiép dong lénh sé duwoe thuce hien néu meénh

de P c6 chan tri 1 va sé duge bd qua néu P ¢d chan tri 0. Nhéac lai

rang cac dong lénh |la nhitng ménh léenh ma may phai thuc hién nén
khong phai la mét meéenh dé theo nghia ta xét. Du sao cung cé mot
sy tuong tu cua 2 déi tugng "P — Q" va " If P then Q”. Hon nira
co thé lgi dung cac tvong duong logic dé thyc hién léenh " If P the
Q"7 co6 hiéu qua. '
3. Trong ngoén ngit hang ngay, ngudi ta thuong lam 1an phép kéo
theo v&i phép kéo theo hai chieu, ching han nhu phdt biéu "giang
vien khoa Toan day nghiem tdc” ma viét theo phép néi la "néu anh
la giang vién khoa Todn thi anh day nghiem tiic” thudng bi phan ting
tir giang vién cdc khoa khédc vi ho cho ring ngudi néi da am chi "néu
la giang vién khoa khdc thi day khéng nghiem tic”. That ra khi phat
biéu, ngudi néi ¢é khi cling muén d4m chi "néu day nghiém tdc thi
anh la giang vien khoa Todn”.J day néu viét phat biéu ban dau dudi
dang P — Q thi 2 phdt biéu hiéu ngim sé c¢é dang (-P) — (—Q)
va Q — P. Tuy nhién, néu bao gom them mot trong hai phat biéu

sau, thi phat biéu P — @ tréd thanh phép kéo theo hai chidu theo
nghia dudi day.

Phép kéo theo hai chidu: ménh de néu P thi ¢ va nguoc lai
duge ky hiéu boi P «—— @Q (cing doc 14 P khi va chi khi Q, P néu va
chi néu Q, P la dieu kién can va di dé cd (2). Theo trén, ca 2 chidu
keo theo P — Q va Q — P deéu diing nén néu P ding thi Q cling
phai diing va nguoc lai. Do dé ta cd bang chan tri sau '

PlQ|P+—Q
010 1
0] 1 0
10| 0
11| 1




§2 Dang ménh de

Trong Dai s8 ta ¢6 cdc biéu thitc dai so0 duoge xay dung tir:

- cac s8 nguyén, hitu ti, thuc ... ma ta goi la hdng s6.

- cac bién z,y, ... c¢é thé ldy gid tri l1a cdc hing s6.

- cac phép todn thao tac trén cdac hang so va cac bié€n theo mot
thit tvr nhat dinh.

Khi thay th& cdc bién trong 1 biéu thiic dai s& bdi cac hing so thi
két qua thuc hién cdc phép toan trong biéu thitc sé la mot hang so
nao d6. Trong phép tinh ménh de ta cling cé cac "biéu thitc logic”
tuwong tu ma ta goi la cac dang ménh dé dugc xay dung tu:

- cac ménh deé (hang ménh dg).

- cac bién meénh d& p,q,... cé thé ldy gid tri la cdc ménh dé nao
daé.

- cac phép ndi thao tdc trén cic haAng ménh dé va bién ménh dé
theo mét thit tv nh&t dinh. O day thi ty duoc xac dinh bdi cac dau
ngoéc ”()” dé chi ro phép ndi thyc hien trén cap meénh d& nio, ding
ra la trén cac biéu thic con nao. Vi du nhur:

E(p,q,7) =(pAgq)V ((—-r) — P)

la mot dang ménh dé trong dé p,q,r 1a cdc bién ménh dé con P 1A
mot hang ménh de.

Gia st E, F |14 2 dang menh d¥, khi &y -F, EAF, E — F,
E +— F la cdc dang ménh dé. Bing cdch nay ta ¢ thé xay dung
duege cac dang ménh de cang ngay cang phitc tap.

Mat khdc, digu ta quan tam d&i véi mot dang menh d& E(p, q, 7, ...)
la chan trictia menh deé cé duoc E{P @, R, ...) khi thay cac bién ménh

dép,q,r, ... bdi cdc ménh db P, @, R, ... c6 chan tri xac dinh, nghiala su
phu thuée cia chan tricua E(p,q,r,...) theo cdc chan tri cia p,q,, ...
chit khong phii theo cdc thé hlE:n cu thé p,q,r, ... qua ciac ménh de

cu thé P,.Q, R, ... Néi cach khac, mai dang ménh de E(p,q,r, ...) c6



mot bang chan tri xdc dinh trong do méi dbng cho biét chan tri1 cua
E(p,q,7,...) theo cdc chan tri cu thé cha p, ¢,

Vi du: 1. Ta hay xay dvng bang chan tri ciaa hai dang Inf'-ﬂ}” de
pV(gAT)va(pVgq)Ar theo cdc bién ménh de p,q,r

plag|7|gAT | pV(gAT) |pVg|[(PVEAT
0l0l0| O 0 0 0
olol1]| o 0 0 0
ol1|0] o 0 1 0 -
ctilsl % | | 1 1
1{of{o0]| o 1 1 0
-lolt] o 1 1 1
1]11]{0] o 1 1 0 |
1i1l1! 1 1 1 1 |

Ta thay hai dang ménh de pVv (gAr) , (pV¢g)Ar cd bang chan tri
khac nhau. Dieu nay cho thdy thi tu thuce hieén cdc phép néi la quan
trong va su cin thiét clia cdc ddu "()". Tuy nhién ta sé qui tdc rang
néu phép ndi — di cung vdi mdt phép néi khdc ma khong ¢é ddu 7 ()”
thi phép ndi - sé duogc uu tién thue hién trude. Vidu nhu —p Vv g cé
nghia la thuc hién —p trude réi méi thuce hién Vv, néi cach khde bidu
thitc —p VvV q va (—p) V g 12 mot. Trong truong he:rp mudn thire hién -
sau ta phai dat dau ngoic: ~(pV q).

2. Ta hay xay dung bang chan tri cia hai dang ménh de p — ¢
va —=pV q

plg|-p|lp—q|-pVyg]
00 1 1 1
0|11 1 1 1
1{o0]| 0O 0 0
L 1] o 1 1

Nhu vay hai dang ménh d&@'p — ¢ va —p V ¢ ¢ cling bang chan
tri. Ta ndi chiing twong duong logic theo nghia sau

]

) Dinh nghia 1.2.1: hai dang menh dé E va F dugc ndi la tuong
duong logic néu chiing cé ciing bang chén tri. Khi dy ta viét £ < F.

-r-.l
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Chd y rang néu E va F' tuong duong logic thi dang menh de
E +— F luon ludn 18y gia tri 1 du cac bién cd 14y gia tri ndo di nita.
Pinh nghia 1.2.2: '

i) Mot dang ménh dé dugce goi la mot hdng ding néu né luén luén
|4y chan tri 1. |

ii) Mot dang ménh dé dugc goi la mot hdng sar hay mdu thudn
néu nd luén ludn ldy chan tri 0.
Tiu nhan xét trén ta luén luén cd

Meénh dé 1.2.1: hai dang ménh dé F va F tuong duong logic khi va
chi khi E' «— F la mot hang ding.

Néu chi dé y dén phép kéo theo mot chigu ta cd.

Dinh nghia 1.2.3: dang ménh dé F dugce ndi la hé qud logic cia
dang ménh dé E néu £ — F la mot hang ding. Khi &y ta viét
E = F. Tacing néi E ¢6 hé qua logic la F.

Nhu thé.néi ring E tuong duong logic vdi F' c6 nghia la F' la hé
qua logic clia E va E la hé qua logic cua F.

Trong phép tinh ménh dg, ta thuong khong phan biét cac dang
ménh d& tuong duong logic. Ta cd

Qui tdc thay th& thit nhadt: trong dang ménh dé E, néu ta thay
thé bicu théc con F bdi mot dang meénh de tuong duong logic thi
dang meénh d& thu dugc van con tuong duong logic véi E.

Chd y: ta da sit dung khai niém bidu thitc con theo mot nghia hét
site tu nhien: dang méng de F' "xudt hién” trong E, hay noi cach
khdc E ¢é thé xay dung tu F' va mot s& dang ménh d& khac qua cac
phép ndi.

Vi du: p — {q — r) tuong du’{?ﬂg lﬂgiﬂ vol T (—1-:;' VT‘) vl trt}ng
dé bidu thie con ¢ — r da duge thay thé bdi dang ménh dé tuong
duong logic la g V 7.

Vdi qui tdc thay thé trén, ta cé thé "rit gon” mot dang ménh
de bang cach thay mot bidu thitc con bdi maét dang ménh deé tuong
duwong nhung don gian hon hoac giup cho bude rit gon tiép theo dé
dang hon. Ngoai ra, ciing can nhan biét mot s6 hing ding. Thudng




- e

L B

P = L r

cdc hdng ding nay cd thé dugce suy tit mot sé hing ding don gian

| nhd:w\l

Qui tAc thay th& thit hai: gid sit dang ménh d& E(p, q,r ..) 12 mot
hang dung. Néu ta thay thé nhitng noi p xudt hién trong E bdi mot
dang ménh de tuy ¥ F(p', ¢',7',...) thi dang ménh dé& nhan dugc theo
cac bién g¢,7,...,p',¢', 7', ... vin con 12 mot hing ding. |
Ngoai hai qui tic thay thé trén, ta con sit dung 10 qui luat logic

dugc phat biéu dudi dang cdc tuong duong logic dé rit gon mu::t. dang
ménh dé cho trude. Ta cd

Dinh 1y 1.2.2 (Qui luat logic): vdi p,q,r la cdc bien ménh d&, 1 la
mét hdng ding va 0 la m6t mau thuén (hdng sai), ta co cdc tuomng
duong logic:

i) Phi dinh cia phu dinh:

—r—'np-a=}p

i) Qui tdc De Morgan:

~(pAg) < -pV-gq
va —(pVgqg) < -pA-—g
iii) Ludt giao hodn:

'w PAG = qApP
va pVg <= gqVp
iv) Ludt két hop:

PA(gAT) = (PAQAT
va. pV(gvr) < (pVg)Vr
v) Ludt phan b6"

PA(QVT) = (PAQV(PAT)
va pV(gAT) <= (pVgA(pVr)
vi) Ludt liy ddng:
 PAp &~ p
va pVp << p
vii) Ludt trung hoa:

PA1l < p
va pv 0 <= »p



viil) Ludt vé phdn tu bu:
pA-p & O
va pV-p < 1L
ix) Lugt theng iri:
pA 0 <+ O
va pvV1l <— 1
x) Ludt hap thu:
pA(PVe) = P
va pV(pAgq) < p

Chitng minh: doc gia cé thé kiém tra dé dang 10 qui luat logic trén
bing cach lap bang chén tri clia 2 vé cia tuong duong logic.

e dpcm
Vi du:

1. T qui tdc De Morgan ta dugc hang dung

~(pVq)+— (-pA—q)
Thay thé p bdi r A s ta dugc mot hang ding mdi
-[(rAs) Vq] «— [=(r A s) A =g
2. Hay chitng minh dang ménh d& sau la hang dung
((r — s$)A[(r — s) — (mtVvu)]] — (-tVu) (1:2.01)

L

Mudn ﬁ:‘;},r ta thay thé » — s bdi p va -t V u bdi g va dua ve
chitng minh dang ménh dé sau la hang ding:

pA(p— q)] — ¢

Ta st dung lien tiép qui tdc thay thé thir nhat va duge cac tuong
duong logic sau:

[PA(P— q)] — ¢ = .[pA(pVg)] —q <+
(PA-P)V(PAG)] — g <= [0V (pAg)]— g <
(PpAq) — g — —pV qgVyg =
PV = ] |
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Do dé (1.2.1) 1a mét hing ding.
3. Tuong tu nhir trén ta cé:

{Fﬁﬂ)—%r Y —1p"'-_.-"'—-|qu —
ﬁpV("tqu) < -pV(g—r)

Suy ra
(Fh'?)———?"-"'*:::‘r'pﬂ(q —% r) (1.2.2]

Néu ta lien két vdi dang ménh dé p — ¢ lénh If p then g trong
mot s6 ngdn ngit lap trinh cdp cao nhu Pascal, Basic thi dang ménh
dé (p A ¢ — ) sé duge lien két vdi lenh If (p A q) then r con dang
ménh dé p — (¢ — 7) sé dugc lien két vdi lenh If p then If g then
r. Bay gio ta hay xét mot vi du lién quan dén hai lenh trén trong cac
doan churong trinh viét bAng Pascal:

EL) zr=3
For i := 1 to 10 do
Begin
B =z — 3
R S S
If (z > 0) AND (y > 0) Then
~ writeln ('gid trictaz +y =", z + y)
End;
b) z :=3;
For i := 1 to 10 do
Begin
ri=2z — 1
y:i=2z4+ 2%1;
If £ > 0 Then
If y > 0 Then writeln ('gid tri cia z +y =, = + y)
End;

R6 rang ca hai doan chuong trinh trén d&u c6 cung Output la hai
dong:
giatrichaz+y = 7
gidtrichaz+y = 8



:Fu}' nhien trong chuong trinh a) ta cin 20 lan so sanh (10 lan so
cinh # > 0 va 10 lin so sanh y > 0), trong khi trong chuong trinh b)
ta chi can 12 lan so sanh (10 lan so sanh 2z > 0 va 2 lan so sanh y > 0
ing voi 1 = 1,2Z). Nhu the chuong trinh b) chay c6 hieu qua hon.

Vi du trén day cho thdy mét mat cin phan biét p — ¢ va lénh
If p then ¢, mat khdc ta cin ndm ré cdc dang tuong duong cua dang
ménh dé dé thue hién lenh If p then ¢ ¢ hiéu qua hon. Chang han
nhieu chuwong trinh bién dich lgi dung tuwong duong logic (1.2.2) dé
thay lenh If (p A ¢) then r bing lénh cho cung két qua nhung chay co
hiéu qua la If p then (If ¢ then r). ( day lai xay ra nghich ly la lénh
If (¢ A p) then r lai dugc thay bing lenh If ¢ then (If p then r) ma
trong vi du trén ta cin dén 20 l%n so sanh. Nhu thé phai can thén

khi sit dung tuong duwong logic hién nhién (luat giao hodn) gitra p A g
va g A p.

§3 Qui tic suy dién

Trong mét ching minh toan hoc, xudt phdt tir mot s6 khdng dinh
ding p1,p2, ..., Pn gol la tién d&, ta ap dung cac qut tdc suy dién dé
suy ra chan ly ctia mét khdng dinh ¢ ma ta goi 1a két lugn. Naéi cdch
khdc, cdc qui tdc suy dién duogc 4p dung dé suy ra ¢ la he qua logic
clia p; A pa A ... A pn, hay ndi cach khiac dang ménh de

{plhpgh.,.ﬂpn)-—w—&q

-

la moét hang diing, trong dd p1,pa,...,Pn, ¢ la cdc dang ménh de theo
mot s6 bién logic nao dé. Thuong thi cdc bién logic khéng xu4t hién
mot cach twong minh ma dugc tritu tugng hda (bo di phan néi dung
cu theé) tir cdc ménh d& nguyén thiy nhu vi du sau day cho théiy.

Gia sir ta c¢d cac tien dé: |

p1: néu An hoc cham thi An dat mén Toan roi rac.

p2: néu An khéng di choi thi An hoc cham.

pa: An trugt mon Toan roi rac.

Ta mudn dung cac qui tdc suy dién'dé suy raJcet luan sau la dung:
g: An hay di choi. -
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Mudn vay ta triru tuong hda cdac ménh d& nguyén thay "An hoc
cham”, "An hay di choi”, " An dat mon Todn rdi rac” thanh céc bién
ménh d@ p, q,r. Nhu vay cdc tién de bay gio tro thanh cac dang ménh
de '

iy =P md

R S R

FE = =P

Ta phai chitng minh dang ménh d& sau 14 mot hang ding:

(p—r)A(~g — p)A—r] — ¢

Ta cé thé kiém tra d& dang dang ménh d& trén la mét hdng ding -
bang cach 1ap ra bang chan tri ctia né. Tuy nhién, day khéng phai la
phuong phap tot néu sé bién meénh de lén. M6t phuong phéap khdc la
sit dung cac qui tdc suy dién dé chia bai todn thanh ra cdc budc nhd,
nghia la tir cdc tién d& suy ra mot sd két luan trung gian trudce khi
ti€p tuc ap dung cac qui tdc suy dién dé suy ra két luan. Dé tién ta
mo hinh hod phép suy dién thanh so do sau: |

P1
P2
Pn
q

Dudi day la mét s6 qui tac suy dién thuong ding ma chan ly ¢é
the duge kiém tra dé dang bang cach lap bang chan tri.

Qui tAc Modus Ponens (Phuong plﬁp khdng dinh)
Qui téc nay duge thé hién bdi hing diing

[(p— q) AP] — ¢ (1.3.1)
hoac dudi dang so do

P —q
P
.'.I?

13



Vi du:

Né&u Minh hoc cham thi Minh dat Todn,roi rac

nia Minh hoc cham

Suy ra Minh dat Toan r&i rac.

That ra trong qui tdc Modus Ponens, ménh dé p — ¢ thuong cé
dang téng quat hon "vd&i bat ky sinh vién X nao, néu X hoc cham thi
X dat Todn roi rac” va ta da dac biét hda né cho truong hop X =
sinh vien Minh. Céc phép dac biét héa se duge xem xét trong phan
vi tir va lugng tir. Mot vi du cd dién khdc cta Qpi t4c Modus Ponens
la: :

%

Moi nguoi deu chét

ma Socrate la ngudi

vay Socrate se chét. _

Thuong thi Qui tdc Modus Ponens duge dp dung cung véi Qui téc
thay thé dé don gian héa cdc budc suy luan. Chidng han ta cé phép
suy dién

TV s

(rVs) — (-t Au)

Sy Ao T

O day Qui tdc Modus Ponens (dang ménh d& 1.3.1) duoc 4p dung
cung voi phép thay thé p bdi r v s va g bdi =t A u.

Tam doan luan'(Syllogism) dm;:it:l thé hién bdi hang ding

(p— A (g — 1)) — (p — 7)
hay dudi dang mé hinh
) o &
g—r
Sp— 7

Vi du:
. * Hai tam gidc vuong ¢é canh huyeén
nhon bang nhau thi ching ¢é m
bang nhau.

bdng nhau va mot gdc
Ot canh bang nhau kém giita hai gdc

14



* hai tam gidc cé mot canh bang nhau kem gitta hai goc bing
nhau thi ching biang nhau. |
* Suy ra hai tam gidc vuéng cé canh huy®n bing nhau va mot
goc nhon bang nhau thi ching bang nhau.
2. Xét tam doan luéan
Mot con ngua ré thi hiém
Cai gi hiém thi d4t
Suy ra mot con ngua ré thi dat
Tam doan luén trén hoan toan hop logic. Tuy nhién két ludn mau
thuan la do duva trén mét tign da sai (!).
3. Ta hay xét mot vi du trong dé sir dung ca hai qui tdc trén
Binh di choi thi Binh khéng hoc Todn rdi rac
Binh khéng hoc Todn r&i rac thi Binh truot Todn roi rac
Ma Binh thich di choi
Vay Binh trugt Todn roi rac.
Néu tritu tugng hod cdc menh d& nguyén thiy thanh cdc bién
ménh de& p, g, 7 thi 1y luan trén ¢é dang

P—q
g — 7T

i
S

Ta co thé suy luan nhu sau:
p—q
= —2r
~.p — v (Tam doan luan)
ma
p
. 7 (Modus Ponens)
hoac la
N S

p .
~. =g (Modus Ponens)

15



ma .
g — T
.. 7 (Modus Ponens)

Qui tic Modus Tollens (Phuong phap phu dinh)
~ Phuong phdp nay duoc thé hién boi hang ding

(p — @) A—g — —p

hay dudi dang mé hinh
B =g
—q
L

Vi du: xét chung minh

Ta cé thé suy luan nhu sau: ta thay cdc tién de £tV —s va -tV u
bdi cdc dang ménh de tuong duwong s — t vat — u. Khi dy

nD—7
r-—> 8
s — i
{ — u

. p — u (tam doan luan lap lai nhitu lan)
ma —u

. =p (Phuong phdap phu dinh)

Tam doan luan roi: dugc thé hién béi hang ding

[((pVa)A-p] — ¢
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Y nghia ctia qui tdc nay la khi chi ¢é ding hai trudng hop ¢é thé

x4y ra va mot trong hai truong hgp da dwoe khang dinh la sai thi
truong hop con lai la dung.

_@ui tAc mau thudn (Ching minh biAng phan chimg) Ta cé tuor
duong logic

(L AP2A ... ADn) — q) <= [(PLAP2 A ... Apn Ag) — O]

Do dé néu ching minh dwoc dang ménh d& & bén phai la mot hang
ding thi dang ménh d& & bén trdi cling la mot hang diing. Néi cach
khac néu them gia thiét phu —q vao cac tien dé cho trude ma dan dén
modt mau thuin thi ¢ 1a hé qua logic ciia cac tién dé cho truoc.

Vi du: hay sit dung phuong phdap Phan ching cho chitng minh sau:

p—T
==
q—> S5
S A ——) §

Phtt dinh ctia két luan se tuwong duong voi:
—(—r — §) &= (rVs) &= T A S

Nhu thé ta them viao cac tien dé hai gia thiét phu -7 va —s va tim
cdch chitng minh suy luan sau la dung:

p—T
g A
g —235
e
3§
=0




I'a co cac bude sau day
P —*4q
g—8
+op — s (Tam doan luan;
ma -5 .
=~ 2(=p) (Phuong phap phii dinh)
hay tuong duong p
ma P osr
.. r (Phirong phap khidng dinh)
Két luén 7 cling véi gia thiét phu —r cho ta:

rA AT e— 0

t

Do dé theo phuong phdp phan chitng, ching minh ban dau l1a

ding.

Qui tac chitng minh theo trirong hop |

T T =

Qui tac nay ducc thé hien bai hang ding sau:
(p—r)A(g—1)] — [(pVg) — 7]

Y nghia ciia qui tic nay la néu mét gia thidt cd théd tich thanh 2
truong hop p ding hay g dung, va ta da chitng minh duoc riéng re

cho ting truong hop 14 két luan r ding, khi dy 7 cling duing trong ca.

hai truong hop.
Vi du: dé citng minh ring f(n) = n3 + 2n luén luan chia hét cho 3
ta viet f(n) = n(n? + 2) va ldy n 12 moét s8 nguyén tuy y. Khi £y cé
hai truong hop xay ra:
¥ n chia hét cho 3: khi &y r6 rang f(n) ciing chia hét cho 3.
* n khong chia hét cho 3, khi 4y ta ¢é thé vidt n — Sk + 1 voi mot
s8 nguyén k nao dd. |
Ta cd

I

(3k+1)%2 42
9k? + 6k + 3
= 3(3k%x2k+ 1)

n? + 2

1R



Suy ra f(n) = n(n? + 2) cling chia hét cho 3. Nhu véy, trong mel
truomg hop f(n) chia hét cho 3. |

Ta hay xem mot vi du trong dé sit dung nhiéu qui tac:

Néu nghé st Van Ba khéng trinh dién hay s6” vé bdn ra it hon

50 vé thi dém dién sé by huy bé va 6ng B&u rdt budn.

Néu dém dién bi hiy b thi phdi trd tién vé lai cho nguotr zem.

Nhung tién vé da khéong duoc tra lgi cho ngudi zem.

Vay nghé st Van Ba da trinh dién.

Ta thay cdc ménh de nguyén thiy bing cdc bién ménh deé

p: "nghe si Van Ba da trinh dién”

g: "s6 vé ban ra it hon 50 vé”

r: "dém dién bi huy bo”

s: ”6ng Bau rdt bubn”

t: tra tidn vé lai cho ngudi xem”

Khi dy ly luan can chitng minh la

(-pVg) — (rAs)
r — t

-

P

* Suy lugn trén ¢6 thé duge thyc hign theo cac budc sau:
~pVgq —rAs (Tien de)

PAS —T (hang diing goi la phép don gian ndi
lien)
r — i (Tien d8)
LopVg—t (Tam doan luan ma réng)
ma —f (Tieén d\é)
% =(—pVaq) (Phuong phdap phi dinh)
hay pA —g (Qui tdc De Morgan va phu dinh cua
phu dinh)

n'!;h pA—-q — p (Phép don gian néi lién)
B - (Phuong phdap khang dinh)



Phan vi du

Bay gio ta hiy xem mot bai todn ngugc: khi ndo mot chitng minh |
sy lnan) la sai, nghia la phai kiém tra (p1Apa A...Apn) — q khong .

phai la mét hing ding. Néicach khéac tim cdc chan tri ctia bién ménh |
de lam cho cdc tien d& déu diing trong khi két luan ¢ 1a sai. Ta ndi
vi du dan dén cdc gid tri cia bién meénh dé nhu trén la mot phdn vf ,

du cua Dinh ly can ching minh.

Vi du: hay tim phan vi du cho suy luan dudi day
Ong Minh da khing dinh rang néu khong duoc tang luong thi ong

ta sé xin nghi viec. Mat khac néu Ang ta nghi viéc ma vg ong ta bi
mat viéc thi phai ban xe. Biét ring néu vo éng Minh hay di lam tré |

thi sé mat viéc va cudi cliing éng Minh da dugc tang luong. Suy ra
néu 6ng Minh khéong bdn xe thi vo 6ng ta khong di lam tré.

Ta dat cac bién ménh de nhu sau: £

p: Ong Minh duoe tang lwong

¢: Ong minh xin nghi viéc

r: Vo ong NMinh b1 mat viéc

s: Ong Minh phai ban xe

t: Vo 6ng Minh di lam tré.

M6 hinh suy ludn se la

q
(g A?T) — 5
r

TR e -t

5 e e o

De tim phan vi du ta can tim cdc gid tri cia cdc bién meénh dd sao -

cho cdc tien de la diing trong khi k&t luan la sai.

Trude hét dé két luan sai ta can ¢ —s ding va —1 sai, nghia l1a s

5&? va t ding. Khi dy dé cho tien dé thi tu ding r cung phai ding.
Deé tien dé thid ba diing ta can ¢d ¢ sai. Khi ay p phai ding dé 2 tien
de dau 1a diing. Tén lai phan vi du dng vdi cdc chan tr1 cua bién la
P=l,g=0,r =1 s=0vai = 1.

Do la trudng hop: Ong Minh

~duge tang livong (p = 1) va éng Minh khong nghi viéc (¢ = 0), vg ong
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3
r
E

|
¥

Minh bi mat viéc (» ~ 1) ong Minh khong ban xe (

: s = 0) va vg éng
Minh hay di lam tré (¢ = 1).

' §4 Vi tir va luong tir

- Pinh nghia 1.4.1: mét v7 ¢ 1A mot khing dinh p(z,y, ...) trong dé

c6 chita mgt sG bién z,y, ... ldy gia tri trong nhirng tap hop cho trudc

, A, B, ... sao cho:

"
F
r
L]

1
1
¢

'
b
]

¢
i
t
¥

1) ban than p(z,v,...) khong phai la ménh de

i1) néu thay 2, vy, ... bang nhitng phin t& ¢& dinh nhung tly y
a€ A, bE B, ... tasé dugc mot menh de pl(a,b,...), nghia la chan tri
ctia no hoan toan xic dinh. Cdc bién z,¥y,... dugc ndi la bién tu do
cua vi tir. |
Vi du:

1. p(n) = "n la mot s nguyen t8” 14 mot vi tir theo mot bién tu
don € N: vdin = 1,2,11 ta duwoc cdc ménh db ding p(1), p(2),p(11),
con vdi n = 4,6, 15 ta dugc cdc ménh dé sai p(4),p(6),p(15).

2. 9(z,y) ="y+2,2~y,z+2y lasé chldn” la 1 vi tir vdi 2 bién tu
do z,y € Z: ching han ¢(4,2) la mét ménh d& ding trong khi ¢(5, 2)
g(4,7) la nhitng ménh dé sai.

. Dinh nghia 1.4.2: cho trudc cdc vi tir p(z), g(z) theo mot bién |
"z € A. Khi ay:

1) Phi dinh cta p, ky hiéu la —p la vi tit ma khi thay z béi mot

- phan tit a ¢d dinh ctia A thi ta dugc meénh d& —(p(a))

ii) Phép ndi lien (tuwong tng ndi r0i, kéo theo...) cla p va g, ky

-higéu bdi p A ¢ (twong ing pV q, p — g,...) 12 vi tir theo bién z ma
- khi thay z béi phan tir ¢8 dinh @ € A ta duwgec ménh ds p(a) A g(a)

(tuong éng p(a) V ¢(a),p(a) — ¢(a),...)
Gia sit p(z) 1a mot vi tir theo bién z € A. Khi 8y cé 3 trueong hop

~c6 thé xay ra:

Trueong hop 1: khi thay z boi mét phin tir a tuy ¥ trong A, ta duoc
ménh de duing p(a). '

Truong hop 2: véi mot s8 gid tri a € A4 thi p(a) la ménh dé ding,




mot s8 gid tri b € A thi p(b) 1a menh desai.

Tflf?jng hogp 3: khi thay 2 bdi phan ti a tuy y trong A, ta duogc

t_nénh' de sai p(a). S | %
Néu Truong hop 1 xay ra thi ménh dée "voimor z € A., p(z)” la.

mot menh dé ding. Ménh dé nay dugc ky hieu bdi "Vz € A4, p(z)”.

Nhu thé ménh d& ndy sai néu Truong hop 2 hay Truong hop 3 xay
ra. |

Mat khac néu Truong hop 1 hay Truong hop 2 xay ra thi ménh
de "ton tai z € A, p(z)” la mot ménh de ding. Meénh dé nay duoc

k¥ hizu bdi "3z € A, p(z)". Nhu thé ménh dé nay sé sai néu Trudng
hop 3 xay ra.

Pinh nghia 1.4.3: cdc ménh de "Vz € A,p(z)” va "dz E A, p(z)”
dwage goi la lwgng tiz hod cua vi tir p(z) bol luong tu phé dung (V).
va lwong tir tdn tar (3)
Chu y:

1. Trong cac ménh dé lugng tir hod, bién z khong con la tu do
nita. Ta ndi né da bi budce bdi cdc lwong tir V hay 3.

2. Theo nhan xét trén, pht dinh cia ménh dée "Vz € A, p(z)” la

ding néu Truong hop 2 hay Trudong hgp 3 xay ra. Truong hop 3 co
thé viét lai: khi thay =z bdi @ € A tuy y thl —-p(a) ding. Nhu theé
néu Truong hop 2 hay Truong hop 3 xay ra thi ménh de "dJz € A,
—p(2)” la ménh dé ding. N&i cach khac, phu dinh cia meénh de
"Wz € A,p(z)” 1a ménh de "dz ¢ A, —-p(z)”. Cung thé phla dinh cua
ménh de "dz € A, p(z)” la minh de "Vz ¢ A, =p(z)” vi ca hai cling

ding néu Trudng hop 3 xay ra va clung sai néu Trudng hop 1 hay
Truong hop 2 xay ra. |

Bay gio ta xem mét vi tir theo 2 bién plz,y)voiz € A,y € B. Khi
ay néu thay z bang mot phlan tir ¢é dinh nhung tuy y a € A thi p(a, y)
trd thanh vi tirtheo bién y € B nén ta cd thé lugng tir hoa no theo bién
y va duogc hai ménh de "Wy ¢ B.p(a,y)” va "3y € B, pla,y)”. Bang
cach nay ta duge hai vi tir theo mét bién = € A: "Vy € B,p(=z,y)” va
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"3y € B, p(e,y)”. Néu lugng tir hod chiing ta sé duge 4 ménh ae:

Vz € A, Vy e B, p(z,y)
Jdze A, VYye B, ple,y)
Vze A, Jye B, p(z,y)
dz e A, Jye B, p(z,y)

PDuong nhién ta c¢é thé luong tir hod theo bién z trude roi theo
bién y sau dé duwoc 4 ménh d& nita. Hay xét mot trong cdc ménh de
dé: "Vy € B,Vz € A, p(z,y)”. Gia sit ménh d& nay diing. Khi &y néu
thay y boi b € B tuy y va z bdia € A tuy y ta sé duoc mot menh
de ding p(a,bd) cho nén ménh dé Vy € B,p(a,y) ciing ding. Suy ra
ménh dé "Vz € A,Vy € B,p(z,y)” ding. R6 rang didu nguoc lai ciing
ding nén ta cé ménh de diing

Ve € A,Vy € B,p(z,y)] & [Vy € B,Vz € A, p(z,y))

Tuong tiw ménh dé sau ciing ding:
[3z € A, 3y € B, p(z,y)] & 3y € B, 3z € A, p(z,y)]
Hon nua ta cdé

Pinh ly 1.4.1: néup(z,y) lda mét vi tir theo 2 bién z,y thi cde ménh
dé sau la ding
i) [Vze A Vye B,p(z,y)] Vy € B,Vz € A, p(z,y)]
va [dJze€ A,3y € B,p(z,y)] < [Bye B, 3z € A p(z,y)
i) [3z€ A Vy € B,p(z,y)] - [Vy€ B,3z ¢ A p(z,y)

Chitng minh: ta chi c¢in chitng minh ii)

Gia sit "3z € A,Vy € B,p(z,y)” ding. Khi 4y sé tbn taia € A
sao cho menh de "Vy € b, p(a,y)” ding, nghia 1A néu thay y =be B
tuy y thi p(a,b) ding. Nhw vay véi y = b € B tuy ¥ ta c¢é thé chon
z = a dé khang dinh ring "3z ¢ A, p(z,b)” la ding.

Do d6 "Vy € B,3z ¢ A,p(z,y)” 1a mot menh de ding.

e dpcm

’C;hli y: ménh de ddo cia ii) khong nhat thiét ding trong trudng hop
tong quat. That vay ta hay xem mét vi du
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Goi p(z.Y) 14 vi tu theo 2 bién thuc:
1"II + y =" 1,}

Ta nhan xét rang néu thay y = b 1a 1 s& thyc tuy ¥y thi ta cé thé
chon z = ]-bdéchoz+b=1nén ménhdd "3z e R,z +b = 1™
la ding. Didu nay ching to ménh d2 "Vy € R, 3z e R, z+y = i
diing. Nguoc lai néu thay z = a tuy y, ta co thé chon y = —a dé cho
e+y=0%#1nén ménhde"Vy e R,a+y = 1" la sai. Dieu nay
ching to ménh de "z €¢ R, Vy e R,z +y = 1” 14 sai. Do do phep
'kéo theo sau la sai:

("G’ryER,BIER,E-Fy:l)—+(3EER,VyER,I+y=1)

C4c két qua tren day cé thd dugc md rong dé dang cho cac vi tu
theo nhigu bién tur do. Dac biet ta co:

Menh d& 1.4.2: trong mot ménh d& luong tu hda tw maot vi tu theo
nhiéu bién déc lap néu ta hodn vi hat luong tu diéng canh nhau thi
i) ménh d& mdi vdn con tuong duong logic vo1 ménh dé cu néu |
hai lieong te nay cung loa:
1) ménh dé mdi s€ la mot heé gud logic cia ménh dé cu néu har
lwong ti trudc khi hodn vy ¢ dang 3V.

Vi du: mot ham thue lién tuc deu trén mot khoang I C R dugc dinh
nghia boi ménh deé:

Ve > 0,36 >0,Ve € I,Vz' € I,(|z — 2'| < 8) = (|f(z) - f(=2')] <€)
Theo ménh d& 1.4.2 thi ménh de trén c¢é hé qua logic la

YVe >0 Vze I,3§ >0,Ve' € I,(je —2'| < 6) = (|f(z) — f(=')| <€)
hay tuwong duong

Ve e I,Ve >0,36 >0,Vz' € I,(|Jz — 2’| < 8) = (|f(z) = f(z')] <€)

No6i cach khdc mét ham lién tuc déu trén I thi lién tuc.
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pé 14y phu dinh mét ménh d& lugng tir hda, chd y 2 caa Dinh
nghia 1.4.3 ¢6 thé duge md rong thanh
Pinh ly 1.4.3: phd dinh cia mét ménh d& luong L& hoa i vi
p(z,¥,...) c0 dugc bdng cdch thay lugng tw ¥V boi lugng tie 3 va lugng
t 3 boi lugng tw VY, va v tu p(z,y,...) bJt phi dinh —p(z,y,-..).

Vi du: mdt ham thie lign tuc tai zo € R duogce dinh nghia bai:

Ve > 0,36 > 0,Vz € IR, (|z — zo| < 6) = (|f(z) — f(=0)| <€)

Do dé lay phu dinh theo Bmh ly 1.4.3 ta sé duoc dinh nghia caa
ham khéng lién tuc tai zu

Je > 0,Y6 > 0,3z € R, (|z — zo| < I) A ([f(2) - f(zo)| 2 €)

Thoéng thuwong, cdc Dinh ly trong Todan hoc duoc phat biéu lién
quan dén cdc ménh dé luong tir hda trong dé ¢d luwong tir phd dung.
#Do db ngoai cac nguyén téc suy dién ta con sit dung Qui tdc ddc biét
- hda phé dung va Qui tdc t6ng qudt hda phé dung.
' Qui t4c dac biét hda phé dung: néu mét ménh de ding co6 dang

lugng tir hda trong dé mot bién z € A bi budce bdi lugng tir phd dung
V, khi &y néu thay thé z bdi a € A ta sé dugec mot ménh de dung.

Vi du:
1. Khi ta phat biéu "meoi ngudi deu chét" thirc chat la ta da sir
dung ménh d& lugng tir hda: |

Vz, (:: 12 ngudi) — (z sé chét).

Dé dp dung dugc Phuong phédp khing dinh, ta dung Qui t4c Dac
bigt hdéa phé dung véi z = Socrate:

(Socrate la ngudi) — (Socrate sé chét).

Do do két hop vdi tien de ”Socrate 14 nguoi” Phuong phap khing
dinh cho phép két luan "Socrate sé chét” .

2. Trong cdc Dinh 1y Toédn hoc, vi du nhu truy
cia 2 tam gidc, khdng dinh 13 mot ménh d& lwon
cho mét cap tam gidc bat ky. Khj ap dung
cap tam giac cu thé nao dd.

ng hgp bang nhau
g tu héa phd dung
ta se dédc biét hda cho mot



- Do da “"ﬁ’n S(n)” ding. Dac biét khi ta gol gol dnau chuﬂng trinh
trén vdi cdc bién l&y gid tri z,y, n thi khi ra khoi chuong trinh bién

z sé c6 gia tri  * y™ nhu mong mudn.



Bai tap

1. ’I;rcmg cac khing dinh sau, cho biet khang dinh nao la ménh dé:
2) Tran Hung Dao la mot vi tudng tai. v
b) z + 1 la mot s6 nguyén duong. X

c¢) 9 la mot s& chén. v
d) Hém nay troi dep lam sao! ¥
e) Hay hoc Toan roi rac di. X

f) Néu ban dén tré thi toi sé di xem da bong trudc. v/ F~A

2. Goi P va Q la cac ménh de:
P: "Minh gioi Toan”
Q: "Minh yéu Anh van” |
Hay viét lai cdc ménh dé sau dudi dang hinh thic trong dé sir
dung cac phép noi.
a) Minh gidi Toan nhung y€u Anh van pAgq
b) Minh yéu ca Toan lan Anh van P Aq
c) Minh giéi Todan hay Minh vira gioi Anh van vira yéu Toadn
d) Néu Minh gioi Toan thi Minh gioi Anh van

e) Minh gidi To4dn va Anh van hay Minh yéu Todn nhung gioi Anh
van

3. Goi P, Q, R la cdc ménh dg&:
P: "Binh dang hoc Toan”
Q: "Binh dang hoc Tin hoc”
R: "Binh dang hoc Anh van” .
Hay viét lai cdc ménh d& dudi day dudi dang hinh thite trong dé
sit dung cdc phép néi.
a) Binh dang hoc Todn vh Anh van nhung khéng hoc Tin hoc
b) Binh dang hoc Todn va Tin hoc nhung khéng hoc ciing mét lic
Tin hoc va Anh van |
¢) Khong ding 1a Binh dang hoc Anh van ma khong hoc Toan

d) Khang ding la Binh dang hoc Anh van hay Tin hoc ma khéng
hoc Toan '
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e) Binh khong hoc Tin hoc l1dn Anh van nhung dang hoc Todn

4. Hay lay phua dinh ciia cdc ménh dé sau:

a) Ngay mai néu troi mua hay tréi lanh thi toi se khong ra ngoai

br} 15 chia hét cho 3 nhung khéng chia hét cho 4

c) hinh tit gidc nay khong phai 1a hinh chit nhat ma ciing khong
phai la hinh thoi

d) néu An khéng di lam ngay mai thi sé bi dudi viéc

e) moi tam gidc deu ¢d cdc gde bing 600

5. Cho biét chan tri cia cdc ménh dé sau:

a) ™ = 2 va téng cdc gdc clia mot tam giac bang 180°

b) m = 3,1416 kéo theo tdng cdc géc ciia mét tam gidc bing 170° |
¢) * = 3 kéo theo téng cdc gée ctia mot tam giac bang 1700

d) n€u 2 > 3 thi nudc s6i & 100° C

e) néu 3 < 4 thi4 < 3

f) néu4 < 3 thi 3 < 4

6. Ta dinh nghia mét phép ndi mdi ky hieu la P | Q dé chi meénh

de: khéong P ma cung khéng Q. Hay lap bang chan tri cua phép ndgi
tréen. :

7. Gia sit P va Q Ia hai menh d& nguyen
Hay xdc dinh chan tri ciia c4c ménh deé sau:

a) PAQ b)-=P v Q c) Q — P.

8. Goi P, Q, R 14 cdc ménh d& sau:
P: ABC la moét tam gidc can
Q: ABC la mot tam gidc deu
"~ R: tam gidc ABC ¢4 3 goc bang nhau
Hay viét lai cdc menh d& sau theo n
a)Q - P b)-P—=Q
C]Ph'ﬂ@ d:] R-—- P
9. Xac dinh chan tri cia'cde ménh dd sau:
a)néu 3 +4 =12 thi3 + 2 -5
B ndu 112 thi1+2- 3

thiy sao cho P — € sai.

gon ngir thﬁng thu‘E:r‘ng:



c)néul+1=2 thil+2=4

10. C& bao nhieu cach dat dau "()” khdc nhau vao dang ménh de
-pVqVr. Lap bang chan trl cho tung truong hop.

11. Lap bang chan tri cho cac dang ménh dé sau:

a) —p— (PV4q) b) ~p — (~gVr)
c] [ppf\ q) ir {3 d) (pvr)—(rV-p)
e)(p— @) V(g —p) f) (pV —g)A(-pVQq)

g) (p——q)V(¢g—-p) h)~(=pA=q).
4 12. Hay chi ra cac hing ding trong cdc dang meénh deé sau:
a) (pvg) = (pAg) b) (PAg) = (PVA)

c)p—(~qg—p) d)yp— (p—9)
e)p— (p—p) Hep-g9-gor)—= (7))

+ 13. Trong cdc khdng dinh sau, hay chi ra cac khang dinh ding:
a)g=>p—=q

b) ~(p—=q) = p

c) (pAgQ)VrTr=pA(qgVr)
d(p—=gdNA(g—7r)=>p—=(g—7)
E)F"“}{.Qﬁ"f‘)“—"‘?;}mi?‘
DNp—o(gAr)=>p—q

g) (pAg)—or=(p—=>r)A(g—r)
h)p— (gVvr) :-:f{pu—rq)v[p%r]
)(—p—=q)V(p— —9)=pAg

14. a) Gia st bién ménh dé p cé chan tri 1, hay xdc dinh tit ca

cdc chan tri ctia cdc bién meénh d& ¢, r, s dé cho dang meénh d& sau
lay chan tri 1:

(P = [(mgVr)Aas])A[=s — (=7 A )]

b) Cau hoi tuony tu cho trudng hop p ¢é chan tri 0. ’
15. Co thé ndi gi ve mot dang meénh da:
a) ¢é hé qua logic 1A mét mau thuin?
b) ¢é hé qua logic 14 mot hang diing?
¢) la hé qua logic clia mot mau thuan?
N
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~d) la hé qua logic cia mot hang ding?

7 16. Hay chi ra cdc khdng dinh ding trong sd cdc khang dinh sau:
a)pA(p—4q) = pAg '
b)p =g -pV(pAg)
c)p— g -p— g

d) -p<«=-(pVe)V(-pAq)

e) [(peg)A(ger) A (r o p))ellp—9) A (g—7) A (r—p)]

f) (pAg)V(gAr)V (rAp) & (V@) A(gVT)A(TVP)
» 17. Dung qui t4c thay thé dé kiém tra cac dang ménh deé sau la
hang dung: | ; |

a) [(pVvq) = 7]« [-r > ~(pVq)]

b) [[(pV q) = ]V (s At)]

o [(pve) = rlvsIAlllpv g) = 7] V]

+ 18. Don gian'dang ménh dé sau:
[[(eAg@)ATF]V[(pATF) A=r]} Vg — s

19. Lay phu dinh roi don gian cac dang ménh de sau:
T a)ypA(gvr)A(-pV—gVr) b)(pAg)—r
c)p—(-q-r) d)pVvgV(-pA-gAT)

20. Cho biét qui luat logic nao da dugc dp dung trong moi bude

tuong duong sau:
Biéu thic Qui luat logic
a) [(pvg)A(pV—q)]Vy
= [pV(gA-q)]Vae
@ (pVO)vyg
~pVaqg
b) ~(pVve)Vv[(-pAgq)V g
< (pVe)V([~gV (-pAg)
< (pVa)VI[(~gV-p)A(—gV q)]
“ 2(pV )V [(—gV -p)A1]
< (pVvg)V(—gV p)
< ~{pVaq)V-(eAP)

14



@ -l(pVv g AlgAp)]
& [(gap)A(pVa)l
e —=lgAnpA(pVa)l
< (g Ap)
¢) (p = 9) A [~g A(rV )]
o (p—9)Ag
& (-pVa)Ag
& gA(-pVa)
& (g A-p)V(—gAg)
& (ngA-p)VO
= *ﬁqﬁ—zp'

(g Vp)

21. Ha}’ dien ménh deé thich hop vao ché trt‘:’;ng dé cho cac suy luén
sau day theo Phuong phap khing dinh va phu dinh 13 ding:
a) Néu xe cia Minh khong khdi dong duoe thi anh phai kiém tra
. bugi
'~ Ma xe ctia Minh khong khdi déng dugc
DUV LR oo v i s uvsimsni s esiaains
b) Néu Ha lam bai diing thi c¢o dugc diém cao
Ma Ha khong dugc diém cao
=TT o N e G R G e R
; c) Néu day l1a vong lap REPEAT-UNTIL thl phin than cha vong
lap phal duoc thuc hién it nhat mot lan

- Vay phan than cia vong lap dwoc thuce hién it nhat mot lan
. d) Néu chidu nay Minh dd béng thi Minh khéng duge xem Tivi
 budi t.m

V@.y Minh khéong da bdng chiéu nay

22. Cho biét suy luan nao trong cdc suy luan dudi day la dung va
Qui tdc suy dién nao da dudgc sir dung?

a) Didu kién di dé CSG thing tran la d6i thu durng go lai vao
phit cudi
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Ma CSG da thang tran 1 P
. thii cia CSG khong go lal vao phit ¢ 5 :

:?j;igilwunh giai dugc hé.igtnzin thit tu thi em da nop bal trucce
gior qui dinh ‘ S

Ma Minh da khong nop bai trudc gio qui dinh

vay Minh khong giai duogc bai toan thir tu o

¢) Néu lai sudt giam thi s6 ngudi gl tiét kiem se glam.

Ma lai sudt da khong giam

Vay s& ngudi g tiét kiem khong giam

d) Néu duge thudng cudi nam Hi sé di Da lat

Néu di Da lat Ha sé tham Sudi vang

Do dé néu duoge thudng cudi nam Ha sé tham Sudi vang

23. a) Ding cdc qui t4c suy dién dé suy ra khdng dinh sau la dung:

(gAT) = (qVr)

b) Xét cac dang ménh deé:

E pA(gAT)] VvV —[pV(gAT)]
F. = ppAlgynl ¥ ~lpVigVre)]
Khing dinh E = F diuing hay sai?

v 24. Xét suy dién:

[ph[p_—}q)ﬂ(s\fr)h(rq—wq)].; (th)

Cho biét cdc budc suy dién sau da sit dung cdc qui t4ic nio?
Buoc Qui téc suy dién
P
P~+9q
L g
ha}' =g
. Ima T™ — ml

+I+ _1T

AR



ma sVr7

i
L8VE
. 25. Xét suy dién sau:
(-pVe)—rT
r — (s V)
=1§ /A U
=y —» i
LB ¢
Cho biét cac qui tic nao da duoc sit dung trong cac budc sau:
Bitge Qui t4c suy dién
S AU :
LU
ma —U—y
g
ma g

néen -—sA—¢t
Hay  =is Vi)
ma r—sVt

e M
ma EGpvag-or
> —l{ﬂp\fq}
‘hay pA—gq
=P

» 26. Giai thich cac budc cua suy luan sau:

(p—=g)A(~rvs)A(pVvT)] = (g — s)

Bude Qui tAc suy dién
. Gidst —(-g— s) oty
~ hay ~(qV s) '
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hay g A TS

i g
va -8
ma = e
hay . T— S

Al ¢
Mat khac p — ¢
va —q

R
Dp dé —r A —p
hay ~(r V)
ma pVvT

. 0

Vay suy luan la dung.

v 27. Hay kidm tra lai cac suy luédn sau:
a) [(pA—g)AT] = [(PAT) V]
by [pA(p— @) A(mgVr)] =7

+ 28. Hay kiém tra cac suy ludn sau:

a) p—q b) p—gq c) po(g—r)
~q r— g g — —p
= T F
“-(p V r)_ S P SR

d) pAg e) p—r(g—r) f) pVy
p—(rAq) - pVs —~pVr
r— (sVi) t— g =
- =8 58
=1 _ nor — it

. % 29. Tim phan vi du cho cdc suy luén sau:
a) perg  b) p

e i ., Pr

rV —s p-—-}(qv—ur)
=18 =¥ q gV —s

5§ o 8
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» 30. Hay kiém tra xem cac suy luan sau cé ding khong?

a) Néu An dugc lén chitc va lam vigc nhieéu thi An se t;!nu.l:ritrth"th tang
luong | B |

Néu duoce tang luong An sé mua Xe mol

Mi An khong mua xe moi

Vvay An khong duoc lén chitc hay An khong lam viéc nhi2u

b) Néu mudn du hop sang Thit Ba thi Minh phai day som

N&u Minh di nghe nhac t&i Thit Hai thi Minh sé ve tré

Né&u ve tré va thite day sém thi Minh phai di hop ma chi ngi dudi
7 giv .
" Nhung Minh khéng thé di hop néu ngu dudi 7 gio
. Do dé hoac 14 Minh khéng di nghe nhac t3i Thit Hai hoac la Minh
. phai b hop sédng Thi Ba
¢) Néu Binh di lam vé& mudn thi vo anh ta sé rdt gian du
N&u An thudng xuyén ving nha thi vo anh ta sé rat gian dir
Néu vo Binh hay vo An gian dit thi ¢c6 Ha ban ho sé nhan dugc
© loi than phign --
: Ma Ha da khong nhan duge 161 than phién
Vay Binh di lam v& sém va An it khi vdng nha

X 31. Xét cdc vi tu:
p(z): "z <5"
gl£): " 48 chan”
trong dé z 14 mo6t bién nguyén. Tim chéan tr cua cac ménh d® sau;

a)p(l) b)g(l) . <) p(2)
d) ¢(3) ) p(6)Vvq(6) f)(p(-1)Vaq(-1))

o 32. Vdi p(z), g(z) nhu tren. Xét them vi tir:
r(z): "z>0

Tim chén tri cia cdc ménh d2 sau: -
a) p(2) V{g(2) vr(2)]  b)p(2) A[-g(2)V —r(2)]
c) p(3) — [¢(8) — r(3)] d) [p(3) A ¢(3)] = r(3)
e) p(1) = [g(1) & r(1)] f) [p(1) —= q(1)] & 7(1)
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~ 33. Vdi p, ¢, 7 nhu trén :
a) Tim tat ca z dé cho p(z) A q(z) A r(z) diing :
b) Tim gia tri # nhd nh&t dd p(z) = [—g(z) A r(z)] ding "
34. Xét vitr p(z): "r? — 3z + 2 = 0”. Cho biét chan trj cta ::.?icz-'
ménh dé sau: ; |
2)p(0) b)Y p(1) <) p(2)
d) 32,p(z) e) Vz,p(z)

35. Lop Phan tich Thu&t todn ¢é 110 sinh vién ghi tén hoc trong |
dé co:

- 15 sinh vién Toan - Tin hoc n&m Thit 3

- 3 sinh vién Toan nam Thi 3

- 25 sinh vién Todn - Tin hoec nam Thit 4

- 5 sinh vién Todn nam Thi 4

- 50 sinh vién Céng nghé Théng tin nam That 4

- 5 sinh vién Todn - Tin hoc Cao hoc

- 5 sinh vién Cong nghé Thoéng tin Cao hoc
Xet cac vi tir:

[(z): sinh vién z ghi tén hoc mén Phan tich Thuat todn

b(z): z la sinh vién nam Thit 3

c(z): z la sinh vién nam Thit 4

d(z): z la sinh vién Cao hoc

r(z): z la sinh vién Céng nghe Théng tin

s(z): = la sinh vien Todn - Tin hoc

t(z): = la sinh vién Todn

Hay viét lai cdc ménh d& dudi day theo dang lwong tir hda

a) co sinh vién Todn nam Thit 3 trong lop PTTT

b) 6 sinh vién trong I6p khong phai 14 sinh vien Coéng nghe Thong

- TR T

tin
c) moi sinh vién trong 14p la sinh vien
nghé Thong tin
d) khéng cé sinh vien Cao hoc Todn trong Iop PTTT

e) moi sinh vién nam Thi¢ 3 tron
- Tin hoc

Todn - Tin hoc hay Céng

g 16p thudc nganh Todn hay Todn
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f) c6 sinh vién & Truong khong thuéc nganh Todn - Tin hoc va

. ciing khong thudc nganh Céng nghé Théng tin

I % 36. Xet cac vi tir:

" ; P(r, y}: 1-::2 E yn
g(z,y): "z+1<y” D -

. trong dé z, y 1 cac bién thuc. Cho biét chan tri ciia cdc ménh d sau:
a) p(2,4) b) q(2,)

c) p(-3,7) Aq(1,2) d)p(-2,1)V ~g(-1,~-1)

&) p(1,1) = q(1,1)  £) p(2,5) & —q(2,5)

- 37. Xét cac vi tir theo bién thuc z: ey
p(z): z2—5z+6=0 =t
g(z): z?2-4z-5=0
(z): z >0

Hay xac dinh chan tri ctia cdc ménh dé sau:
a) Vz,p(z) —» r(z) b)Vz, q(z) = —r(z)
c) dz,q(z) — r(x) d) 3z,p(z) - —r(z)

' % 38. Xét vi tir theo 2 bién nguyen ty nhien: >0

g

p(z,y): "z la udc cua y”
Hay xac dinh chan tri cta cdc ménh dé sau:
a) p(2,3) b) p(2,6) c) Yy,p(1,y)

d) vmgp(mf E) E) Hy: BI,P(I, y) f] Hyvzlp(zi y)
g) VzVy, (p(z,y) A p(y,2)) = (z =)
h) VzVyVz, (p(z,y) A p(y, 2)) — p(=z, 2)

~® 39. V&i méi menh d@ dudi day, cho biét chan tri. Pht dinh kém
~ theo ¢ ding khong? Néu khong hay thay bang pht dinh ddng.

a) V&i moi sé thuc z,y, néu 22 > y2 thiz > y

Phi dinh: tdn tai sé thuc z,y sao cho z? > y? nhung z <y

. b) Véi moi s8 thuc z, néu z # 0 thi z c6 nghich dao -

Phi dinh: tdn tai s8 thuc khdc 0 ma khoéng ¢é nghich ddo

¢) Ton tai hai s§ nguyén 1& ¢é tich la sé lé

Phi dinh: tich ciia hai s8 1é b&t k¥ 14 s& 1&

d) Binh phuong clia moi s8 hitu ti 1a s& hiru ti

4]



Phj dﬂhnﬁ: ton tai sg thl;r.: 2 sao cho n&u z vo ti thi z2 vo ti.
40. Ldy phu dinh cia c4c ménh dé sau:
1) Véi moi s8 nguyén n. néu n khong chia hét cho 2 LR ;

s A = 17
Wl o bl T G 30 1

lé

¢) Néu &

T
e e e W L

b) N&éu binh phuong clia mot sé nguyén la lé thi s nguyen 4y 13

: M, n la s§ nguyén sao cho k — m va m — n la s& lé thy

k — n 13 s8 chin.

d) Néu z 12 mot s8 thuyc sao cho z?2 > 16 thiz ©~ 4 hay z > 4
e) Vi moi s8 thue z, néu |z = 3] < 7Tthi —4 <2 < 10
# 41. Goi p(z) va g(z) la hai vi tir theo m&t bién, hay ldy pht dinh
va don gian cdc ménh d? sau:
a) 2z,p(z) Vg(z) b)Vz,p(z)A—g(z)
c) Vz,p(z) = ¢(z) d) 3z, [p(z) V q(z)] - p(z)

¥ 42. Cho biét chan tri ctia cdc meénh de sau trong dé z,y la cac
bién thuc: '

-a) dzdy,zy =1

b) -B_I'*;".y, 5 el

c) Vedy,zy =1

d) VzVy,sin* z + cos? z = sin?y + cos? y
e) dedy, (2z +y =5)A (z — 3y = —8)
f) 3z3y,(3z —y =T) A (2z + 4y = 3)

43. a) Su ton tai cta phin tir 0 trong R duge cho bai:
daVz, z+a==z

Hay viét ménh d@ chi su tdn tai ciia phan tir don vi trong R

b) z’ dugc ndi la phin tit ddi clla z néu c + 2/ = 0

Hay viét ménh d& cho biét tdn tai phin tir d4i

c) =’ duge ndi 13’ nghijch ddo clia = néu zz’ = |

Hay viét ménh dé cho biét moi sg thire khdc 0 deu c6 nghich dao

d) Néu thu hep vao tap hop Zlcﬁ{: sO nguyén thl cdc meénh db
trong b) va c) phai dugc didu chinh nhir thé no da van con diing.

'44. Gia st p(z) 1a vi tir theo mot bién =z € A. Khi &y menh de
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luong tir héa 3!z, p(z) duge dinh ngh'i'a nhu la:

(32, p(2)) A Va¥y, (b(z) A p(y)) — 2 = y)

Ndi cach khadc, ton tai phin vt ¢ sao cho p(a) diing va a 1a phin
tit duv nhét ciia 4 d8 cho p(a) dung. .

Hay viét lai cdc ménh d® dirdi day dwdi dang hinh thite trong do
su dung luong tie 3!

a) Moi sG thyee khdc 0 ¢é nghich dao duy nhat

b) V&i moi ¢,y € IR, téng & y la duy nhdt

¢) VSi moi z, tdn tai y duy nh&t sao cho y = 3z 4 7

45. Gia st p(z,y) la vi tit y = —922 trong dé z,y 13 cdc bién

| nguyén. Hay cho biét chan tri ctia manh dé sau:

- 3) [V23ly, p(z,9)] -  [3yVz,p(z,y)]
b) BlyVz,p(z,y)] — [Vz3ly,(z,y)]

46. Vdi vi tir p(z,y): "z + y la s6 chdn”. Hay cho biét cdc meénh
de& trong (45) cé ding khong? | '

47. Xet meénh dé "3lz,z > 1”. Hay tim tap hop vi tru dé cho
ménh d& trén la ding (tuong itng sai)

48. Hay dién vao hang tréng dé cho céc suy luan sau 12 ding:

a) Moi s8 nguyén la s hitu ti

SG thuc 7 khong phai 12 s8 hitu ti

llllllllllllllllllllllllllllllll

..............................

.. Minh hoc Toan Roi rac

T i e s e
- Binh la mot Giam d8c didu hanh
" Binh biét cdch dy quyen cho cdp dudi.

AT
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d) Moi hinh chit nhat cg ban géc bing nhau
R Biac M f“vr PQ khang phai 1a hinh chit nhat
E}iM‘?liﬂguﬂ*l qQuan tam dén Cholesterol deéu tranh 4an gan
Minh la mét ngudi quan tam dén Cholesterol

--------
------------------------

lllll

e i T

49. Xac dinh cic suy

luan ding trong sé cdc suy luan dudi day,
(‘ho biét qui tdc suy dién

da duwoc dp dung
a) Moi ngudi dua thu dey mang theo tii thur
An la mot ngudi dua thu
Vay An mang theo tii thu
b) Moi cong dan tét dau dong thué
Ong Binh da déng thué
Vay ong Binh 14 met cong dan tot
c) Moi ngudi quan tim dén moi truong deu deé riéng cdc tdi nhua -
bo di
Ha khong quan tam dén méi trudng
Suy ra Ha khéng dé rieng cdc tii nhita bo di
d) Moi sinh vién nghiém tic deu khéng nép bai chua lam xong
Minh khéng nép bai chuwa lam xong
Vay Minh la sinh vién nghiem tic

50. p(z) va g(z) la hai vi tit theo mot bién.
hay chitng minh cdc khdng dinh dudi day:

a) [3z,p(z) V q(z)] & [(32,p(2)) V (32, q(z))]
b) [Vz,p(z) A q(z)] = [(Yz,p(z)) A (Vz,g(z))]
c) [(Vz,p(z)) V (V2,9(2))] = [Vz,p(z) V q(z)]

d) Hay tim phan vi du cho phin dao ciia c)
51. Xet suy luan:
vz,p(z) = (¢(z) A r(z))

Vz,p(z) A s(z)
. Vz,r(z) A s(z)
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Hay cho biét Qui tdc suy dién dp dung cho méi bud®

va

vay

dudi day:

Budc Qui t4c 4p duné -
vz, p(z) A s(z)
p(a) A s(a)
- pla)
s(a)
Vz,p(z) — (g(z) Ar(z))
p(a) — (g(a) A r(a))
. q(a) Ar(a)
r(a)

. r(a) A s(a)

nhit thé Vz, r(z) A s(z)
- % 52. Xét suy luan:

Hay cho biét cdc Qui téc suy dién 4

hay

hay

nghia |3

vz, p(z) V g(z)
3:":1 ""P(I')

vz, -q(z) Vv r(z)
Vz,s(z) ~ =r(z)
EE, —-s(z)

P dung trong c4c budc sau:
Qui tdc 4p dung
© —p(a) ding

Budc

Jz, ~p(z) tdn tai a sao ch
—p(a)
Vz,p(z) Vv q(z)
pla)V q(a)
—p(a) — ¢(a)
~ q(a)
Ve, '—11}(1‘) \/ T'(ﬁ':)
—g(a) v r(a)
q(a) = r(a)
;r{a]

:""‘S{E) ==t g I;g
$(a) = -r(a) .
—-s(q}
32, -s(z)
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* 53 Hay ching minh cdc cong thiic Sau]:
» nin+1)(2n+1
) 0%+ 11'4- e ( L{

2 =S | 2
b}ﬂ3+13+...+n3:”{ﬂ4 ) 5 ‘ "
; | nn-+1)(n+2)(n+ 3
B) RIS LA fomibe T ey e T 1) : )(n +3)
d) 1.1!14+221 + ... + n.nl = (n+1)1-1
e) : + < e = 1 .
TRE TR e e TR R ey
1 1 1 n(n -+ 3)

imi—

) 128 934 ot nn+1)(n+2) 4(n+1)(n+2)
+~54. Xét vi tir:
p(n): n vat bat ky thi ddng nh4t vdi nhau trong dé n 1a mét bién |
nguyén, n > 1.
Khdng dinh: ¥n > 1, p(n)
Chitng minh:
9 »(1): hién nhieén
Gia st p(n — 1) diing. Xét n vat zq,29,..., 2, g
Do p(n — 1) ding nén £1,%2,...,Zn_1 ddng nhdt vi dong thoi -
Z3,Z3,...,Z, dong nhit. {
_ Suy ra z;,2,,...,z, dbdng nhAt. Nghia la p(n) diing.
Do dé6 theo nguyeén ly qui nap Va > 1,p(n)1a mot ménh dé ding! .
Suy luén trén sai do dau?

+ 55. Dat cdc s8 1,2,...,25 trén 1 vong tron theo mot thit tur thy v
Chung minh rang luén luén cé 3 s& lien ti€p co téng > 39

7 56. Chitng minh cdc bit didng thic sau vdi ne N
" a) Néun > 3thi 2" < p!
1 b) Néu o > 4 thi a2 < 2n-
c) Néun > 9 thi n3 < 9n

57. Xét vi tir S(n):

1+2+..,+ﬂ:(

n+‘%)2
2

4R



Chitng minh rang néu S(k) ding thi S(k + 1) ding véi moi k > 1.
1T dé c6 suy ra dugc S(n) ding véi moi n > 1 khong?

'_ Freg. Xét cdc phuong trinh

I = &

- 24344 = 1+8
5+6+7+8+9 = 8+27
104+11+124+13+14+ 15416 = 27464

. T dé suy ra mot cong thitc tdng quat dudi dang vi tir theo mot
'bién nguyén va chitng minh céng thitc nay.

59. Xét doan chuwong trinh viét bing Pascal
While n <> 0 do

: Begin
? z =z +y;
: ni=n-—1
f ~ End;

Ketqua := z;

Chimng minh rang khi goi doan chuong trinh trén vdi cdc bién z, y
I8y gia tri thuc va bién n 18y gid tri nguyen tu nhién thi khi ra khoi
doan chuong trinh, bién Ketqua dugc gén gia tri z + ny

s T T T T T T —

60. Xét doan chuong trinh viét bing Pascal
While n <> 0 do

B

Begin
= AR B
n:=n-—1
_, End;
i Ketqua := z;

| Gia sit ta goi doan chuong trinh trén vdi ciac bién z, y 14y gid trj
; thee va n 14y gid tri nguyén duong. Khi ra khoi doan chuong trinh
; bién Ketqua sé dwgc gén gia tri nao? Hay chitng minh khing dinh
(dé. |



Chuong 2

PHUGNG PHAP DPEM

Ti Chudng 2 trd di, ta sé st dung cdc ky hiédu logic quen thU_‘?'i
=, <= d& chi cic quan hé “cé hd qua logic” , “tuong duong logic
gida cic ménh dé ma ta xem nhu dang ménh dé hing. Ngoai ra ta:
cing dung cdc ky higu nay d& chi phép kéo theo va phép ko theo hai
chiéu. Cic ky higu — , € duogc danh cho cdc d4nh xa.

§1 Tap hgp

Trong chuong trude ta da sit dung khéi nigm tap hop trong mot |
s0 vi du, dac biét trong dinh nghia cha céc lugng ti. Trong chuong |
nay ta ti€p tuc sit dung kh4i niém tap hop theo nghia truc quan: dé |
la nhitng ddi tuong dugc nhém lai theo mot tinh chat nao dé. N&u
a 12 mot phan tlf cha tap hop A, ta viét ac A. Trong trudng hop
ngugc lai, ta viét a € A. :

O day khdi niém “tinh chat” dugc hiéu theo mgt nghia hét siic
rong rdi. Thuong thi né bi€u hién béi mot vl tif p(x) theo méot bién
x € U. Khi &y tap hop tit ca cdc phdn tif x €U sao cho p(x) dang
dugc ky hiéu bai:

- r——— | S &

A= {x €U/p(x))
U dugce goi la tap hop vi tru. NéuU hi€u ngam thi A c4 thée viét:

A = {x/p(x)}

Vi du:
1. A= {x € N/x la s6 nguyén t3)
2. A= {x €Z/x? < 5]}
Trong vi du 2, ta ¢é thé chi ra tat c3 c4c phan ti cia A-

i '_'211_"1, U, 1,;
Ta viét

A= {_2: _'lr 0, 1,2}
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~ Ta néi A duoc md ta bing cdch liet ke ra tdt ca cac Phﬁn tit,
Ciing thé B = {z € N/z < n} c6 thé dugc mo ta bing cdch ligt ka

~¢dc phan tir

B = {0,1,...,?1}

VSi phuong phdp mo ta bang cdch liet ke cdc phan tir, mot tap
hop co thé la:
A = {1,2,97,100)

Khi nay khong nhdt thiét cdc phin tit dugc nhém lai theo mot
tinh ch&t cu thé nao.

Chi y ring tap hop {z € N/z? < 0} khong cé phan tir nao ca.
Ta ndi né la tap hop réng va ky hieu bdi 0.

Gia sit A, B 1a 2 tap hop con cua tap hop vu tru U/, ta né1 A la
tdp hop con cia B (hay A duge bao him trong B hay B bao ham A)
neu:

Vz € U,(z € A) = (z € B)

Khi &y ta viét A € B. Chi ¥ rang, ban than 4 va 0 1a tap hop
con cua A.

Cho hai tap hop A va B. Neu AC Bva B C A ta néi A bing B
va viet A = B. Ro rang 1A A = B khi v chi khi:

Ve €U, (z € A) <= (z ¢ B)

St dung cdc phép ndi trén ménh dé va vl tlf, ta c6 thé dinh nghia
cac phép todn hgp (V), giao (N) va phan b trén tap hop. |
Dinh nghia 2.1.1: Gid st 4, B 1a 2 tap hop con cia tﬁp hgp va tru
U. Khi ay | ‘

Il

" AUB (x€eU/(xeA)v (xe B))
_ANB {xew/{xeA}n(xEB}}
A=Y\A = {x ceU/x & A}

I

A dugc goi 12 phdn b cha A (trong U).
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Dinh 1y 2.11: A, B,C ld cdc tdp con tuy y cua ld, ta co:
1)Tinh giao hodn:

 AUB = BUA
. AﬂB = HMNA
12) Tinh két hop:
Au(BuC) = (AuB)uUC
An(BnNnCcy = (AnBjinc
111)Ludt De Morgan:
AUR = ANnH
ANB AUB
w)Tinh phdn bs"
AU(BNC) = (AUB)N(AUC)
A_H(BUC') = (ANB)U(ANC)
v)Phdn td trung hoa:
AUl = A
AT = A
vi)Phén bu:
AUA = U
ANA = ¢
vii) Tinh thé'ng tri:
AVU = Y
ANd = ¢

o0
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| Chifng minh: cdc tinh ch&t trén suy tir dinh nghia va cdac qui luat
E{é (Dinh ly 1.2.2) ma ta c¢6 thé md rong dé dang cho cdc vi tir.

@ ﬂpt':.ll'l-
& Do tinh két ko‘p ta cé thé dung AU BUC d8 chi AU (BUC) hay
'I' (AU B)UC. Cung thé, cho trude n tap hop Ay, Ag, ..., A,, thi hop
i AyUA2U... U A, khéng phu thudc vao thit tir dat dgu ngoac.
; Ta cung viét

ey

¥ - e

CRnt L b o

UA;:AIUAQU...LJAH
1=1

Tuong tur

L

n
N Ai=A1ndan... 14,
o

A W

i §2 J-';.nh xXa

Pinh nghia 2.2.1:
i) mot .a’nh za f tit tap hop A vao tap hop B 1A phép tuwong \ng
Fhe'n l,(ét+ véi mdi phin tit z cia A mét phin tir duy nhédt ¥ ctia B ma
!_.ta ky higu lIa f(z) va goi 12 dnh cia z b f. Ta viét

Fs: A =3 B

; | | I — f(.?:)
% ii) hai 4nh xa fig tit A vio B duoc ndi la-bdng nhau né&u:
E

. Vz € A, f(z) = g(z)

' Dinh nghia 2.2.2:

“h 1) néu E la mot tip hop con cia A thi dnh cua F bdi f la tap
. Ngp:

j | f(Ey={yeB/3z € E,y = f(z)}

'
L3
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Ta cung viét:
f(E)={f(z)/z € E}

li) néu F la mot tap hgp con cia B thi dnh ngugc (tao anh) LUE
F la tap hc;i‘p 1

fTHF)={z € A/f(z) € F} £

Chu y:

1. Néu y € B ta viét f~1({y}) = f~(y). |

2. Néu f~ 1(J) @ thi y khong ndm trong anh f(A) ciua A.

3. Néu f~1(y) = {z}, thi z 12 phin tt duy nhdt cé anh la y.
Dinh nghia 2.2.3: Goi f la 1 4nh xa tir tap hﬂp A vao tap hop B
Khi 4y ta noi ‘

i) f la toan anh néu f(A) = B '

i) f 1a don dnh néu hai phan tit khac nhau bat ky cia A cd ani
“khéc nhau: '

Ve,z2' € A,z # 2/ = f(z) # f(z')
ii1) f la song anh néu né dong thoi la don anh va toan anh.
.Chu y: néu f la mot song anh tit A len B, ta viét:
f: A«— B

Khi 8y véi y € B tuy y, cé phan ti duy nhidt z € A sao ch

f(z) = y. Nhu thé tuong ing y — z la 1 4nh xa tit B vio A mat:
ky hieu la f-1:

i B — A (
- y — [fHy)== '
vai f(z) = y
Ta cé
() =y Vy € B (2.2.1
fH{f(=)) = Vz € A (2.2.2

D2



Vi du: '
:V Luf: Z — Q sao cho f(z) = E vdi z € Z tuy y la don dnh
2 1 N - ' !
| ahung khong phai 13 toan dnh vi - chdng han khong 13 anh ctia phin
tir nao cua 2.

2. Gia sit a, b a2 sd thuc sao cho a 7 £ 0. Khi &y
f{:-:) = az + b xdc dinh mot song anh giita R va R. Anh xa nguge
cua no la
| f-: B — R
y +— aly-a'b

B'f Pinh nghia 2.2.4: cho hai anh xa
|
n}
;ﬁnh xa hop h la anh xa tiv A vao C xac dinh bdi:

f: A—Bvag: B—C

h: A — C
z — h(z)=4g(f(z))

g W

Ta viét:

B —s

h=gof: A —
z. — f(z) — &(z)=g9(f(=))

e

y:
1. Ta thuong biéu dién moét anh xa bdi so db

= | s

. Ch

= sl e g

f

S ; f(=)

-

2.4



Khi £y 4nh xa hop duge biéu didn béi so dd

2. Ky hiéu id4 1a 4nh xa A — A sao cho

-——— e

tda(z) == Vz € A

Ta noi id4 la anh xa dong nhdt cia A. Tuong tu goi idg la dnh x

ddng nhit cia B. Khi 4y (2.2.1) va (2.2.2) trd thanh
fof! = lidp
via flof = idy

hai tdp con tiy y cia A, Fy va Fy la hai tdp con tuy y cua B.

l
Pinh ly 2.2.1: Gid su f la moét dnh za tv A vdo B, FE, va [5,‘-_,’,'1
co

1) F(ELU By)
1)  f(EyNE,)
112) f“l[FlLJFg) f‘l{Fl)LJf(Fg) :
w) fHFINEF) fHF) N f-Y(Fy) E

Chitng minh: Ta chi chitng minh i), cac phin con lai duoc ly luﬂi
tuong tu. Ta cd: | 1

F(EL) U f(E,)
F(EY) O f(E,)

bl

VE f(EYUE;) <= 3z¢ E\U Eyy = f(=)

= (Ve f(E))V(y € f(E))
— YE f(E)U f(E,)

f

Li

D,

B

e dpey



"Chii y: bao ham trong ii) c6 thé la ngat nhu vi du sau cho thdy. Xét |
fi Z—34 xac dinh baoi:

f{Ijzlm], VIEZ

:;-LE‘I-F}" Ey=Z%, Ba=2", Tacd; EyNE; =

' nén f(E1 N Ey) = £(§) = 0. Trong khi 6 f(E\) = f(Ey) = Z* nen
f{'EI}ﬁf{EE} # 0.

§3 Phép dém

Trudc hét ta nhan xét rang phép dém cdc phin tir cia mot tap
+ hop A la mét tha tuc gdm c¢d nhidu bude:

Birdc 0: néu A = 0 ta ndi s& phin tir ctia A béang 0. Néu khong
(A # @) ta qua Budc 1

| Budc 1: chon tiy ¥ mot phlin tira € A o] gan a tuong dng vdi
| phin tir 1 € N. Néu A4 = {a} ta néi A cé mot phan tir. Néu khong
| ta qua Buoc 2

Budc 2: do A # {a}, tdn tai mot phin tir b e A vi b £ a. Ta
gan b tuong \ng vd&i phan tir 2 € N. Néi cach khdc ta cé mot song
j_fmh
{a,b} «— {1,2}

i
P 3.

1 Cit ti€p tuc tha tuc nhu tren. Haj treong hop ¢é thé xay ra
i

Néu A = {a,d} ta ndi A cd hai phan tir. Néu khong, ta qua Budc

Truong hgp 1: thi tuc ditng & mot Bude n nio dé, nghia la tdn

 tai mot song anh gitta A4 va {L,2,....,n} € N. Ta nédi raing A céd n
phin tir. )

x

Trudng hgp 2: thi tuc khéng bao gio dirng. Ta ndéi A cé vo 56
! phdn 1 hay A 1A mot tap hop vé han.
‘-i Tit nhan xét trén ta cé

cr}
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JC ndi la h@u han vh cd n phin tir néu top

rj;l] l’il‘?: Song anh gita 4 va tap hop con {1,2,...,n} ctia N. Ta ‘riéé
e - :
i1) Néu A khong hiry han, ta néi A v6 han |

Chu y:

él-J Do nhan xét tren, phép dém chi ra cho ta mot thuat todn cy
thé dé x-i-‘:ay '-'.1'-.1‘115 Mot song anh gifta 4 va {1,2,...,n} néu A hitu han/
trong khi Dinh nghia 2.3.1 chi doi héi “5n taj mot song dnh nhir vay

L

2. Hai tap hop hitu han A, B ¢6 cung s6 phan tir sé tuong ing
1 — 1 véi nhau, nghia la ton tai mot song 4nh A «— B. Ta cling nd

% # #
A va B cé cung luc lwong. Tdéng qudt hon ta cé :
Dinh nghia 2.3.2.
1) mét tap hop A duge noi la ¢é e legng bé hon lye lrgng cia B néu tay
tai mot don dnh tir A vao B. f

1) Hai tap hgp A va B dirge ndi la dong luc lugng néu cd mot song ank
A +— B, |

1
Chu y: Gia sir tdn tai mat don 4nh f tir A vao 5. Dat C = f(A) va C la phis
bu cia C trong B. Chon m6t phin tira € A tuy ¥. Ta sé dinh nghia moét dnh X3
g: B — A nhir sau: |

+ Néu y € C thi tdn tai duy nhdt = € 4 sao cho y = f(z). Ta dat g(y) = ..-,1.

E

+ Néuy e C, ta dat g(y) =a |

Khi 8y ro rang g la mét dnh xa tir B vao A4 sao cho g(C) = A. Suy ra g 13:

toan anh. '

Ngwrgce lai gia sir tdon tai mot toan anh g: B —3 A. Khi 8y vdi = € A thy §

g '(z)1a 1 t&p con khédc 0 nén ta cé thé chon mot phn tir nh&t dinh y ¢ g ' (z)

Dat f(z) = y, ta sé dugec mot dnh xa f tir A vho B. Do céch xay dyng, vdi = # z|

thi 97" (2) g™ (z') = 0 nen f(z) # f(z'), nghia la f 1a don dnh. O day ta s

dung khai nigm chon v € g7 !(z) mot cdch trirc quan. Theo ly thuyét tap heg

~ tien deé thi vigc chon nhv vay khéng hién nhién ma duge dya trén Tien d@ chon

Dwong nhién déi vdi cac tap hop hitu han Tien di chon la khéng chn thiét. Tu:rir;
-lai ta da chung minh duroc.

M¢énh d@ 2.3.1: lyc lrgng cua A nhd hon lyc lwgng ctia B khi va chi khi thn ta
mot toan anh tir B len A.

Mot van de thif hai la néu lyc lwrgng cia A nho hon lyc lugng cia B va iy

lvgng cia B nhé hon lrc lugng cia A thi ligu A va B cé dong lyc lrgng khoang
Khéng dinh nay cé thé duge chimg minh trong truong hop téng quat, nhun

A
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chitng minh nay ra khéi khuén khé ciia gido trinh Toan Rai rac.

"Tuy nhién néu A va B hitu han ta co
Pinh 1y 2.3.2:Gid sv A vd B la 2 tdp hop huu h.‘;zn* Né’:ur tﬁn‘ tat
mét don dnh tu A vao B vda moét don dnh tv B vao A thi A uf: B
cd‘ cting s6 phdn ti. Hon nita moi don dnh (tuong ung toan dnh)
tr A vdo (tuong ¥ng lén) B la moét song dnh.

Chitng minh: Goi f l1a mot don 4nh tiy § tit A vao B.
Dat C = f(A) va C 14 phlin b cia C trong B thi Ménh de 2.3.3
dudi day cho:

|B| = |C| +|C]
Do f ro rang xac dinh mét song anh gitta A va C nén ta ¢o
|B| = |A| + |C]| > |A]

Tuong tu né€u ton tai mot don anh tir B vao A ta sé ¢é

|A| > |B|
Suy ra

|A| = |B|
Pac biét

C| =

nghia la B = f(A) va do dS f 14 mét song anh gitta 4 va B.
Cudi cling gia sit g 14 mot toan anh tir B len 4. Tren day ta da
x8y dung duge mot don 4nh f tir A vao B sao cho f(z) € g~ (=) véi

moi z € A. Theo chitng minh trén f la song 4nh nen ré rang g cung
la song 4nh.

- Ménh da 2.3.3(Nguyeén ly cong):

Giad sitr B 13 mot tap hop con ciia tap hop hitu han A. Goi B la

. phan bl ctia B trong A. Khi 4y ta cd:

|A|l = |B| + B

i |
=]
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- Chirng minh: Goi m,n la s phin tir cla B va B tuong ting. Khi!
dy ton tai mot song anh f tir B lén {1,2,...,m} va mot song anh ¢ ti

B len {1,2,...,n}. Ta dinh nghia danh xa h tir A vao {1,2,...,m + n}[.

nhu sau: :

4+ néu z € B tadat h(z) = f(z) |

’ + néu = € B ta dat h(z) = g(z) + m E
Ro rang h 1a mét song anh nén 1

|A| = m +n __ e dpem

Vi du: dé chuidn bi vao giai doan 2, ¢ 150 sinh vien chuong trinh
1 da ghi tén hoc mén Toan roi rac va 120 sinh vién ghi tén hoc Vi
tich phan 3 & hoc ky nay. Hoi ¢é bao nhiéu sinh vién ghi tén hoc maot
trong hai mén biét rang khéong c¢é sinh vién nao hoc cd hai mén.
Goi A la tap hop cédc sinh vién ghi tén hoc mén Todn roi rac vis B
la tap hop cdc sinh vién ghi tén hoc Vi tich phan 3. Khi &y vap hop
cac sinh vién ghi tén hoc mot wrong Liui mon la A U B va B chinh la
phén bu cia A trong AU B nén ta cd |

JAUHE — iﬂ.:-‘—lﬁ'| g Lall- 120 — 270

Qua vidu trén, ta thay qua trinh dém cdc sinh vien hoc mat trong
“hai mén ¢d thé duge thuc hien bing hai cach: dém céde sinh vien hoe
Toan roi rac va déui céde sinh vien hoe Vi tich phan 3. Hai cdch niy la
loai trir lan nhau theo nghia chiing khane thé "ne théi xdy ra. Khi
4y ta cung cé the phat biéu lai Ménh d& 2.3.3 dudi dang:

Nguyén ly cdng: Néu mét qua trinh c¢é thé duge thue hien bang
mot trong hai cdch loai trir lan nhau: cdch thit nhdt cho m k&t qual
va cdach thit hai cho n két qua. Khi dy viéc thuc hien qua trinh che!
. - - m+nkét qua.

Chu y:
S I. Trong vi du trén néu c¢é mot sd sinh vién ghi tén hoc ¢ hai
mon, chdng han nhu 50 thi tip hop AN B # 0 vi ¢6 50 phin ti.

B Trong truong hop nay |A| 4 | B| khéng phai 1 sé phin ti ciia |AU B}
a2 V1 |[AN B| duge tinh hai 14n trong |A| v |B|. Do dé ta cé dang mdl

L L
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rong clia nguyeén ly cong la:
IAuB| = |A|+|Bl-|ANB|
— 150 + 120 — 50 = 220 (2.3.1)
9. Menh d& 2.3.3 cling ¢ thé dugc md rong theo hudng ¢ nhitu
hon hai tap hop. Gia st ¢c6 n tap hgp, ¢'1,Ch,...,C,. Ta ndi cac tap
hop nay doi mot roi nhau néu C;NCj; =0 néui # j. Tacé

Meénh de 2._3.4 (Nguyen ly cong md rong): néu tap hgp hiru han C
‘ 1ne viét nhu la hop cua cac tap hop €, Ch, ..., C',, d61 mét ro1 nhau
thi

|'L-| —— |Clli =T i(__/IE| T ves 'i‘ I'C;ﬂ[

Chlﬁ"lf" minh- it dung Menh de 2.5.3 va Nguyén ly qui nap trén n

edpcm
Ngual nguyen iy cdne. mol cong cu dém hiru hiédu la:

Nguyén ly nhan: néu mét qua trinh ¢ thé thuc hién theo hai giai

‘doan lién ti€p doc lap vdi nhau sao cho ¢6 m cdch khdc nhau dé thuc

- hién giai doan 1 va vdi mdi cach lwa chon trong giai doan 1 d®u cé n

cach khac nhau dé thuc hién giai doan 2. Khi &y cé mn cdch khdc
nhau dé thiure hién toan bd qua trinh.

Chu y: ndi rang hai giai doan duoce thuc hién déc lap vdi nhau cé
nghia 1a hai cdch thuc hién (a,b) va (¢,d) sé cho hai két qui khic

" nhau néu mot trong hai trudong hop sau xay ra:

R 8 T RS =W

N
1
b
¥
H

- hai cach thuc hién giai doan 1 khac nhau a # ¢
- a = ¢ va hai cach thuc hién giai doan 2 khdc nhau b # d.

Vi du: dé chuan bi mé mét van phong dai dien & nude ngoai, Gidm
d6c ciia Coéng ty X cin nghe 16i ¢8 vdn ve luat phdp tir mot lust su
chon trong s8 nam luat su va cd vdn ve dia dc tir mot chuyeén vien dia
6c chon trung s6 ba chuyén vién dia 8c. Do dé theo Nguyén ly nhan
¢d tat ca 5 x 3 = 15 phuong 4n dé Gidm déc Cong ty X tiép xic véi
hai chuyen vien trong hai linh viec trén.

Trong vi du trén, goi A la tap hop cdc luat sw va B la tap hgp
cac chuyén vién dia :ﬁc cin tham khao. Khi &y mot phuong d4n tham

| khao c& vdn 14 mot cap cb thit tu (a,b) véia € A, b € B. Tﬁ.p hqp
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' |
cdc phuong an tham khao cd van chinh la tich Descartes A x B theo

dinh nghia dudi day
Pinh nghia 2.3.8: Tich Descartes cua 2 tap hop A, B ky hiéu boi
A x B la tap hop t&t ca cac cap thi tu (a,b) vdia € A vab € B,
trong dé 2 cap (a,d) va (a’,b’') duge ndi la bang nhau khi va chi khi
a=a,b="0.
Dinh ly 2.3.5: né€u A va B la hai tdp hop hitu han thi A X B cung
la mét tdp hop httu han va ta cd:

A x B| = |A| |B]

|
Chirng minh: Qua trinh dém cdc phan tit cia A x B dugc thuce hién r
theo 2 giai doan: ¢6 |A| cdch khdc nhau dé chon 1 phan tir tuy y cua;
A va v&i méi cdch chon phlin tita € A, ¢é |B] cach chon 1 phan tir tuy |
y b € B dé tao thanh cdc cap khdc nhau (a,b). Do dé theo Nguyeén
l¥ nhan cd |A| |B| cdch chon cdc cap (a,bd) khdac nhau. Ndéi ciach khac

14 x B| = |4||B] j

Dé xay dung moét song dnh cu thé tit A x B len {1,2,...,mn},
trong do m = |4|, n = |B| ta lam nhu sau:
Xét cac song anh:
f A «— {12, ...,m}
va g: B «— {1,2,...,n}
Ta dinh nghia anh xa h: A x B — {1,2,..., mn} nhu sau:

h(a,b) = (g(b) — 1) x m + f(a)

h(a,b) = h(a',b")

e e e L T S — ST . T ap——

(9(b) = 1)m + f(a) = (g(¥') — 1)m + f(a') (2.3.2);

1
i
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" ta c6 thé gia'str f(a') < f(a). Do (2.3.2) ta co:
S f(a) - f(a) = (g9(b") — g(b))m

‘Nhung 0 < f(a) - f(a') < m

va (g(b') — g(b))m > m néu g(b") — g(b) > 0.

Snvea fle) fiul) ""é’-.H'n.b} — g(¥').

Do dé (a.b) — (u', &) vi f va g la song anh.

San cuneg gid <% & la mot <4 nguyen bat ky sao cho

1 < k < mn. Goi i la s8 nguyén ti nhién Idn nhat sao cho mt < k.
khi ay

mi < k <m(i+1)

nén < Ji=kK—rmr =
TrLTi

m
Dat a = f~l(j)vab=g"'(i +1)
Ro rang
h(a,b) = (g9~ (i+1)~m+ff71(0)
Tom lai k 1a mot song anh . e dpcm

Chud y: f~1va g~! cho phép viét A va B dudi dang
' A= {ﬂl,ﬂrg,”.,ﬂ.m} va B = {b;,bg,...,f}“}.

Ta ndi cac phin tir cia A (tuwong ng B) da dugce danh chi sé bai
f~! (tuong ung g~ '). Khi &y dnh xa h cd thé viét:

hia:;,b;) = (F —1)m<+ i

N&i cdch khdc ta da "dém” cdac phan tir cia A x B theo n mang
dat ké ti€ép nhau:
{('ﬂ‘llbl}i (H’Efbl)r reey (ﬂmtbl)}: {('111 E’E), (-‘12, bg), ey {ﬂ,m'bg)}

e {{ﬂlibﬂ}i{a?!bﬂ}:“-m(ﬂm-,bn)} :
‘Goi cdc mang nay lan lugt la C1,C2,...,Cn thi ching deu tuong

ng 1 — 1 vdi A nén c6 cung sd phan tit la m. Hon nira cdc tap hop .
‘nay doi mot r5i nhau nén anh ctia A ¢ m x n phan tir va do dé A la

song anh.
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Nguyén ly nhan c¢é thé dugec md rong cho qua trinh nhitu hon hai
giai doan. Tuong tiy Dinh nghia 2.3.3 va DPinh 1y 2.3.5 ¢é thé duoc
ind rong cho tich Descartes cita nhigu hon hai tap hop.

Dinh nghia 2.3.4: cho n tap hgp khong réng Ay, A,, ... A

i) mot bo n phan tir la mot ho phin tir ¢d dang (ay, as, ..., a,), vdi
a € Alt az € ..""12,“., an € An-

ii) hai bo n ((11,-‘.12, a,), (a"l,a’z,,..,a{.l) dugc ndi la bing nhay
néu a; = af, @y = @i, ..., ¢n=a’,

ii1) tap hop tdt ca cdc bo n phfm tir durge goi la tich Descartes ciia
AI,AE,.. A, va l{}" hiéu badi Ay .}{ TR A

Al = .Ag XK owse K An == (ﬂl,ﬂ.g,...,ﬂﬂ)/ﬂl S Al,ﬂ-g = AE, veny Qg An}

Chud y: ta ciing ky hiéu tich Descartes bdi H A;.
gl

Dinh 1y 2.3.6: néu Ay, Ay, ..., A, hifu han thi || A; cing hu han

g1
vae ta co

= |A1]|Az]...|An]

Tl

11 14

1=1

|

Chitng minh: ding Dinh Iy 2.3.5 va nguyen 1y qui nap

edpcm

Vi du: sinh vién Giai doan 1 thudc Chuong trinh 1 cia Truong Dai
hoc Khoa hgoc Tu nhién citr ra mét Ban Dai dién gom mét sinh vién
Todn-Tin, mét sinh vien Céng nghé thong tin, mot sinh vien Vat ly, |
moét sinh vien Héa hoc. Hdi ¢é bao nhiéu cdch chon ra Ban Dai dién
biét rdng c6 300 sinh vien Todn-Tin, 400 sinh vien Coéng nghé théng
tin, 200 sinh vién Vat ly va 300 sinh vien Héa?
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Goi- A, Ag,:A;;, Ay 18n luot la tap hop cdc sinh vién Giai doan |
-E:'i'm cac nganh Todn-Tin, Céng nghé thong tin, Ly, Hoa. Khi &y mot
" Ban Pai dien chinh la mot bo 4:

(a1,as,a3,a4),a1 € Ay,a9 € Az,a3 € Az, a4 € Ay

Do dé theo Pinh 1y 2.3.6 s8 cach chon Ban Dai dién la:

4

H A;\ = H | A
=1

300 x 400 x 200 x 300 =

g=1

7.200.000.000

§4 Giaf tich t3 hop

Cho trude hai tap hgp A va B, tap hop-tat ca cdac anh xa tir A
vao B duogc ky hieu bdi B4, Gia st |4]| = m, ta &

A = {ﬂ.],ﬂgr...,{l,n}-

R6 rang mot anh xa f tit A vao B duge hoan toan xdc dinh bang
cach chon ra m phin ti

by = f(a1),b2 = f(az),....,bm = f(am)
N6i cach khdc f duge xdc dinh bdi bs m:

(f(a1), fa2),...; f(am)) € B™
Nhu vay ta dugec mét 4nh xa:
gy Bfwy pgm

véi | ?(f) = (f(@1), f(az2), .., fam)) (2.4.1)

. -. Nguogc lai cho trude (b1,b2,...,b,m) € B™ thi ta dinh nghia duoc
mot 4nh xa duy nhat f € B4 bai:

f(a1) = by, f(az) = by, ..., f(@m) = brm
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- Nhu thé& ta da chiing minh:

Meénh de 2.4.1: Gia st |A] = m vGi A = {a;,@2,..-, 2} tD (2.4.1) 1
xic dinh mot song anh giita BA vi B™. Dac biét néu B hiru han thi

BA ciing hitu han va ta co:

By S i e PRl TR T

84| = |B|!

Chi y: trong phép tuong ing (2.4.1), f la mot don anh khi va chi |
khi cac phin tit f(a1), f(a2), ..., f(am) 13 d6i mot khac nhau. Tu Jdé
ta ¢ mot qua trinh m budc dé dém cac don anh tir A vao B:

Budc 1: chon tuy y mot phan tir by € B. J budc nay cé n cach |
chon Ell.

Budc 2: chon tuy y mot phin tit b, € B khdc vai by, nghia la |
mot phin tir by € B\{b;}.0 day B\{b:} chi phan bu cua {b;1} trong
B. Ta cé n — 1 cach chon by

------------------------------------------------------

Budc m: chon tuy ¥ mot phan tit b, € B\{b1,ba,....;bpm_1}
Don—-(m—-1)=n—-m+1,néncon—m+ 1 cach chon b,,.

Chd ¥ rang dé cé thé tién hanh dén Budc thi m ta can co n —
m+ 1> 1, hay n > m. Do dé 4p dung nguyén ly nhan ta dugc

Menh de 2.4.2: Gia st m < n. Khi ay sO don anh tir A vao B la: !

n(n—1)...(n — m+ 1)

Néu |A| = |B| = n thi ta c6

7 4 5 : E‘
Heé qua 1: s6 song anh tir A len B la: '[

n(n — 1)...1 = n! T
|

Chitng minh: néu |A| = [B] thi moi don anh tir [A| vao |B| cing la:
'mot song anh. ::

edpcm |

|
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Trong trudng hop A = B thi mot song dnh tir A lén chinh no coén
dirge goi 1a mot phép hodn vi cua A. Do do He qua 1 co thé duogce
phat biéu lai:

He QUEI 2: 56 cdc phép hodn vi cia mot tap hop ¢6 n phan tu la n!

" Pinh nghia 2.4.1: Pat B = {1,2,...,n}.
i) Mot chinh hop cia n phdn t¢ chon m la mét phép chon ra m
phin tit phan biét trong B theo mot thi tir nao do
ii) Mot t6 hop cua n phdn tu chon m la mot phép chon ra m
phan tit cia B khong ké thi tu.

Dinh 1y 2.4.1:
1) S6" cde chinh hop cua n phdn tv chon m la:

Al =nn—-1)..(n—m+1)
11) S0 cde té6 hop ciua n phdn td chon m la:

om — n(n—1)..(n —m+ 1)

L

!

Chitng minh:
1) Voi B = {1,2,...,n} thi mét chinh hop ciia n phin thir chon m
. khéng gi khac hon la mot bo (b4, b,, ..., bm) € B™ doi mot khac r;haui
Do d6 s6 chinh hop duge cho bdi Ménh de 2.4.2.

11) Ta se tinh s6 t6 hop bang cach dém lai s& chinh hop theo mét
qua trinh hai budc: ‘

” ’ u # - - ¥ ¥
Bwoc 1: chon tuy y mét td hop clia n phan tir chon m, néi cach

khac chon ra mét tap hop con B’ ¢ m phan tir ciia B. S& cach chon
khac nhau chinh la s8 té hgp C™. |

Budc 2: véi mot tap hop con B, ta c¢d thé chon ra m phin tir
- phan .biét. cua B’ theo mét thit tir nh&t dinh: (bl,bg: sy By Ju SO cich
~ chon chinh la s8 phép hodn vi ctia B’ nén biang m! i a

Bang hai budc trén ta di dém duoc tdt ci cic chinh

0 e s hop ctia n
phan tir chon m nén: e

ALY =C" x m!
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n(n—-1).(n—m+1)
m!

Suy ra C' =
edpcm

Chu y: Ta thuong ky higu sd t3 hgp boi ( :1 ) va goi la hé sé” nhg
ihi#c. Ha s8 nhi thic cé thé dat dudi dang dbi xung:

.CIT:(H)' ﬂ(ﬂ_l)*--(ﬂ_m+1}}i{nvm)j

m!(n — m)!

Il

n!

m!(n — m)!

Duéi dang trén ta thay ngay.

n o mn
Try ] i FiL
Dinh ly 2.4.4: véi m < n ta co
n+ 1 7 17} | n , :
( m ) 5 ( I ) & ( m -1 ) (2.4.2)

Chutug minh: Ta sé chon ra cac t6 hgp ciia n + 1 phln tir chon m
bang mot trong hai cach loai trir 1an nhau:

Cach 1: chon ra mét tap hop con B’ ¢é m phan tir phan biét
trong {1,2,...,n + 1} khong chifan + 1. Ro rang B’ cung la mot tap

) cach chon.

TL

hgp con m phan tir caa {1,2,...,n} nén cé ( =

Cach 2: chon ra mét tap hgp con B" c¢é m phan tit phan biét
trong {1,2,...,n+1} chdan+ 1. Rd rang B"\{n + 1} 1A mot tap hgp

con m — 1 phan tir phan biét cia {1,2,...,n} nén cé mn 1 cach
chon. . !
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Do dé theo nguyen ly cong, sé té hgp cia n + 1 phhn tir chon m
thoa (2.4.2)
" edpcm
Dé hiéu r6 tai sao s té hgp con dugce goi la hé s@ nhi thize, ta hay
chitng minh cong thitc dudi day goi la Céng thiic nhi thite Newton

Pinh ly 2.4.5: z,y la hai bién thuc ta ¢é

(z+y)™ = z"-i-(?)t““ly-r%m..—i—(:)y"
Ti

= 3 ( :1 )3"“”‘1:’“ (2.4.3)

n=0

| Chung minh: ta hay khai trién

(z+y)"=(z+y)(zty) (¢ y)

thanh tdng cta cdc s8 hang c¢é dang a,as...a, trc;-ng dé a; = z hay
a; =y, 1 <1< n V& 0<m<ntagdp tit ca cic s6 hang trong do
~¢6 ding m thira s8 bing y. Céc s8 hang niy déu cé dang "~y
Hon nira s6 cac s6 hang nhu vay chinh 14 s§ cdch chon m phin ti

phén bigt cia {1,2,...,n}: dé chinh la sd t& hop ( :1 ) nén (2.4.3)
dugc chitng minh.

edpcm
He qua: Ta cé

i) 27 = 1+(“ ++(:1)++(2) (2.4.4)

1
ii) 0= 1- i’: +...+(—1}*“(:1)+...+{-—1]"(:)

Chi y: Theo nguyén ly céng, v& phai cia (2.4.4) chinh la s@ céc
tap hop con cta {1,2,...,n} nén ta dém duoc s8 cdc tap hop con ciia
{1,2 -n.} chinh la 2“ Thét ra ta c¢d thé dém gidn ti€p sd cdc ta.p ’
h(;ip con cua mét tap hogp B ¢é n phin tit nhu sau:
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Goi A la mét tap hop con bdt ky cia B, ta se dinh nghia ham
da e trirng cua A boi:

_}J 1lnéuz€E A
xa(z) = Onéuz¢g A

R6 rang x4 € {0,1}#. Nguoc lai, cho trudc f € {0,1}2. Bat
A = f~1(1). Khi gy rd rang f = x4. Bing cdch nay ta dugc mot
song anh gitta tap hgp P(B) gbm tit cd cdc tap hgp con cia B va
{0,1}”. Suy ra
[P(B)| = [{0,1}/P1 = 27

Hai tap hop P(B) va {0,1}? (ky hiéu la 28) 1a cdc dai s6 Bool sé
dugc xét trong chuong 4.

Bay gio ta hay mo rong khai nigm td hiop trong do cho pheép lap lai. Truac
hét ta hay xét mot vi du: mot hoe sinh d&n cira hang mua 4 cay biit chon trong 3
mau khac nhau la xanh, dé va vang. Cd bao nhi2u cach khac nhau dé chon mua
hang?

Trudgc hét ta hay liet ké cac truimg hop khac nhau:

- 4 but cung mau: co 3 trirong hop

- 3 biit cung mau va but thi tw chon tuy ¥ trong 2 mau con lai: ¢cd 3 x 2 = §
trvong hop (Nguyén ly nhéan!)

i

- 2 buit cung mau va 2 biut kia chon trong 2 mau con lai: 3 trirong hop ‘
-J & N L 3 L]

- 2 cap but cung mau: co ( 5 ) = 3 trrong hop. !

]

Nhu vay téng cong cd 15 cidch mua hang khac nhau.

Tuy nhign néu liet k& nhir vay rat khé mé réng cho truiong hop c¢é nhitu it
va nhitu mau dé chon. Thay vi nhu vay, ta sé bidu dién méi trudmg hop bdi 4
d&u "+” va 2 ddu ”-” dat lien tiép tréen mot dwdmg thdng: s8 d&u + ben trai ddu i
- diu tién chi s8 it xanh, s6 ddu 4 nim giita 2 d4u - chi s& bt dd va s ddu +

nam bén phai déu - cudi clng chi s8 bit mau vang. Nhi vay triegmg hop mua 4
but xanh dwogc bidu didn b

4+ 4 ——
Cung thé truong hop mua 1 it xanh va 3 bt vang duge bidu dién b&i

+ = — 4 4+

'N%nr thé"ﬂmfti treong hop tuong itng vdi viée lira chon vi trf ciia 2 dgu - trong sé
6 ky hi¢u, ndi cach khéc ng vdi 1 tap hop con 2 phin tit ciia tap hop {1,2,...,6}
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Tit d¢ suy ra s6 cich mua hang khdc nhau chinh la

6 \ 6x9 _
($)=252au

#

Bing cach nay ta co thé tdng quat hoa vigéc chon ra r vat trong s& n loai vat
. khdec nhau trong dé mbi logi vt co thé dige chon lai nhi2u lan. Nhu t‘:rtn moi
truimg hop lra chon cé thé duge bidu digén bing cich chen (n—1) déu - vao trong
48 r ddu + dd chia doan thdng thanh n doan tuong \mg vdi s6 vat moi loai. Do
dé s8 cach chon lya khdac nhau ma ta goi la 56 té6 hgp co ldp lai cua n vat chon

r chinh la: |
n+r—1 B n+r—1
n—1 o T
jipdt,lng:

1. Cé r vat ddng nh&t nhau, hoi cé bao nhigu cdach chia ching vao n h¢p
phan biét nhau? ,
) day mdi cach chia cling chinh la mot td hgp clia n vat chon » nén s8 cich

chia khac nhau chinh la ( i )

r

2. Xét phuong trinh:

Ty +xT2+ ...+ =T (2.4.5)

trong dé n va » la cac s nguyeén khéng &m cho trudc va z,,22,...,Zn la cac &n

18y gia tri nguyén khéng 4m. Ta hay tim xem phwong trinh trén cé bao nhigu lai

giai. Mai loi giai la mot bé n (z1,z2,...,zn) thoa (2.4.5). Nhu vay ta cé thé lidn

két mot loi giai vdi mot cach chia r vat ddng nh&t nhau vao n hop phan bigt: z;
chinh 1a sé vat chita trong hop thi 1.

Do dé s8 1& giai chinh la sé t8 hgp co lap clia n vat chon r: ( n+r—1 )

r

§5 Nguyeén ly chudbng B0 cau

Trong Ménh d& 2.4.1, ta da gia sit |[A| = m < |B| = n dé cé thé
chon ra duge mét ho m phin tit phan biét ¢é thit tir cia B: néi cach
khac dé chon ra dugé mot don dnh tir A vao B. Trong truong hop

m > n thi khéng ton tai don dnh tit A vio B theo nguyen 1y chudng
Bo cau sau day

-Nguyén ly chudng B cau: néu chudng bd cau cé it cira (pigeon
hole) hon s6 bd cau thi cé it nhdt hai chim bd cau & chung trong mot

A9 _ ;



-

clra.
Vi du:

1. Trong vi du trén, A 13 s6 bd cau va B la s6 cira. Mot anh xa
f: A — B chinh la mét cich xép chim b6 cau vao cac cira. Noi
ring c¢é 2 chim bd cau ¢ chung mgt cira c6 nghia la ¢6 2 phan tir phan
biét cia A ¢b chung anh nén f khéng don anh.

2. Trong mot nhém cé 367 ngudi sé cé it nhat hai ngudi ¢ cung
ngay thang sinh. O day s8 cdac ngay thdang sinh khdc nhau (366 ngay,
k& ca ngay 29 thidng 02) chinh la s8 cita ciia chuéng bo cau.

3. Xét mot co sd dir lidgu ¢é 500.000 ban tin (record). Hoi cd thé
stt dung mot ving (thudc tinh) vdi nhitu nhat 4 ky tu la cac mau tuw
lam khéa chinh hay khéng? O day mot ving duoc ndi la mot khoa
chinh néu gid tri ctia né xac dinh ban tin mot cach duy nhat. Dé giai
ddp bai toan trén, ta sé sit dung s& cac tit gbm nhidu nhit 4 mau tu
lam s cita cia chudng bd cau. S8 cira nay duoc cho bai Nguyén ly
cong va Nguyén ly nhéan:

261 4+ 26° + 26% + 26! = 475.254

Vi c6 dén 500.000 bd cau nén co it nhat 2 ban tin co cung gia tri
ctia thudc tinh: khéng thé dung thudc tinh nay lam khda chinh duoc!

4. Ta hay dung Nguyén 1y chudng bd cau dé chitng minh
riang moi tdp hgp con A cé it nhidt 6 phin tir cua
B = {1,2,...,9} sé cé hai trong s8 cdc phin tir cd téng bang 10.

That vay, d day cdc cita ciia chudng bd cau duoc chon la cde tap
hop con {1,9}, {2,8}, {3,7}, {4,6}, {5}. Do chi ¢ 5 cita trong khi
s6 chim b® cau > 6 nén c¢d it nhdt 2 phin tir phan biét clia A thude
vé cung mot tap hop con trén, hay chinh x4c hon thuée v cung mot
trong bdn tap hop con diu tien. Pé la nhirng cap cé téng bing 10.

Chi y: ngheé thuat dém khi sit dung Nguyén ly chudng B6 cau la xdc
dinh t?:ing dau la s bd cau va dau la sd cita nhw vi du sau cho thay.

Gia st A la mot tap hop con ¢é 6 phin tif cia {1,2,...,14}. Hay
chitng minh ring trong sd cdc tap hop con khdac @ cta A, ¢é it nhit
hai tdp hop con ma tédng ciia cdc phian tit 1A nhu nhau.
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© Gid st B la moét tap hop con khdac réng bat ki ctia A. Goi Sg la
“téng ctia cdc phin tit cia B. Khi £y ta ¢

1<Sg<9+10+..+ 14 = 69

- N&u chon cdc s6 tir 1 dén 69 la s€ cira cia chudng bd cau va s8 tap
" hgp con khdc réng clia A 12 s& bd cau thi s8 bd cau la: 26 — 1 = 63.
Do s8 bo cau it hon s8 cira, ta khong thé ap dung Nguyén 1y chudng
bd cau dugc. Tuy nhién néu ta han ché& chi xét cdc tap hop con B ¢é -
t8i da 5 phan tir thi

I T PO U R B

‘trong khi scﬁ_bé ciu bay gio 1a 63 — 1 = 62 (trir 1 tap hop con 6 phin
tit). Do dé theo Nguyen 1y chudng bd cau sé cé 2 tadp hop con B, B’
'¢6 t6i da 5 phan tit cia A sao cho Sg = Sy




Bai tap

. 1. Trong s6 cdc tap hop dudi day, hay chi ra céc tap hop bang
nhau;} {a,b, c} b) {a,b,c, a}
c) {a,c,b,a} d) {a,b,b,c}
2. Giastt A = {1, {1}, {2}}. Hay chira cac khing dinh ding trong
s8 ciac khdng dinh dudi day:
a)le A b) {1} € A ¢l 1ly CLA :
d) {1}l c A e){{2}}ecA f){2}C A
3. Trong s& cac khang dinh dudi day, hay chi ra khdng dinh ding:
a)Ped b)d C0
c)de {0} d)oc {0}

4. Hay liet ke ra cdc phian tir ctia cac tap hop dudi day:
a) {1+ (-1)"/n € N}

b) {n + %jn e41,2.3,5.7)}
c) {1/(n? +n)/neN,nlasdléevan < 11}

5. Xét cac tap hop con cua Z:
A={2m+1/meZ}, B={2n+3/nc Z}
C ={2p—3/pe€ Z}, D={3»+1/r € Z}
E={3s+42/s € Z}, F={3t-2/te Z}
Hay xdc dinh cdc khdng dinh ding trong sd cdc khdng dinh dwdi
day: '
a)d=B b)A=0C ) B=¢C
d) D=FE e)}D=F f)E=F
6. A={1,23,4,5,6,7}. Hay liet ke ra:
a) cac tap hop con clia A
b) cac tap hgp con khac 0 clia A

c) cac tap hop con cia A chifa 3 phin tie
~ d) cdc tap hop con cia A chia 1, 2

e) cdc tap hgp con clia A chita 5 phan tit trong d6 ¢é 1, 2
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f) cdc tap hop con cia A gdm mot s& chin phan tit
g) céc tap hop con cia A gom mot s8 lé phin tir

7. Trong sd cac tap hop dudi day, tap hop nao khac g7
a.){zEN/ani-?-uE} b) {z € Z/3z2+ 5 = 9}

c) {z € Q/z*+4 = 6} ){xER/::z%—il_-ﬁ}

e) {z € R/z* +5 =4} f) {z € R/z? + 3z + 3 = 0}

8. Xét 4 tap hop con cua tap hop v beudd = 41,2, 3~ .., 10}
A={1,2,3,4,5}, B=1{1,24,8)

C ={1,2,3,5,7}, D ={2,4,6,8}

Hay xdc dinh cac tap hgp dudi day:

a) (AUB)NC b)AU(BNC) cggCUD

dycnD e) (AUB)NC f) Au(BNCQC)

g (Bn&inD hWBAaCnD ,H{AuB)nCnD

9, Xét cac tap hop con cua Z.
A = {2p/ne 2}, B = {3n/n€ 2}
={4n/n¢c 2}, D= {6n/neZ}
= {Snfn € Z}
Hay chira cdc khang dinh dung trun;g, s8 ~uc kh éng dinh duai dﬁ.}
sl FCOCCA blACL LB
c) DCB dyDC A
.e) BC D DDA

10. Vdi céc tap hop A, B,C, D, E nhu trong bai tap 9. Hay xdc
~dinh cdc tap hop dudi day:

a8 OnE byBUD chANDB

d)yBND e) A f) ANE

11. Xét céc tap hop con tuy y A, B,C, D cua tap hop vii tru U.
Hay chitng minh cdc khang dinh dudi day:

a) NNu AcCBvaCcCcDthhAnCcBND VaAUCCBUD

b) NNuACCvaBCCthhANBCCvaAUBCC

c) AC B khivachikhi AnNB =0

'd). A C B khi va chi khi AUB = U

12. Trong s6 cdc khdng dinh dudi day, cho biét khing dinh- nao

AR
T ]
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dung: .
a) VA, B,C €e PU), (ANC =BNC)= (A= B)
b) VA, B,C € P(U), (AUC = BUC) = (A = B)
¢)VA, B,C € P(U), [(ANC = BNC)A(AUC = BUC)] = (A = B)

13. Cho biét khdng dinh nao dudi day la ding:
a) P(AUB)=P(A)UP(B)
b) P(AN B) =P(A)NP(B)

14. Xét cdc tap hop con A, B,C, D ctia tiap hop vu tru U, hay cho
biét qui luat nao ctia Ly thuyét tap hop (Pinh 1y 2.1.1) durgc sit dung
trong cac budc don gian tap hop dudi day:

Budc Qui luat
(ANB)U[BN((CND)U(Cn D))
(ANB)U[BN(CN(DuUD))]

(AnB)u[BN(CnNnU)j
= (ANB)U(BNCQC)
(BNA)U(BNCQC)
BnNn(Au(C)

I

|-

15. Dung cdc qui luat ctia Ly thuyét tap hop d& don gian cdc biéu
thitc dudi day:
a) AN (B n A)
b) (ANB)U(ANBNCND)U (AN B)
c)AUBU(ANBNCQC)
d) AU(ANB)U(ANBNC)U(ANBNCN D)
i

{4 16. D8&i vdi mbi anh xa dudi day hay xdc dinh xem nd ¢é la don
anh khong? Tim anh ctta mien xdc dinh ctia 4nh xa trén.
a) f:Z o Z f(z) =2z +1 , -yﬁ"nqﬂihv
b) f:Q—-Q,f(z)=2z+1 &t)&‘/tuhﬁﬂ
rc) fi1Z4 22, f(z)=2% -2 ,.f,.'f-:t Hule
d) f:R =R, f(z) =e B R
.e) f:[-%, 2] - R, f(z) =sinz
f} f:00,7] = R, f(z) =sinz

17 .Xét anh xa f : R — R xdc dinh bdi f(z) = 2. Hay tim f(A)
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ddi vdi mébi tap hop A dudi day:
a) A={2,3} b)d4={-3-223)
C) ,.4 — (—-3,3) d} A= (—3,2]
e) A=[-7,2] f) A=(-4,-3]U]l5,6]

18. Véi mdi anh xa f : Z — Z dudi day, hay xdc dinh xem nd ¢é
13 don dnh hay toan anh khéng? Tim f(Z) "
a) f(z) =2 +7 b) f(z)=22-3 <) f(z) = —z+5
d) fz) =22 e) f(a)=2t+z ) f(z)= 2
19. Caéc cau hoi tuong tu nhu trong bai tap 18 nhung f bay gic
lamétanhxa f:R— R

20. Xet 3anhxa f:A— B,g: B— C, h:C — D. Hay ching
minh rdng (hog)o f = ho(go f)

21. Xét 3 anh xa f, g,h tit Z vao Z xdc dinh bdi:

- 0 néu = chan
s = 11 e h =
fa)=w=, 9(z) = 3z va h(z) { 1 néu z lé

a) Tim fog,gof,goh, hog, fogoh
b) V6i n la s6 nguyén duong, f* duoc dinh nghia bang qui nap
phu sau:

| 1 e f, fﬂ — O f" fﬂ — f o fﬂ"_]'. Tlfﬁﬂg t-l_f cho gn‘ hm I‘IEI.:,’
 xéc dinh 2, 13, g2, g3 b2, 3, h100

22. Cho trudc 2 tap hgp con ¢8 dinh S,T cta U. Ta dinh nghia
mot anh xa f : P(U) — P(U) nhu sau:

f(A)=TnN(SUA) véi Ala1 tap hop con bdt k¥ ctia /. Chi
i g 73 7 . y cua l{. ung

, 23. V6i méi anh xa f : A — B dudi day, cho biét ndé c¢é 14 don
anh, toan dnh hoac song 4nh khong? Trong truong hop né
énh, hiy tim 4nh xa nguoe. |

a) A=B=R, f(z)=z+7

b) A:B:R,f(m)=22+22-—3

c) A =[4,9], B =[21,96], fl2)=2*+22-3

d) A= B =R, f(z) = 3z — 2|z|

e) A=R, B = (0,+00), f(z) = e=+1

la song
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f}A:B:N,f{:‘:]:r(I+1]

24. Dat A — {1,2,2,4). Xét24dnhxaf: A—-> Nvag: N— N
dugc xdc dinh bdi o(z) = 2z va f(1) = 2, f(2) = 3, f(3) = 5|
f(4)=7. Hay tim g o f. -

25. Xét hai 4nh xa f,¢g : R — R xac dinh baoi: f(z) = az % b va
g(z)=1-1z +z2. Giasit (go f)(z) = 9z% -9z + 3, Vz € R. Hay :{aci
dinh a, b.

26. Xét hai anh xa f,g : R — R xac dinh boi: f(z) = az + b va
g(z) =cz +dvdiz € R tuy y, trong dd a, b, ¢, d 1a cac hing sé thuec.
Hay tim cac hé thitc gitta a,b,c,d dé cho fog=go f.

27. Xeét anh xa f : R — R dinh nghia boi:

z+7 .néu z<0
f(z)=q —2z+5 0 <z<3

a) Tim f-1(~10), /-1(0), /-1(2), /-(6)
b) Tim nghich anh cta cdc khoang [-5, —-1], [-2, 4]

28, Xet anh xa f : Z — N xac dinh bdi:
22—1 néu z >0
oy

—2z z <0

a) Chitng minh ring f 14 mot song &nh.
5) Tim' =5

29. Xét haidnhxa f: A—> B, g: B - C
a) Ching minh ring néu g o f don dnh thi f don 4nh.
b) Chitng minh rdng néu g o f toan dnh thi _g toan anh.
c¢) Ching minh ring néu f vi g la song 4nh thi go f la song anh,
Hay tim (go f)~1.
’ hd} Cho vi du dé go f la song danh nhung f vé. g khéng phai la song
dnh.
30. Xeét dnh xa f : Z — Z xdc dinh bai: f(n):n+4 (-1)"

a) Chiing minh rang n va f(n ) khdc tinh chdn 1& (m6t sd chin vi
so kia lé).
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b) Chimg minh rang f 12 mot don dnh. 1
¢) Tim f2. Suy ra biéu thitc don gian cua i
d) Giai phuong trinh 365 =n + (-1)", n nguyén.

' 31. Xét dnh xa f : N x N — N dinh nghia bdi:

f(m,n) =n-+ (m+n)(r;1+n+_1}

Ching minh rang f la mét song anh i | :
(Hudng dan: st dung Nguyén ly Quy nap de chitng minh f_tc:-a.n

.anh)

. 32. Hay dém s8 cdc tap hop trong mbdi cau hoi a) - g) ciia Bai tap
6 ma khéng sit dung két qua liet ke. :
33. Xét S = {1,2,...,10}. Cé bao nhiéu tap hgp con A cua S
thoa:
a) |A| = 5°%
b) |A| = 5 va phan tit bé nhat cia A la 37
#¢) |A] =5 va phan tir bé nhdt ciia A bé hon hay bang 37

34. a) Cd bao nhiéu tap hgp con cia {1,2,...,11} chita it nhat

mot s6 chan?
b) Cé bao nhiéu tap hop con cua {1,2,...,12} chita it nh&t

moét s chan?
c) Tédng qudt hda cdc két qua trong a) va b).

35. Gia sir chi ¢é6 moét phan tu s6 tap hop con nam phin tir cia
{1,2,...,n} chita sé 7. Hay tim n. '

36. Hay stt dung cdc nguyén ly dém dé chitng minh rang

Ga gL P Bl Ry

trongdon>r > 2

37. Hay trinh bay mot thuat toan vi viét chuong trinh may tinh ,-

7
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liet ke tit ca nhirng tap hop con 5 phin tir cia {1,2,... ,40}.

38. Gia sit A, B,C 1a 3 tap hop hitu han. Hay chitng minh rang: H'

|[AUBUC| = |A|+|B|+|C| - |ANB|—|BNC|— IANC|+ |ANBNC|

' 39. P& chon mdy tinh trang bi cho phong LAB, Khoa Toan - Tin
hoc da xem xét 15 nhan higéu mdy tinh khdc nhau dua theo cdc tinh
nang sau:

(A) Cé CPU nhanh

(B) Cé & dia citng tat

(C) Cé man hinh vdi do phan giai cao.

Goi A, B, C lan luot i cac tap hop nhitng nhan hiéu thoa cac tinh
nang (A), (B) hay (C). Gia st |A] = [B] = [C| = 6
AR Bl =800 =]l a0 s2laAnBaG]=0D

a) Cé bao nhieu nhan higu thoa dung mét tinh nang?

b) Co bao nhiéu nhan hiéu khéong thoa tinh nang nao ca?

40. a) Trong moét 1dp hoc ¢é 7 sinh vién, ¢c6 bao nhiéu cdch chial

ho thanh hai doi? Néu yéu cau méi doi ¢6 it nhat 2 sinh vién thi ¢d|.

bao nhiéu cach chia.
b) Tra loi cdc cau hdi trong a) khi s& sinh vién ctia 16p 14 1 sd
nguyén tuy y n > 4.

41. Goi ny,n3,...,n, la cdc s6 nguyén duong c¢é téng la n. C6

bao nhiéu cach chia n sinh vién thanh » nhém vdi s8 sinh vien cia}

cac nhém la ny,n,, ..., n,.

42. Hay cho biét cdc khdng dinh dudi day la ding hay sai
a) Néu A, B la 2 tap hop vo6 han thi AN B cung vd han
b) Néu B vo han va A C B thi 4 vo han ‘

c) Néu B hitu han vi A C B thi A hitu han

d) Néu A hitu han vA A C B thi B hitu han.

43. Xét A = {1,2,...,15) '
a) C6 bao nhiéu tap hop con ctia A chi chiia so 1é

b) Cé bao n_hiéu tip ngp con clia A chifa ding 3 sd lé
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c) Cé bao nhiéu tap hyp con 8 phén tit cia A chita ding 3 s6 le
d) Hay trinh bay mét thuat todn va viét chuong trinh may tinh
dé ligt ké tat ca cdc t3p hop con 8 phan tir cnta 4 chita diing 3 s8 1é.

44. Lop t_hl_r& tap Vat ly c¢é 21 sinh vién phai thuc hién 3 thi

nghiém. Biét rang tat ca cdc sinh vién deu lam duogc it nhdt mot thi

nghiém, 5 sinh vién khong lam thi nghiem thit nhat, 7 sinh vien khéng
lJam thi nghiém thit 2 va 6 sinh vien khong lam thi nghiém thua ba.
Ngoai ra c¢6 9 sinh vién lam ca 3 th{ nghiem. Héi ¢é bao nhiéu sinh

| vién chi lam mét thi nghiéem?

45. Trong mét mang ludi hinh chit nhat gom m mat ledi theo

| chitu rong va n mit ludi theo chidu ngang, moét con kién di chuyén
tit A dén B doc theo cdc canh ciia nhitng mét ludi theo qui tdc sau

ddy: trén 1 canh ngang nd chi di tir trdi qua phai va tren moét canh
diing no chi di tir dudi lén trén. Tim s8 cdc dudng di khéc nhau khi

kién mudn di chuyén tir A dén B.

Tt -

(Hudng dan: chia méi dudong di theo cdc bude nho, trong dé méi

budc 1a di chuyén theo canh ngang hodc canh ditng cia 1 méit ludi).

Jq- . ¢ !

m -

46. Co 4 ngan tien chita 4 loai gidy bac: 1.000d, 2.000d, 5.000d va

10.000d. Hdi cé bao nhisu cdch chon 10 t& gidy bac tir cdc ngan tidn
trén? -

47. Tim s8 cdch chia 10 hon hi cho 5 dia tré trong cac trirﬁrng hop
sau: |

a) khong c6 han ché nio ca.
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b) dita tré 16n nhit duge it nhat 2 hon bi
c) mbi dua tré duogc it nhdt mot hon bi.

48. a) T;lm s cdch chia r vat dong nhdt vao n hop phan biét néy .
yéu ciu them la khong cé hop nao dé trong. i {
b) Suy ra s6 nghiém ciia phuong trinh (2.4.5) néu ta gia thiét thém}
cdc an z; lay gia tri nguyén duong.

49. Tim s8 nghiém nguyén ciia phuong trinh
Il'i“mg%33ﬁ$4:32 -

trong cdc truong hop sau:
a)'21, 23 2 5, 23,24 > 7
by, FRICIiL A
c) z1,22,23 > 0,0 < z4 < 25

50. a) Tim hé sé cia zy?2z’t trong phép khai trién ctia (z + 2y +
3z +t+ v)°
b) C6 bao nhiéu s8 hang khac nhau trong phép khai trién trén?

51. Tinh ( g ) va kiém tra lai két qua bang cdch liet ke tat ci

cac t6 hgp chon 2 ctia {1,2,...,5}.

52. Mot Tiéu ban gdm 12 ngudi duge chon trong s6 10 dai biéy
nu va 10 dai biéu nam. Cé bao nhiéu cich chon? Biét rang:
a) khong cé han ché nao ca
b) phai ¢6 6 nam va 6 nix
c) s& nit phai l& sd chin
+ d) phai ¢é nhitdu nit hon nam
e) phai ¢é it nhdt 8 nam.

- 53. C6 bao nhiéu byte khac nhau:
a) chita diing 2 bit 1 :'
b) chita ding 4 bit 1 |
¢) chita ding 6 bit 1

-
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d) chita it nhat 6 bit 1

. 54. Co thé chia 12 quyén sach khac nhau cho 4 dita tré thee bao
nhiéu cach? Biét rang:

a) méi dia tré duoc 3 quyén sdch

b) hai dia lgn nhat duge 4 quyén sdch méi dita va hai dita bé
nhat duwge 2 quyén sach méi dira. '

A
I-"-
:

X
-

55. a) Cho trude 15 diém trong mat phing sao cho 3 diém bat
ky trong s6 dé khong cling nam tren 1 duong thdng. CS bao nhiéu
dudng thing di qua 2 diém trong sé dé?

b) Cho trudc 25 diém trong khong gian sao cho 4 diém bat ky
trong s6 do khong cliing nAm trong 1 mat phdng. Cé bao nhiéu tam
gidc noi 3 diém bt ky trong s8 dé? Cé bao nhiéu mat phiang tao
“duoc tir cac tam giac? (S bao nhieu tif dién néi 4 diém bat ky trong

6 do?

56. Cho trude 1 da gide deu n canh. C6 bao nhiéu tam giac:
a) tao dugc tir cac dinh ctia da gide deu
b) trong s6 cdc tam gidc trong a) khong co chung canh vd&i da gide

~deu.
57. Tim hé s6 cta z%y3 trong:
a) (z + y)? b) (z + 2y)1? c) (2z — 3y)!2

58. Xdc dinh cdc hé s8 cia;
a) zyz? trong (z + v + 2)*

b) zy2z? trong (z + y + z + t)*
c) zyz? trong (2z — y — z)*

59. Cho trudc s6 nguyén duwong n va sé thiee z, hay tinh cdc téng
sau:

a}’(E)+2(T)+..,+2"‘(;)+...+E”(:)

T L
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o 3

b) (1+ 2)" - (T)x(l+z)"_l + ( )x2(1+m]”_2+..

_(—1)"(‘;):“

i 1
E]Zi‘{z—-i)!

l"ﬂ
d) Z 1‘{11 - :)‘

60. (,hung minh ring néu cé m bd cau va n cira thi it nhét c

m ‘ ’ . : _fm 1
[——‘l bd cau ¢ chung trong mat cita nao dé. Trong dé [;] chi
TL

m
nguyén bé nhat > —.
n

61. Cin phai tung mot con xuc sic bao nhiéu lan dé cé mét mag
xuat hién it nhat:

a) 2 lan

b) 3 lan

c)nlanvéin 2> 4

62. Ching minh ring trong 14 phan tir khdc nhau tuy y ci |
S ={1,2,...,25}, cé it nhat 2 phan tir c6 téng la 26. |

63. a) Ckiyng minh rang trong 11 phin tit khdc nhau tiy y ci :
{1,2,...,100}, cd it nhat 2 phan tit z,y sao cho 0 < |/z — /Y| < 1
b) Hay téng quat hda két qua trén.

64. Chung minh rang trong sé 10 diém khdac nhau tuy y bén trong

1 hinh tam gidc déu cé canh bang 1, cé it nhat 2 diém ma khoang

cach bé hon _I:i
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Chuong 3

QUAN HE

{§1 Quan he

I_}j.gh nghia 3.1.1: mot quan h¢ giZa tap hgp A va tap hop B la
mat tAp hop con B cdian A« B, Nén (a,b) € R, ta viét aRb. Mot
guan h¢ gitta A va 4 dhrere goi 1 ot quan hé trén A

Vi duy:
= 1, v 1,23, B8 = {4,5)
R ={(1,1),(1,5).(3,5), (4,4))

‘liibmﬁt quan he giwa A va B. Ta thuong bidu dién quan hé R bai so
sau:

1 9 3 & .

2. Quan hé¢ ” = " trén mot tap hop A bat ky:

(ﬂRb){‘:}{I: b

=N
§ am "1_':
gd " am
.-E-.-‘.q ."-"l‘
Tt
T T
B
- Wi ..'-1'1-l_ i_'k'ﬂ-*_‘ P
33 T L R e A
. b ¥ s b "._ih L R TR
1.-:- L l'_:.."::. ':Ii-"‘."'
g By w ol &



3. Quan he ” <" tren Z, Q hay R:
{n’??h} = {u < b)

Trén Z quan hé < cé thé bieu dién bai so do: ¢
[ I
3 |
: 2 | >
. ik O :
i E e
: -1
—2

4. Goi L 1a tap hop cdc dudng thing trong mat phang. Quan he
song song duoc dinh nghia boi:

LRM < L//M

5. Mot s8 nguyen a duge néi la chia hét cho s8 nguyén n néu tonf
tai s6 nguyén k sao cho a = kn. Khi &y ta cling ndi n la udc s8 clayg
a va a la boi sd cha n.

Gia sit n lA mot sd nguyén > 1 vi a € N.

Xét cac boi sd khéng am cia n:

0,n,2n,::..kn,.

Trnng s8 nay, cdc bdi s8 < a tao thinh mot tap hcfp hitu han né
ta c6 thé tim dugc boi s8 gn 16n nhit:

gn<a< (¢g+1)n i

4



Pat r=a—-gn taco
a=gqn+7r vdil<r<n ‘ :
Ta udi rang ¢ va r 1& thuwong s8 va du 56 trong phép chia (cd duv)
ﬂ dlﬂ n- . =y - e, -
Chui y rang ¢ va r ton tai duy nhdt. That vay, gia sit ton tai |
¢,v' € N sao cho

a=qg'n+7r, 0<r <n

Ta c6 thé gid sit » < r’. Khi dy

gn+r=qgn+r

* Suy ra(g—g'n=r"—r>0

"Rorangr'—r<n<(¢g-¢)nnéug—gq >1

- Di2u méau thuin ndy ching té g —¢' =+ — r = 0.
Cho truée s8 nguyen n > 1, ta dinh nghia quan hé:

aRb < a — b chia hét cho n

~ Quan hé nay duoc ndi 1a quan hé dong dur modulo n. Néu aRb ta

1€t
| a =b (mod n)

" RS rang khi &y a va b ¢ cling dur s8 khi chia cho n.

'. Véin=7tacéd 9=29 (mod 7) va 3 = 10 (mod T"} nhung 3 ==
) (mod 7).

mh nghia 3.1.2: cho trirdc cic tap hop Ay, As, ..., A... Khi iy anh
@ chiéu len thanh phin thi 7 13 4nh Xa: '
S 7 Alb{Ag}{...KAn i S

(ﬂlnﬂ'21-~-:ﬂn) e SR ¢

1. Anh xa chig&y T; 1o rang’'la mot
2. Dac biet cdc 4nh xa chiéu w4,
g 1a cdc toan dnh. Tuy nhién, néu
ghia 14 mot quan hé gita A va B ¢
Ip con thyc sit cia 4 vi B tuong

toan anh.

™t A x B lén A va B tuong
R 1a m6t tap hop con cilia A x B,
hi 74 (R) va mp(R) cé thé Ia tap - -
ing nhu cdc vi du sau cho thdy. .
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Vi du:
1. A=B=2,R={(z.y)/ v=Iz|}
Quan he R diraoe biéu dién bai so do

Tacoma(R) =2
Tuy nhién mg(R) = N gﬂ =
2. A=B =R, R={(z,y) € Ax B/ y==z?)}

Ro rang m4(R) = A = R trong khi

m5(R) =[0,4+00) = {z € R/z > 0} gER

3. A=B=[-11]={z€eR/-1<z<1}va

R = {(z,y) € A x B/z? + y* < 1}
Khi £y m4(R) = 7(R) = A= B macdu R ;A x B

Dinh nghia 3.1.3: mot quan hé tréen cac tap hop A;, Ay x ... x A}

la mét tap hop con cua H A;=A1 % A3,...,4An
i=1
Chu y: _
1. Gia sit R la mot quan he trén Ay, Ag, ..., A,. Khi ay cdc ph
tir cua R la nhung bd n (a,as,...,a,) l
2. Xét msdnguyén 1 <71 <12< ... <tm <1 |
Khi 4y ta ciing c¢é thé dinh nghia mét anh xa chiéu

2 SO - G Al x ﬂg Mool X ﬂn — Ail x Aiﬂ X ... %X A

trn

(ﬂ.],ﬂg,...,,ﬂn) — (ﬂ'i11ﬂi:1"'laim) I
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Ro rang my, ia....i,. cung la mot toan anh.

fiﬂ;nh nghia 3.1.4: Néu R la mét quan he trén A;, A,,..., A, thi
'ﬂ-,h,,, in (R) duoc goi | quan hé.chiéu cia R.

Chi ¥:
I~ 1. Quan heé chidu Miy iz,e-nim (F2) 12 MOt quan hé trén A; x Ag x
. X Aim
2. Trong Ly thuyét vé co s& ditr li2du mé hinh quan ‘hé, cac tap
hop Ay, Az, ..., A, dugc goi la cdc thude tinh. Nhir thé quan hé chiéu
it iz simm (R) r.:hmh la quan he ban diu nhung cdc thuoe tinh khong
ithuﬁt: cac tap hop A, A, ..o A;, da dugce bd qua nhie vi du sau cho

.’H d1,1 trong co sd dit lieu Mén hoc & Pai hoec Khoa hoc Tu nhién,
fa cé cdc t.ap hop thudc tinh sau:

© Aj: cdc ma sd mén hoe

1 A2: cdc tén mén hoc

' Ag: céc Giang vien.

7 Quan hé Mén hoc - Giang vién duge cho bdi bang sau:

Ma Moén hoc Tén Mén hoc Giang vién

T001 Vi tich phan Ong Binh
: TO11 Toan R&i rac Ong An

T012 Dai s6 tuyén tinh | Ong Minh
13 THO01 Tin hoec BDC A1l Coé Ha
2 THO002 Tin hoc BC A2 Cé Ha

" Quan hé chiéu 71 2 (Mén hoc - Giang vién) 1A quan hé Mén hoc
dwc cho bdi bang sau:

Ma Mén hoc Tén Mén hoc
4 ' T001 Vi tich phan
T011 Toan Roi rac
T012 Dai s8 tuyén tinh
THO01 Tin hoc PC A1l
THO002 Tin hoec PC A2 -
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. Ro rang m;, 4,,..:,.. cliing 14 mot toan anh.

‘Pinh nghia 3.1.4: Néu R 14 mét quan hé tren Agoba. .o sl thi

Fisrizrnim (R) dugc goi 1a quan ha.chidu clia R.

fchd y:

~ 1, Quan heé chiéu Tit iz, im () 12 Mot quan heé tren A;, x A;, x
. XK Aim'

2. Trong Ly thuyét vé co s& dit ligu mo hinh quan ‘hé, cdc tap
hop Ay, As, ..., A, dude goi I cdc thudc tinh. Nhu thé quan hé chiéu
Riivizvim (R) chinh 13 quan hé ban diu nhung cdc thuse tinh khong
thudc cac tap hop . A;,.. da duoc bo qua nhu vi du sau cho
:Hﬁ},

Vi du: trong co s& dit litu Mén hoc & Pai hoc Khoa hoc Tu nhién,
fa ¢S céc tap hop thudc tinh sau:

" Aq: cdc ma s8 mén hoce

A2: cdc tén mén hoc

. Ag: cédc Giang vien.

. Quan hé Mén hoce - Giang vién duge cho bdi bang s

all:

Ma Mon hoc |  Tén Mén hoc | Giang vien |
T001 Vi tich phan Ong Binh |
TO011 Todn Rd&i rac Ong An
TO012 Dai s8 tuyén tinh Ong Minh
AY THO001 Tin hoc BC A1 Cs Ha
| THO002 Tin hoc BC A2 Co Ha

Quan hé chi€u 7; 3 (Mén hoc -

_ Giang vién) 1a quan hé Meén hoce
duge cho bédi bang sau:

Ma Mén hoc Tén Mén hoc
. T001 Vi tich phan
TO11 Toan Roi rac
T012 Dai s8 tuyén tinh
_ THOQO1 Tin hoc BC A1
| ‘THO02 Tin hoec DC A2
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Mat khac quan hé chiéu w3 (Mén hoc - Giang vién) chinh la quap
he Giang-viéen: {Ong Binh, Ong An, Ong Minh, Cé Ha}.

£2 Quan he tuong duong

Pinh nghia 3.2.1: mot quan hé R trén tap hop 4 dwoc néi la phay
rza néu:
s Vz € A, * R~

Vi du: _
l. Quan hé¢ ” =" trén mot tap hop bat ky, quan he ” < 7 tréy
Z.Q,R, quan he dbéng du trén Z la phan xa :
2. Quan heé "//” tren £ 1A phan xa. Tuy nhién quan he 7 1L "}
(vuong goc) trén £ khéng phai la mét quan hé phan xa.

Chli-j:’: goi Ay la duong chéo chinh cia A x A:

As ={(a,0)/ a € A)

Khi &y quan hé R trén A la phan xa khi va chi khi R D Ay.

Dinh nghia 3.2.2: quan hé¢ R trén A duogc ndi la do’ riing néu:

Yr.y € A, tRy = yRu

Vi du:
1. Cac quan he ” =, =, //, L ” la nhitng quan hé d8i Xung -
2. Quan he " <7 trén Z,Q, R khong phai la quan he ddi xing. |
3. Quan he R = {(1,2),(2,1),(1,3),(3,1)} tréen A = {1,2, 3,4} |
mat quan hé dai xitng nhung khéng phan xa:

Ay I

4.
31
2
1

1 2 3 14
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:-_Chli y: trong hinh vé trén ta th&y tap hop R tu doi x&ng qua dudn ;
‘chéo chinh A4. Téng quat hon mét quan hé R trén tap hop A b
¥y 12 déi xing khi va chi khi R la tu d6i xitng qua Q4.

})j_nh nghia 3.2.3: mét quan hé R trén A duoc noi la bdr:_r::’iu néu:

Yz, 1, ;z, (zRy) A (yRz) = zRz

Vi du: .
' 1. Cdc quan he ” =, =, //, < ” 1a cdc quan hé bic cau.

2. Quan heé ” L " trén £ khéng phai la quan hé bic cau.
3. Quan he {(1,1),(2,3),(3,4),(2,4)} tren A = {1,2,3,4} 1a bac
&u.
3Bi.nh nghia 3.2.4: mot quan hé R trén tap hop A duogce goi la quan |
}Tg tuvong duong néu ndé phan xa, déi xitng va bic cau.

"Vf du:

» 1. Cdc quan he ” =, //,=" 14 quan hé tuong duong

.- 2. Quan he " <, 1 7 khéng phai la quan hé tuong duong

~ 3. Quanhe R = {(1,1),(2,2),(3,3),(2,3),(3,2)} tréen 4 = {1, 2,3}
‘li quan hé tuong duong.

" 4. Quan hé "tuong duong logic” trén tap hop cac dang ménh d»
A moét quan he tuong duong.

5. Cho trudc mét dnh xa f: A — B. Ta dinh nghia quan he¢ R
liﬂ!n A nhu sau:

| eRy < f(z) = f(y)
4 Khi dé R 1a mot quan hé tuong duong.

Binh nghia 3.2.5: Gia sit R la mot quan hé tuong duong trén A va
2 € A. Khi &y Idp tuong duong chita z 1a tap hop con:

I {y € A/yRz)

Chu y: 16p twong duong chita z thudomg duwgc ky hieubdi z hay [z]-
Vi du: Quan he = (mod 3) cé 3 16p tuong duong: '
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ﬁ:{,...,—-ﬁ,-—3,ﬂ,3,...}
= soioibe=2 180}
2={,...,—4,-1,2,5,...}
Dé y rang:

0=3=6=

ﬁi:ﬁ::ﬁ::.

Nhu thé {0.1,2} 12 mot phan hoach ctia Z, nghia 1a Z 1a hop ciia
3 tap hop ddi moét roi nhau {0,1,2}. Téng quat hon ta cé:

Dinh ly 3.2.1° Gid s R ld mét yuun hé tuéng duong rén A, Khjf
ay:

i)VzE A, 2€T

i)V, y €A 2Ry T =7

111) hai ldp tuong duong T va § sao cho TNy # B thi tring nha,

Ching minh:
i) Do tinh phan xa, zRz. N6i cach khac z € =
ii) Gia sit zRy. Goi z la mot phan tir bat ky cia z. _
Ta cé: zRz va Ry . nén zRy do tinh bic cidu. Nhuw thé 7 C 3|

Mait khdc do tinh d&i xitng ta ciing ¢6 yRz. Do dé chitng minh tuwong}
tuw nhu trén ta co ¥y C Z. i
Nguoc laigidst Z =%, doz € T nén = € §. Dieu nay co nghia laf
zRy. :
iii) Gia st TNy # 0. Khi &y tdn tai 2 € ZN Y, nghia la 2Rz vif

zZRy. Doii)taco Z =2z =7.

ldpi‘:ﬂ] :-
Vi du:
1. Xét quan hé R trén Z:

mRn < m?2 = n?

' Theo vi du 5 sau Dinh nghia 3.2.4, R 14 quan hé tuong duong xac
dinh boi d4nh xa z — 22 tit Z vdo Z. Cdc 16p tuwong duong 13

{0}, {~1,1},{~2,2}, ..., {=n,n},...
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T
ff
=

O day Z dugc phan hoach thanh vé sé tap hop con hitu han.
i“ 2. Véi n € Z, quan he dong du (mod n) l& moét quan he tuong

.
‘ i

= =

duong véi n 18p tuong dvwong 0,1,...,n — 1. Ta kv hieu:
g

l?"‘

Z.=A0,1,.c0% —1}

Cdc phén tit cia Z,, duge goi la cdc s8 nguyen ddng du mod n.

- Véia,be Z,, chontiyy z € avay € b. Ta ¢ thé kidm tra duoc

,—-:z+ T khnng phu thuéc vao z va y ma ch? phu thudc vao @ va b. Do
“d6 ta cé thé dung z F+ y dé dinh nghia @ + b. Dac biet ta cé thé chon,

g = a Vi y = b:

=T
A
1]

2 a+b=a+b
-~ Tuong tu ta co: N

> - ab = ab

Bay gio ta c¢6 thé kidm dugc 2 phép todn -, + trén Z, thdéa cac
tmh chat tuong tu nhu cdc phép todn -, + tréen Z:

(L - Tinh glaﬂ hoan: Vz, 3,

;-} T+Y = Y+T

va T Y = TZ
- Tinh két hop: Vz, 7, Z,
Z+(¥+2) = (Z+7y)+z
s va Z(7 %) = (T 7)z

- Tinh phan bé: Vz, %,z
Z(T+2)=ZT G+ Tz

- Phin tir trung hoa: VZ
T+ {} —
z.1 = T

- Phin tir d8i: Vo

E'ﬂ'(ﬂ"'ﬂ):‘.ﬁ

Ta néi Z,, cling nhur Z 1a nhitng vanh giao hodn ¢d don vi

v
§3 That tur

'Dinh nghia 3.3.1: mét quan he R trén tap hop A duge néi 'lbl,
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z1ing néu:
vVz,y, (zRy) A (yRz) =z =y

Vi u:

1. Quan hé” <7 trén Z,Q hay R la phan xing.

2. Qu. ~he” = //" khéong phan xung.
Chu y: trdi vdi cdc quan hé déi xing, déi véi mot quan hé phan
xitng R, moi bé phan ty ddi xitng cia R déu nam trong dudng chéo
Ay

Dinh nghia 3.3.2: mét quan hé trén tap hop A duoc ndi la mat thy
t néu né phan xa, phan xitng va bic chu. Khi dy ta ndi A 14 mat
tap hop sdp thit tu (hay cé thit tu).

Chu y:

1. Ta thudng ky hiéu mét thit tu bai <. Cap (A, <) la mot tap
hop ¢d thi tu.

2. Gia st B la mot tap hop con ciia tap hop ¢é thit tu (A, <). Khi
dy < cam sinh mét thit ti trén B mét cdch tur nhién: vdi z,y € B, ta
noi ¢ < y trong B néu z < y trong A.

Vi du:

1. (R, <) iataot tap hop c6 thit tu. Thit ty < cdm sinh cde thi
tu tu nhién tréen Z, Q.

¥
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E

2. Nhéc lai trén tap hop P(F) ta ¢6 quan hé:

A< B« ACB

. Khi d6 < 1a mét thit tu tréen P(FE) goi la that tv bao ham. Ky hiay
A C B sé duoc dung thay vi <

3. Trén tap hop M cdc dang meénh d?, ta dinh nghia £ < F khj

va chi khi E = F| nghiala F 14 he qua logic cua F. Ro rang quan ha

trén c6 tinh phan xa va b4c chu. Mat khdc néu E = F vA F = E th)

"E va F tuong duong logic. Do dé né&u ta ddng nh&t cdc dang ménh

de tuong duong logic thi quan heé trén tr& thanh mot thia tu trén M.,
Chinh xéc hon, ta th€y quan he twong dwong logic 1a mot quan hé tuong
dwong trégn M. Ta ¢cé mot quan he trén tap hgp cdc ldp tuong dirong nhir sau:
| [E] < [F] 4> F la he qua logic ciia. E
Khi &y quan hé tran vin con 1a phéan xa va bidc chu.
Gia st [E] < [F] va [F] < E. Khi &y F' la he qua logic clia E va ngwrac lai,
nghia la £ va F twong dvong logic. Suy ra [F] = [F].

Do dé < la meét thit e trén t&p hop cdc 1dp twong duong cia M.

-,_Vl' du 4: Goi n 14 mot sd nguyén duong. Pat
Un = {a € N/a|n}

_trong dé a|n cé nghia a 13 mot wdc ciita n hay n chia hét cho a. Tren
ij'._i',t',,l ta c6 thé dinh nghia mét quan he:

<y z|y

Khi dy r6 rang < 14 phan xa va bfc chy.
Gidsitz <y vh y < 2. Ta cd:

Y = az
va T = by
vOi a,b ¢ 7Z+
Suyray*—-abyﬁabzlﬁy}[l
Doa,be z2+ ta.ph::iicc‘ia:b:l,nghia]‘azzy.

Quan he thi¢ ty tren vin duoge ky hieu bai z|y
Véin = 12 ta 4

thr = {1,2,3,4,6,12)
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Do d4 ta cé thé liét ke cdc cap thudc quan hé trén:
(1,1),(1,2),(1,3), (1,4),(1,6),(1,12),
(2,2),(2,4),(2,6), (2, 12), (3,3), (3,6),(3,12)
(4,4), (4,12), (6,6), (6, 12),(12,12)} 4
Tuy nhién d8i véi cdce tap hop hitu han cé nhieu phin ti, ta khong }

thé ding phuong phép ligt ke nhu tré
Pinh nghia 3.3.3: Xét mot tap hop cé thua tu (A, <) va z,y la 2

phin tit bat ky cuia A
i) néu z < y tandi y 1A tréi cia = hay ¢ duoc tré1 bol y

ii) y la trg1 truc tiép cia z néu y tro1 z va khéng ton tai m

6t troi

- cua z sao cho:
il

H i _{35& Uy
Dinh nghia 3.3.4: Biéu do6 Hasse cuia mot tap hop hitu han co6 thu
tur (A, <) bao gom:
i) mot tap hop cdc diém trong mat phing tuong ing 1 — 1 v6i 4,
goi la ede dinh
i) mot tap hop cdc cung ¢ hudng ndi mot so dinh: hai dinh z,¥y
durge ndi lai boi mot cung ¢ hudng (tit z ti y) néu y 14 troi tryc
tiép cua z. '5

Vi du: 1.

a2

ay asg :
a4 ag

Trén day 1a bidu db Hasse clia tap hop sap thit tur
{a,,a2,a3,a4,as, ag} trong do:

ay < a9 < ag va ag < a3 < a3

ag khong so sanh duge vdi cac phén tit khdc, nghialavéil <1 <5
th'i ag 7& a, va a; 74 ag. % .
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2 Biéu db Hasse ctia U2 duogc cho bai

4 = o
: :

2 . 6
4

1 : 3

3. V61 E = {a,b, c} thi biéu db Hasse ciia (P(F),C) c6 dang

{b, c}
. a,b,c
{'-'-'}// / { }
{a,c}
by |
* {a, b}
0 i {a}

O day ta qui udc cdc cung la khéng chéo nhau. Do dé mét cach
dé hinh dung dé dang 134 xem nhu bidu db Hasse ciia P(E) gdm céc
dinh va canh clta mét hinh lap phuong 3 chidu. |

4. Bidu da Hasse cia {1,2,3,4,5} véi thi tiu théng thudng cé
dang cua mét day chuyén:

. e . . -
1 2 3 4 5
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ma khong quay tro lai. : it ’
Ciing thé trong Z vo han, ta cung co thé qui udc biéu dien thi tu
en 2 bai bidu d5 Hasse vo han nhuw san-

ettt etttk

=2 = U 1 2
Biéu db Hasse trén van con la mot day chuyen vo han

Pinh nghia 3.3.5: mot thit tu tréen A dugc noi |4 toan phdn Eléu hai
pl';hn tr bat ky deu so sdnh duoc, nghia ]4 menh deé sau la dung:

Ve,y€ A, (z<y)V(y=<z)

Vi du:

4 N,Z,Q,R vdi thi ty < thong thudng 1a nhing tap hop SAD
thi tu toan phan )

9. Xét mot tap hop hitu han khong réng A ma ta goi la bé mau
tu. Gid st trén A cé mot thi tu toan phin < (vi du nhu tha tu thong
thuong néu A la b chit cai: a < b~<ec... <z, hay thit tu xdc dinh
b ma ASCH néu A 1 bo chit ¢di duge md rong thém cde ky tu la
cdc sd tit 0 dén 9, cdc dau +, -, ...,)-

Goi S 1a tap hgp cdc chudi ky tu cé dang ¢ = ayaz...0, vVa
ay,a3,...am € A véi m la s6 nguyén tu nhién tuy y. Voi m = 0 ta
dugc chudi réng 0 khong cd ky tu nao ca. Ta se dinh nghia mot quan
he < trén S nhu sau:

-D=<s,¥seS

-néu s = @1@g...QAm vat = byby...b, 12 2 chuéi khac 0, ta dinh
nghia s < t khi va chi khi mot trong hai diéu kién sau dugc thoa:
i) ton tai mot chi s6 4,1 < ¢ < m sao cho:
Uy b 0 = 0psy VA ﬂi;bi*

it)m < wovhap =04, . ... 0m =bn.

Ta chitng minh duge rang < la mét that ty trén S goi la tha tu tu

dién. Hon nita véi thit tu tu dién, S 1a mot tap sdp thit tu toan phan
(Bai tap)
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; Bay gi¢ vdi Dinh nghia 3.3.5, nhan xét trén day ve biéu dd Hasse
‘'c6 thé dugc phat biéu dudi dang mét két qua téng quat hon ma chitng
" minh 14 hién nhien.

‘Meénh d& 3.3.1: biéu db Hasse clia (A, <) la mot day chuyén khi va
“chi khi < 13 mot thit tie toan phin trén A.

Do Ménh d& 3.3.1, biéu db Hasse ctia mét tap hop sdp thit tu toan
phin httu han la mét day chuyen xuédt phdt tir 1 phan tir @ va cham
diut bodi 1 phan tid b. RO rang a 1A phin tir bé nh&t va b 1a phin ti
lon nhat theo nghia:

VeeA a<z<b

Mat khdc, Vi du 1 cho thdy phin tir bé nhat va I6n nhdt khong
, nhat thiét ton tai, ngay ca trong 1 tap hop sdp thi tu hiru han. Tuy
‘nhién cdc phin tit a3,a¢ 13 nhitng phin tir t67 dai va a;, a4, ag 12
4 nhitng phan tir t6% ti€u theo nghia sau:

?:-B::th nghia 3.3.6: trong tap hop sdp thit tu (A, <), mot phan tir m
duoc ndi la t6% dai (tuong ing 167 ti€u) néu m khong cd troi thue su
i (tuong tng khong 14 troi thuee sit cua phan tir ndo cd). Néi cach khéde
“menh d& sau 13 ding:

Ve e Ay im - 2) = (m=g)

(vuong ing Vz € A, (z < m) = (z = m))

gBinh ly 3.3.2: trong mét tdp hop sdp thié tu A, phdn tu¢ lon nhat

m, néu tdn tai, la,phdn i t67% dai duy nhat. Suy ra m cing la phdn
W ldn nhat duy nhat. Két ludn trong tuw cho phdan tv bé nhdt va
phdn tu t67 tiew.

- Ching minh: Gia sit m 13 phin tir 1én nhit va tbn tai ¢ sao cho
m < z. Do m Ién nh4t, ta cling ¢ £ < m. Do tinh phan xitng, ta cé
£ = m. Suy ra m la moét phin tit t6i dai. _

Mat khéc néu goi b 12 mot phin ti t&i dai tuy y, do m 1én nh4t ta
¢6 b < m. Nhung b 14 t3i dai, ta phaicé b = m. Nhu thé m 14 phin tir
t6i dai duy nhédt vi di nhien cung la phan tir Ién nhat duy nhat. Két
luadn cho phin tir bé nhit va cac phan ti téi tidu dugce chitng minh
tuong ty bang cdch déi chidu cdc thit tir (bat ddng thitc).

-dpcm
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Sy tbn tai ctia phin ti téi dai ddi vdi cac tap hop sdp thit tie huu
han dugc cho bai:

Dinh ly 3.3.3: trong mét tap hop sdp thd tu hu han tha:

i) moi phdn tt dugc tréi boi (tuong vng tr61) mét phdn tu to1
dai(tuwong ¥ng 167 ti€u)

i) Néu m la phdn ti t6% dai (twong vng 67 tieu) duy nhdt cua
A thi m la phén t¢ ldn nhdt (tvong dng phén tiz bé nhat)

Chitng minh:

i) Xét mot phin tit ¢ € A. Néu z khong t6i dai se ¢ z, € A sao
cho: m?;"::cl :

Né&u z, t8i dai thi dé la phian ti phai tim.

Néu khong sé cé z5 € A sao cho: z a,f*mg

Néu z, t8i dai thi d6 1a phin tit phai tim vi 23 rd rang troi z. Néu
khoéng ta ti€p tuc tim dugc mot troi thue su cua zs ...

Do A hitu han va cdac phin tit z, z1,z2,... d6i mdét khac nhau, qua
trinh trén sé dirng sau téi da n — 1 bude, trong dé n = |A|. Phan tir
cudi cung tim duge chinh la phin tir t&i dai tréi z.

i1) Gia st m la phén t to1 dai duy nhat cia A, va z la mét phan
tir tuy y cia A. Do i) ton tai mét phlin tir t6i dai y sao cho: z < y.

Do m duy nhét ta co: y = m °

Suyraz <m,Ve € A

Noi cach khac m la phan tir lén nhat.

Chitng minh cho két luan vé phin tir tdi tidu va phin tir bé nhait
hoan toan tuong tur.

e dpcm

Chi y: Néu A khong hitu han, Dinh 1y khong diing theo ca hai két
luén:

1) A khong cé phan tit t8i dai; vi du nhue A = Z vé&i thit ty théng
thuong.

2) A c6 thé ¢S phin tif t8i dai duy nhdt m nhung khéng cé phin
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Gia sit B 1 met ta

178 % ap hop sdp thit tir toan
'phdn A, khj d&y phin tit 1dn nhat cia B tdn t

ai va diege ky hiéu bdi
max B, Tuong tu, phan tir bé nhit cua B ton tai, va dirgc ky hiéu
‘bdi min B.
D&i véi cdc tap hop sdp thit tw khéng toan phan, khdi niem
‘max, min c¢d thé duoc gidm nhe thanh k
‘sau:

“B;.nh nghia 3.4.1: Qia sit B lA mot tdp hop con cilla tap hop sdp
“thit tv (A4, <). Kh; dy

; 1) Mot phin tir e € A duo
“dudi) chung cia B néy:

Vbe B, b«
(twong @ng Vbe B, .« b)
11) Phin t& bé nhit (twong \tng 1dm nhat) cq
la chan tren chung cia B} (tuw

ong tng {c € A/ cla chan dug; chung
cua B}) duogce ky hieu béi sup B (t g i

Vi du:
- 7 Trong mot tap hop s4

P thit tu toan phin A, r6 rang max B
cua 1 tap hop con hity han B chinh |3 sup B. Tuong tu min B chinh
la inf B,

2. Gia sit B = _{.Bl, Bg,.

C noi la chan tren (twong tng chdn

-+1Bn} 1a mét tap hop con hitu han ctia

P(E). Khi 4y U B; chinh 14 sup B vi m B; chinh la inf B.
=1

=] , =
3. Treén tap hop M cdc dang ménh de vdi thit tir = , xét mot tap

- En}. Khidy By VE, V...V E, vA
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EyAEz A...NA E, chinh lasup& va inf £ (Bai tap).

Pinh nghia 3.4.2: mét tap hop sap thi tu (A, <) du@'g‘llfﬁ.i 14 mot
dan néu vdi hai phaff tir bat ky z,y € A, thi sup {z,y} vainf {z,y}
luén ludn ton tail.

Ky hiéu: trong mot dan, ta se ky hieu sup {z,y} va int {z,y} bdi
zVyvazAy.
Vi du:

1. Mot tap hop sép thit tir toan phan la mot dan

2. P(E) véi thit ty bao ham la mot dan. Ta cO

- BivBy = B, U Bs
BiABy = ByNnBy

3. M vdi thit ty = 1A mot dan: véi E, F la 2 dang ménh de. cac
ky hieu mdi V, A danh cho sup{E, F} va inf{E, F} trung vdi cac ky
hidu quen thudc ctia phép ndi roi va phép néi lien: £V F va A F.

4. Tap hop A = {a,b,c,d, e, f} vdi biéu do Hasse dudi day khéng
phai 12 moét dan vi {b, ¢} khong cd sup. That vay cdc troi chung cla
{b,c} 14 {d, e, f} va tap hop nay khéng cé phan tir bé nhat.

f

Tuong tu ta ciing thdy {d, e} khéng cé inf.




A e '-'.'I.':'-il':'_ . -:. -

Pinh ly 3.4.1: Trong mét dan (A, <) cdc phép todn V va A théa
cdc tinh ch&t giao hodn va két hop:
i) zVy = yVz

Vz,y € A
via zAYy = YAz i é
it) zV(yvz) = (zVy)Vz Vz,y € A
va zA(yAz) = (zAY)Az ‘

Chitng minh: i) hién nhién nén ta chi céan ching minh ii). Xeét 3
phin tit bt ky z,y,z € A. Khi &y a = z V (y V z) la mét trot chung
cla z va ¥y V z nén nd cung la tréi chung cta z,y va z. Hon nita néu
¢ 1a mot tréi chung cia z,y va z thi yVz < ¢ vi y V z la trdi chung
bé nh&t cia {y,z}. Nhu thé c la tréi chung cia {z,y V z}. Suy ra
a=zV(yVvz)<ec

Nhu thé a chinh 14 tréi chung bé nhit cia {z,y,z}. Tuong tu ta
ciing thdy (z V y) V z ciing la tréi chung bé nhdt cha {z,y,z}. Do
~ phéan ti bé nhat la duy nhat, ta cé:

rV(yvz)=(zVy)Vz

Ching minh ctia z A (y A z) = (z A y) A z hoan toan tuwong tu.
e dpcm

- Chi y: Do tinh két hop, néu B = {x1,z2,...,z,} la 1 tap hop con

hitu han ciadan A thiz;VzaV...Vz, khong phu thuée vao cdch dat
cdc dau ”( )”. Hon nita, chitng minh twong tu nhu trong Pinh 1y 3.4.1
ta thay 2, Vza V... V2, chinh lasup B. Tuong tu z; Azp A.

v o INBn =
inf B. Dac biét néu A htru han ta cé:

Ménh d& 3.4.2: Trong dan hitu han A = {a;,as,...,a,} thi ay V

azV...Va, vaay Aag A... Aay, chinh |4 phin t 1én nhat va phin
tr bé nhit cha A.

Chu y: Néu dan A khong hiru han thi phin tir 1én nhdt va bé nhﬁt |
| khﬁng nh&t thiét tdn tai nhu vi du ciia Z cho thay.

Dinh nghia 3.4.3: mot din A duoc ndéila phdn bé néu vai mﬂl 25 iﬁi‘“i

1011



trong A ta cé:

mh(sz]z(éhy)V(_n:hz}

va zV(yAz)=(zVy)A(zV2z2)

Vi1 du:

1. Moi tap hop sip thit tir toan phin lA mét dan phan bé (Bai
tap)

2. Do tinh phan bd ctia cdc phép tinh tap hop, dan P(FE) la mot
dan phan bé.

3. Do qui luat phan b&, dan M cdc dang ménh de la mét dan
phan bé

4. Xét tap hop sdp thit tuw A = {a, b, ¢, d, e} vdi biéu do Hasse nhu
sau:

Ta c6 thé kiém tra dé dang A la mét dan. Tuy nhien A khéng
phan bé vi:
dA(bVe) dne = o
trong khi (dAd)V(dAc) = ava = a#d

Dinh nghia 3.4.4: Gia sitr A 12 mot dan vdi phan tir 1én nhat va bé
nhat ma ta ky higu 12 1 va 0. Khi &y mét phin tir 7 € A duoce ndi la
phdn bt cia phin tir z € A néu:
zVT=1
va AT =0

1N?2




Ta noi A la mét dan bt néu moi phiin tit ctia 4 ddu cé ph&n bu.

;hChu y: néu Z la phin bu ctia z thi ro6 rang z 1A phin bii ctia z.

d-

E”}"'l du:

» 1. Cdc dan P(F) vd M 1a dan bli. Phin bl clia A € P(E) chinh
la phan bl cia tap hop A trong E, con phin bl ciia dang ménh de
E chinh 14 phti dinh ciia E.

- 2. Dan A = {a,b,¢,d, e} vdi bidu db Hasse nhuit duedi day 14 mot
dhn bu

i, Tl TR

IS

%

i
m
T

;

i

’

i

3

-

-

!

I

#

]

&
i

+45 Dan 2F
R~
3 Cho trudc 2 tap hop E, B, nhéc lai rang BP ky hieu tap hop cac

:anh xa tit E vao B. Gia sit <g la mét thit tir tren B. Khi dy véi
f,g € B®,ta dinh nghia:

: fXgeVzeE, f(z) <B g(z)

. Cé thé kiém tra ring < 14 mot thit ty tréen B, va hon nita (BE, <)
~la mét dan néu (B, <p) la mot dan (Bai tap).

: Goi f,g 13 hai phin tir bat k¥ ctia BE, fvg va f Ag la d4nh xa
- sao cho vdi moi z € E:

(fVg)z)=f(z) VB 9(2)
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(f Ag)(z) = f(z) AB 9(z)

trong d6 Vp va Ap chi sup vi inf ctia 2 phin tit trong B ddi véi thg
te <B.

Dac biét véi B = {0, 1}, ta dugc dan {0, 1}E ma ta ky higu la 25,
Vdi f € 2P, dat A = f-1(1). Khi 4y ta cé:

1l nEuze A
f(*’):{ 0 néuz¢gA

Ta ndi f l1a ham dac trung cia A
Ham dac trung ciia A duge ky higu bdi x4. Ta cé:

B;nh ly 3.5.1: twong vng ¢ : A— x4 la mét song dnh giZa P( E)
va 2. Hon nia vdi Ay, Aq la 2 tdp con tuy ¥ cua F ta co

A1 C A2 & x4, < X4, (3.5.1)

Ching minh: Tren day ta da thy ¢ 13 toan dnh. Hon nita néu [
i, = X4, thi: |
_ ' A1 = x3,(1) = x73(1) = A,
" Nhu thé ¢ la moét song anh.
Mat khac, vai 4, Az la 2 t&p con tly ¥ clia E, ta cd:
AiCA; & (Vze B x4(2)=1= x4.(2)=1)
= XAy < X4,

. e dpcm
Ta c6 thé viét lai (3.5.1) nhu sau:

A C Az & p(A1) < p(Ay)

@ la déng cdu giita hai ta4p hop cd thit ty P(E) va 2F theo nghia
sau:

Dinh nghla 3.5.1: mot ddng cqu gitra hai tap hop ¢b thit tu (A4, <4),
(B, <g) la mot song 4nh ¢ : A 3 B sao cho:

Vz,y, (2 <4 ¥) & ¢(z) <B ¢(¥) (3.5.2)
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D;nh ly 3.5.2: Gid su ¢ la mot ddng ca’u gia hat tdp hop co thé

i”‘ (A, <4) vé (B, ~p)
3 i) Néu (A, <4) va (B,<g) la hai dan, tht vot 2,y € A tuy ¥y ta
co:
p(zVy) = e(z)Vvely) (3.5.3)
va p(zAy) = e)Aey) - (3.5.4)

i1) Néu A la dan phdn b6 thi B cing la dan phan ba'.
. iii) Gid st A ¢d 0 la phdn ti bé nhdt va 1 lda phin tu ldn nhat,

. Khi dYy ©(0) va ¢(1) la phdn tu bé nhdt va ldn nhdt cua B.
‘ iv) Néu A la dan bu thi B cing la dan bu. Hon nifa néu T la
ph&n bi ctua phldn tu z € A thi ©(Z) la phdn bi cua ¢(z). Not cdch

khdc p(Z) = ¢(z).
Chu‘n_g minh: -

5 i) Vdi z,y € A tuy ¥, do (3.5.2) rd rang ¢(z V y) la chan trEn
% chung cua @(z) va ¢(y). Suy ra

p(2) Ve(y) < ez Vy) (3.5.5)

_ Mat khéc, ciing do (3.5.2) ¢~ (¢(2) V ¢(y)) 12 chan trén chung
" cla z va y nén:

zVy 3 e~ (p(z) Ve(y))
Dods o(zVy) < e(z) V o(y) (3.5.6).

T (3.5.5) va (3.5.6) ta suy ra (3.5.3).

Chitng minh ctia (3.5.4) hoan toan tuong tu.

i), iii), iv) dugc suy ra dé dang tu dinh nghia
@ dpr:m_

He quﬁ: néu A, B & hai tap hop con tuy ¥ ctua E thi

XAuUB = . XaVXB
VA XANB = XAXB
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trong dé x4xB = X4 A xB la tich cia hai ham theo nghia tu nhién.

86 Dan U,

6.1 Udc s8 chung ldn nh4t va bdi s8 chung nhé nhat

Gia sir a,b 14 2 s6 nguyén duong, khi 4y s6 nguyén duong ¢ diroc
ndi la uvde s6” chung clia a va b néu ¢ la udc s cua a va ¢ la udc s8
cua b. Khi 4y 0 < ¢ < min(a, b). Do dé tap hop clia cdc udce s6 chung
cia a va b 12 mot tap hop hiru han va ton tai 1 phin tir Idn nhét 4
goi la udc s6" chung ldn nhdt ciia a va b. Ta viét:

d = USCLN(a,b)

Dé tim udc s8 chung l{m nhit cua 2 s6 nguyén duong a, b, ta sit
dung thuat todn sau:

Thuat chia Euclide: n&u &rla wdc clia a, dat rg = b. N&u khong ta
thite hién l&n lugt cdc phép chia ¢d dur sé:

a = bqy+1r ,0<r <b
b = Tiq2 + 72 0 S ra <y
"M = T2q3+ T3 , 0 < rg < ro
Tk =  TrylQk42 + Thyo 0 < TPrt2 < Phy

llllllllllllllllllllllll

Dob>r; >ryg> ... >r,>... >0, thuat chia seé ngung sau mot
sd htru f.'luﬂ bude.

Goi rn4 la dur s6 dhu tien bhng khong. Ta cé:

M= = T“,_li;l'“ -}'*‘.I"",.-I1I 0 i: Pl Ty —1
Tn-i = Tngn41 +0
Ta co:

Bi_l:!.h ly 3.6.1: r, ld ude s chung ldn nhat cia a va b. Hon na
moi vde 56 chung cia a vd b ld ude s6 cia o

hChmlE 1;““"! N&u b 1a wéc ctia a thi vdc sé chung ldn nhat cia a va b chinh la
=ro. Néu khéng r, > 0. Gia sit ¢ la wde sd chung clia a va b. Do ry = a — bq;
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#
__ ~ % K ¥ - % e . k- ! # -
ﬂen ¢ cung la udc s3 cha ;. Bay gitr ta ching minh bang qui nap ¢ la wdc ctia r;

w01 1 <1 < n. That vay, gia si 2 T L 1 S :
3:3‘“ s at vay, gla su 15‘-4& «:knv'acla roc cua r; vai 1 <1 < k. Khi
.‘j" do rr41 — Th_1 — TxQa,: DPN € cung la wdc cua ri ;. Nhire th theo nguyeén ly
E}qm nap, ¢ la udc cia rn. Dac bigt néu goi d 1a wdc s6 chung lén nh&t ciia a va b
thi d cung la wdc cha r,.

1 Suyrad<r,.

- Ngwgc lai, dorn_y = rngay1 nén r, la wde clia rn_; . Twong ty nhy trén, ding
_nguyén l{ qui nap, ta th&y r, la wdc cta r; vdi 1 < i < n. Nhung b = ryga + ra
l.#n rn cung la wdc cia b. Cudi cing do a = bgy + ry, r, cling la wdc ctia a. Nhar
f

th¢ rn la wdc s8 chung ciia a va b.
Suy rar, <d
Tom lai d = r,,

*, d = ma + nb

X
s;‘Ghﬁ'mg minh: Vé&i ky higu nhir trong Dinh 1Y 3.6.1, ta ¢é d = n. Nhir th&:

d=rn.3 —Qnfn_1 = MiThn_2 + Marn_

Nhu'ng Trn—1 Tn—3 — Qn=1Tn-2
Do do d = Marn—3 + ('I"."'.I.l — Magn—1 ]!"‘n_g
— M2Tn—3 +M3rn—2
- Bing Nguyén 1y qui nap twong ty nhir trén ta cling chitmg minh diurge tdn tal
;'m[,m:,... yMn—1 € Z sao cho: .

¢ d=Tn_3r1 +Mu_172

St dung r2 = b — gr; ta dugc:

d = mn_1h+{mn~2 = mﬂ—l‘}?]rl

I

Mip—1 b+ mry

ma + (mp—1 — mregy )b

= ma + nb

e dpcm

?lﬂh nghia 3.6.1: hai s8 nguyén duong a, b duge néi la ngu;{{n&ﬁ'
“cung nhau néu udc s8 chung 1én nhdt ctia ching bing 1. Khi G

i

. B




viét (a,b) = 1.
Chd y: Mot 8 ngnyén p > 1 dugc néi la s6” nguyén to néP p khong |
=% udc nao ngoai 1 va chinh né. Néu p l4 s8 nguyeén td va p khéng
phai Ia udc cia a thi p va a nguyen té cing nhau. ’

Meéenh de 3.6.3: Gia su a,b,c € 7+ sao cho a la wdc cua bec vi
(a,b) = 1. Khi 4y a la udc cia c.

Chutng minh: Do Dinh ly 3.6.2, ton tai m,n € Z sao cho:
1 =ma+nb
Do dé ¢ = mac+ nbe
Vi a 1 udc clia be nén a cing la udc cua c

e dpcm ;

Menh d® 3.6.4: Gia sit a,b,c € Z* sao cho (a,b) =1 va (a,c) = LF
Khi &y (a,bc) = 1.

Chitng minh: Gia sit udc sd chung Ién nhdt cia a va be la d > 1.
Khi dy (d,b) = 1 vi néu khong, goi e la udc s8 chung 1dn nhdt cia d§:
vh b ta céd e > 1. RO rang e ciing la udc s6 chung cia a va b. Digy
nay mau thuin vdi gia thiét (a,b) = 1. Vay (d,b) = 1. Do dé theo
Ménh d& 3.6.3 d 15 «dc s8 cia c¢. Didu nay mau thuan voi gia thiét fr'.
(a,c) = 1. Do dé d = 1, nghia la (a,bc) =1 ,

o dpcms
Mst s8 nguyén ¢ duge ndi la boi s6” chung clia 2 s6 nguyen a,bf
néu ¢ dong thoi 1a boi s8 ciia a va b.

B3 d® 3.6.5: Cho a,b,c € Z1. Gii sit ¢ 1a boi s8 chung cua a,b v}
(a,b) = 1. Khi dy c la bdi sd cia ab.

Chitng minh: Do ¢ 1a boi s8 clia b, ta c¢é thé viét ¢ = kb vdi k 1a s |
nguyén. Do Ménh d& 3.6.3, a 1 udc s8 clia k:
k=Fa,k € Z*. Suy ra c = Kab

e dpcm

- Dinh ly 3.6.6: Gid su a,bc Z*. Goid la udc s6 chung lon nhdl
; TR . ramaw :
cua a,b. Khi day Fi la bo1 s6" chung cua a,b. Hon na moi boi s
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l ab ab
wchung cia a,b déu chia hét cho o Suy ra = la bo1 s6° chung nho

h

el

-}

Eﬂh{it cua a va b.

T

ab b
fChlfIlg minh: Ta co thé viét — =a—- = —_b

d d
2 b - b
£ voi 3 F € Z*. Suy ra %— la boi s6 chung cua a,b.
b
; Mat khdc, dé y rang *3 chE nguyén t& cung nhau. That vay, goi

- e la udc s6 chung Ién nhat cia ching thi de cling 14 udc s chung cta
-'uv-‘a-.& Suy rae =1.

- Goi m la mot béi s8 chung cua a, b. Ap dung B6 dé 3.6.5 cho ?

ab ab

-

m
ta thay ~ la boi s cua i) nén m la béi s6 cua 5

F'-‘L..I‘:!"

“_
cd’

SRR

e dpcm

%_Chli y: Ta ky hieu boi sd chung nhd nhdt cia a,b boi
“BSC NN (a,b).

Gia stta € N,e > 1. Khi dy néu goi g 12 udc bé nhit ctia a sao

% q
-chung minh dugc bang qui nap ring a la tich ctia mot s& hitu han
**56 nguyén t6. Gop cac thira s8 giong nhau lai ta c¢d thé phan tich a

-n;thunh thita sé” nguyén ts-
a=pips?...pon (3.6.1)

strong dS py,pg,...,pn 1& cdc s8 nguyen td doi mot khac nhau va
3;_1'1,1"2,. c oy Ty - Z+

| Menh d® 3.6.7: Biéu dién (3.6.1) 1a duy nhat.

Chitng minh: Xét mot phan tich ra thira sd nguyén td khdc

cua a:
1 a=g'q*...qs" (3.6.2)
| Néu p1 ¢ {q1,92,...,9m} thi ép dung Ménh de 3.6.4 nhisu Iin ta di dén
k& luan p, va a nguyen tg
guyén cung nhau. Didu méu thuin nay chimg té pr €
i {'Int}':, ++1gm}. Lap luan tuong tir cho P2y sPnyq1,...,qm ta dirge:
{PI1P?1=--1PH} = {q11q21--+|Qm}
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m. Sap x€p thit tir lai q1,q2,...,9m l3 cé thé gia st p1 = q,

Dac bigt n : .
gn- To sé ching mioh ry = 81, T2 = 32,-.2,Tn = In bing qui

Pz = Qa1,- P"
naptr&nﬂ
* Néun =1 thi a = p;* =p Su;-,rrar;—.n

+Giasen>1l Nlur < a th — o = p5?
nhau w:n p1. Trong khi dé dl.mg bidu didn (3.6.2) ta dugc:

Il

..pn" ro rang ngu:-,rEn té t:u.ug

“ ) —ry n

T —_ F‘l F: -+« Pn
P’
Do 3y —r1 > 0, p1 18 udc cia f Di*u mau thuin nay ching td ri > s,

P’

Do ry va s dang val tru daéi xu‘ng ta cling ¢é ry < sy, nghia la ry = s1. Khi ay ta

Pl

a o Ta L

— —— Pa 7 P 1
P’ .

a ’ i

FT - PPyt .. Pn
F1

Ap dung gia thiét qui nap ta duge ro = 83,73 = 53,...,Tn = n.

e dpcm
Sir dung phan tich (3.6.1) ta cé mot phuong phdp thit hai dé tim
wde s& chung 16n nh&t va boi s8 chung nhd nhdt cia 2 s6 nguyén

duong.
Trudc tién nhﬁn xét rAng néu a va b cé phéan tich

a=py'py’ .. P (3.6.3)
b=g1'qz*... g0 e Ty

thi a la udc ctia b khi va chi khi 2 digu kién dudi diay duge thoa:

-{p1,P2,...,Pn} C {q1,92,-.-,9m}. Dac biet n < m.
- Ta sdp xép tht tu ¢1,¢2,...,¢m lai sao cho py = q1, p2 =

g2,--1Pn = ¢n. Khi Hy céc sé mil thda:

T1 % 81579 S 80Py S 8y

: Gh&’ng minh ctia khdng dinh trén dya trén cung y tuwdng véi chitng
minh cia Ménh d& 3.6.7 nén duge danh cho doc gia.
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Bay gio gia sit a va b c6 phan tich nhu trong (3.6.3) va (3.6.4) vdi
cac s0 mu nguyén duong. Bang cach bd sung thém vio a cdc thira s8
45 liy thira 0 cta nhitng s& nguyeén td trong (3.6.4) khong xuit hign
trong (3.6.3) va nguoc lai, ta cd thé gia sit a, b ¢6 dang:

r i
a= p;*ps* ... P}

5 33

b=pi'py* ... pa"

Véi cac s6 mii ldy gid tri nguyén dwong hay 0. Khi 4y do nhan
'xét trén ta co:

Me:nh de 3.6.8:

USCLN(a,b) = p}“p‘;’" SR
va BSCNN(a,b) =piips2...pYr
Vol w; = min(r;, ;)
va vy = max(r” 3:)

ﬁ 2 Dan U,

2 Nhéc lai radng tap hop U, gdbm cdc udc s3 duwong cia n duoge sédp
_thu‘ tir boi quan hé: a < b < alb (a la udc s8 cia b)

- Giasra,beclUd,. Khidyd=USCLN(a,d) € U,.

Ro rang d < a va d < b. H-:-‘nnuan{fuccbfﬂ sao cho ¢ < a va

;c--: b thi ¢ la udc s8 chung ctia a,b nén theo Pinh 1y 3.6.1 ¢ ciing la
e s8 cha d, nghia la ¢ < d.

L

«  Noi tém lai d chinh la inf(a, b). Tuong tyu BSCN N (a, b) la sup(a,b).
V-:n ky hieu A,V cho inf va sup ta cé:

‘_'._'_ﬁ_"':

1 X3 «n

aANb=USCLN/(a,b)
aVb=BSCNN(a,b)

Nhit thé Uy, 13 mot dan. Phin tit bé nhat 13 1 va phin ti 16n nhat
la n.

. Hon nita néu goi py, ps, ... ,Pm 12 cdc udc s6 nguyén t6 cia n thi
ta co thé biéu didn 1 phin tit bt ky ctia U, dudi dang (3.6.1) vdi s& P
.'-ll‘lu thugc N. Xét 3 phin tir thy ¥ a, b, ¢ € U,, vSi biéu dién nhu trén:

a=p'p’...po0



b=pi'py’ ... Py
¢ =pi'p? ... Py

7. Khi y do Ménh d 3.6.8 s8 m cta p; trong a A (bV ¢) Ii:

min(r;, max(s;, t;)) = max(min(r;, 5;), min(r;, t;))

-

Nhu thé  aA(bve)=(aAb)V(aAc)
Tuong ty aV (bAc)= (aVb)A(aVe)
Tom lai ta da chitng minh.

DPinh 1y 3.6.9: U, ld mst dan phan b5,
M6t s nguyén duong n dugce néi la khong cd thiza s6 chinh phitong
néu n khong chia hét cho binh phuong cua bat ky sd nguyén > 1 nio

Dinh ly 3.6.10: U, la din bu khi va chi khi n khéng co thia s¢
chinh phuong.

Ching minh: Gia sit n khéng cé thita s& chinh phuong va a 14 mét
P, L) b # - L % n - e 5, 5
phan tir tuy y ctia &,,. Khi dy a va — nguyen té cung nhau vi né
khong, bat ky uwdc s chung > 1 nio cia ching cting deu ¢4 binh

phuong la udc ctia n. Nhu thé
n
a- ==
_ a
)
Ngoaira aV — = BSCNN (a, E) = aE - n
a a a

o .
Vay = chinh la ph&n bu cta ¢ va do dé U, 1a mot dan bir.

Ngugc lai gia sit n chia hét cho binh phuong cta sd nguyen a > 1]
Goi @ la phin bl cia a trong U,,. Ta cé: |

exa = 1
Wilt = n
X w aa
"‘Maava = - = ag
- ﬁﬂﬂ
Su Ia—_'_ Nh o % b1 # o ¥ % n
y a—_ﬂ. ‘Mg a ro rang la udc s§ chung clia a va — nen

- et - = % FJ ¥ L e b a'l. I
aAa# 1. Dieu mau thuin nay chitng té a khong cé phin b va U,

g & 1



:khﬁng phai la mot dan bui. That ra trong chuong 4 ta sé chitng minh
j;-é,ng néu cé mot thit tu nao dé trén U4, dé nd trd thanh mot dan bu
-thi 58 phﬁr' tir cita I4,, phai la mét luy thira cua 2. Trnng khi dd s&
‘wéc s6 ciia n 13 mot liiy thira ciia 2 thi trong phan tich cia n thanh
thita s6 nguyén t&, cdc s& mi phai ¢é dang 2* — 1 (Bai tap).
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Bai tap

1: Gia st A, = {0,1,2,3,4}, 4, = {1,3,7 12},
As={0,1,2,4,8,16,32} v Ay = {-3,-2,-1,0,1,2, 3)

a) Xét Ry = {(z,y,2,t) € A1 x Ay x Az x Ag; zyzt — 0}. Hay tinp}
[Rl.

b} Xét Ry = {(z,y,2,t) € A; x Ay X Az x Agyzyzt < 0}, Hay
. ~tinh JREI

2. Gidsit A = {1,2,3}, B = {2,4,5).
a) Tinh |A x B
b) Tim s8 quan hé gitta A vi B
c) Tim s8 quan he hai ngéi tren A.
"d) Tim s8 quan hé gitta 4 vA B chia (1, 2)..01.8)
e) Tim s8 quan he gitta A va B chifa ding 5 cap cd thit tur.
f) Tim s8 quan hé hai ngdi trén A chita it nhat 7 cap ¢ thit tu,

3. Xét 2 tap hop hitu han 4 vi B sao cho |B| = 3. Tim s& phin}
tir cia A biét rang cé diing 4096 quan heé gita A va B.

4. Mot quan hé R giita hai tap hop 4 va B dugc ndéi la mot ham
néuvéimoiz € A (t. vy € B), ton tai duy nhat mot phin tir y € B
(t. v z.€ A) sao cho (z,y) € R. Khi dy tuong ung z — y (t. u
Yy — z) 1o rang la mo6t 4nh xa tir 4 vio B (t. © B vao A) nhu da xét }
trong Chuong 2. Trong cdc quan hé dudi day, hay cho biét quan h¢ §
nao la mot ham va tim 4nh xa tuong itng

a) R = {(z,y) € Z?/y = 2% + 7}

b) R = {(z,y) € R?/y? = z}

¢) R ={(z,y) € R?/y = 3z + 1}

d) R = {(2,) € Q¥/z? + 42 = 1)

e) R ={(z,y) €[0,1] x [0,1]/22 + y2 = 1} _

5. Giasit A = B = R. Hay tim m4(R) va mp(R) cho cdc quan hé [
R sau day: . '

a) R = {(z,y) € A x B;z = y?}

b) R ={(z,y) € A x B;y = cosz)
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: )R={(z,y) € Ax Bj2? 4 y2 =1}
- 8. Gia st A4,
2 = A3 = Ay = A;
no boi bang dudi day:

—
—

{UV\W, X,Y,Z} (ma s8 cia cdc loai ngili céc)
Z*. Xétquanhe R gilta cdc tap A, Az, Az, Ay, As

Ma | Luong dudng | L. vitamin A L. vitamin C | L. protéin
s§ /dvtt /dvtt /dvtt /dvitt
U 1 45 25 6
v 7 25 9 4
W 12 25 2 4
X 0 60 40 20
pe Y 3 25 40 10
i Z 9 25 40 10 |
i

» a) Hay tim quan hé chiéu ciia R len Az x Ay x As
=" b) M6t thude tinh dugc ndi la khda chink clia quan hé R néu gii
i cia né xdc dinh duy nhdt mét bs 5 thuéc R. Hay tim cdc khda

Mnh cta R.
Y L2}, A2 = {A,D,E}, A3 = Ay = A5 = Z+. Xé

an hé R Elira Al, 9, Ag, Aq, AE cho bdi bf:’].t‘tg duai df]._‘f:
1 Loai vitn | Loal Vitamin Lugng Vitamin | Lisu Iwgng: S8 vien |
:;3,Vitamin trong vién trong vien 56 vién/ngay trong chai
1 A 10.000 1 100 |
1 D 400 1 100
1 E 30 _ 1 100
-2 A 4.000 1 250
. D 400 1 250
2 E 15 | 1 250
i a) Tim quan heé chidu ctia R len Ar X Ay va Az x Agq x As

'b) Quan he nay cé khda chinh khong? S

. ¢) Mét khda chinh-phic hop 14 tich Descartes cia mét s& téi tidu
hugc tinh sao cho néu goi R’ 14 quan hé chi&u ctia R lén tich Descartes
| , thi mai bé trong R’ sé 14 hinh chidu duy nh&t cia mot bo trong
. Hay x4c dinh cdc khéa chinh phitc hop ctia R.

'!:I”"E. Hﬁ}'_ tim maot quan hé trén A = {1,2,3, 4} sao cho né cé tfnh
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a) Phan xa vh déi xing nhung khong Eac t{ﬁu.
b) Phan xa va bdc cxu nhiung khong doi xing.
c) Déi xung va bac cau nhung khéng phan xa

9. Trong s8 cdc quan hé dudi day, hay cho biét quan hé nao cifi
tinh phan xa, ddi xitng, phan xitng, bic cau: , L
a) C la mot tap con ¢d dinh cua F, xét quan hée R trén P(E):}«
ARB< ANC =BNC )
b) Quan hé R trén Z: zRy & ¢ + y chan
¢) Quan h¢ R trén Z: 2Ry < 2 — ¥ lé
d) Quan hé R trén Z x Z: (a,b)R(c,d) > a=¢
e) Quan he R trén Z: zRy & z2 4 y? chan
f) Quan h¢ R trén K: zRy < |z| = |y
g) Quan hg R trén R: 2Ry & sinz +cos’y=1

10. R 1 mot quan hé trén tap hop A voin phin tir. Cho biét cify

- -'_‘;'-Lkhr?mg dinh dudi day ding hay sal. Né&u sai, chi ra mot phan vi du:

1% a) Néu R phan xa thi |R| > n

.7 b)N&u|R|>nthi R phan xa ;
¢) Néu R, va R la 2 quan hé trén A sao cho Ra D Ry va Rif

phan xa thi R, phan xa "

d) Két luan tuong tu nhu ¢) cho tinh déi xing, phan xing va b&fs
chu. I

e) Néu R; va Ry la 2 quan he tréen A sao cho R2 D Ry va Ry
phan xa thi R; phan xa

f) K&t luan tuong fur nhut e) cho tinh d&i xitng, phan xing va b
ciu.
11. Gia sit R la mdt quan hé trén A, quan hé d61 ngdu cua R
dugc dinh nghia boi:
tR*'y & yRz
‘a) Quan he ddi ngiu cha R* la gi?
b) Cé thé ndi gi ve R néu R = R*

116




¥ c) Néu R béc ciu thi R* c¢é béc ciu khong? Cau héi tuong tu cho
gnh déi xing, phan xing.
* 12, A= {1,2,3,4}. Xdc dinh s& cdc quan hé trén 4 cd tinh chis-
%" a) phan xa -
- b) d&i xing
" ¢) phan xa va déi Xung

d) phan xitng
.. e) ddi xing va phan xing
- f) phan xa, d&i xing vi phan xing.

[

s 13. Gia st |A| =n va R 14 tap hgp con t6i dai cia A x A4 sao cho
{8 1a mét quan hé phan xitng. Tim s8 phan tir cia R. CJ bao nhieu
fuan hé R thoéa didu kién trén?

.:: 14‘ A = {11213:41516}1 ?'?-' - { (111)1 (1!2)1: (Eilji (2:2]1 (313}1

s

,4), (4,5), (5,4), (5,5), (6,6)}.

* a) Kiém tra lai R 14 mét quan hé tuong duong

}; b) Tim cdc 16p tuong duong [1], [2], [3]

3 ; c) Tim phan hoach ctia A thanh cac I6p twong duong.

%Tlfu A = {1,2,3,4,5}. Tim quan hé tuong duong R trén A sao
phan hoach ciia A thanh cdc lop tuong dwong cé dang:

A= {1,2} U{3,4} U {5}

. 16. A = {12348 A = {12}, HAs = {2.3,4),
3= {5}. Dinh nghia quan hé R trén A nhw sau:

g Ry H:1<i<3vaz,ye A

K <6 phai la quan hé tuong duong khéng?

17. Xét quan hé R tren A = R? sao cho:
(z,¥)R(2,t) = z = -

a) Kiém tra lai R 1a mét quan he twong duong
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b) Ch.i ra cdc 1dp tuong duong va cho biét y nghia hinh hoc.
18. A = {1,2,3,4,5} » {1,2,3,4,5} va R la quan hé trén A sag

cho:
(a,0)R(c,d) & a+b=c+d

a) Kidm tra lai R 12 mét quan hé tuong duong
b) X4c dinh céc 16p tuong duong [(1,3)], ((2,4)] va [(1,1)]
¢) Chi ra phan hoach ciia A thanh cac 1ép twrong duong.

19. a) Quan he R trong 9a) ¢ phai tuong duong klmng'?
b) Véi E = {1,2,3} va C = {1,2}. Tim phan hoach cua P(E)

thanh cac lép tuong duong.
c) Véi E = {1,2,3,4,5} va C = {1,2, 3} Tim 1dp tuong duong

[{1,3,5}]. C6 bao nhiéu 1ép tuong duong khdc nhau?

20. Quan hé R trén Z* dugce dinh nghia boi:
cRye dne Z:z = y2"

a) Kiém tra lai R 1a mot quan hé tuong duong
b) Trong s6 céc 16p tirong dwong (1], [2], [3], [4], ¢ bao nhieu ldp
déi mot phan biet?
- ¢) Cau héi tuong tu nhu b) cho céc 16p [6], [7], [21], [24], [25], [35]
(42] va [48].

21. Cé bao nhigdu quan hé tuong duong trén A = {4:1 b,e,d,e, fl}

sao cho:
a) Cé ding hal I6p tuong duong vdi 3 phan tir
b) Cé mot 1dp tuong duong vdi 3 phéan tu
¢) Cé mot 1ép tuong duong vdi 4 phin tir
d) Cé it nh&t mét 16p tuong duong vdi > 3 phén tir.

22. Xét 1 anh xa f: A — B. Dinh nghia quan hé R trén A nhy{:

sau:
zRy < f(z) = [(y) |
a) Chitng minh rang R la mét quan hé tuong duong. b
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b) Xac dinh cédc 16p twong duong.

; 23.. IAI — .30 va R la mot quan hé tirong dlfcfng tréen A sao cho
A dugce phan hoach thanh 3 18p tuong duong A, A3, A5 véi cling s8
~phin tir. Hiy xdc dinh R.

24. A = {1,2.3.4. 5.6, 7}. Hay tim mot quan hé tuong duong R
trén A sao cho |R| ¢d cdc gia tri: 6, 7, 8, 9, 11, 22, 23, 30, 31. "

~ 25. Ve biéu db Hasse cho tap hop sdp thi tu (P(E), C) trong dé
E p— {1,2, 3,4}

26. Xét 2 tap hop sdp thit tu (A, <4) va (B,<g). V& (aj, by),
{a2,b2) € A x B dinh nghia: -=

(ﬂ.l,bl) — (ﬂg,b?) = ({11 <A {Ig) A {f"l =B I{JQJ

a) Chitng minh rang quan hé tren la mot thit tu

. b) Néu <4 va <g Ia thit tir toan phin thi < ¢é 14 thit tur toan
phén khoéng?

“ 27. Cho trudce hai tap hop E, B va < g la mét thit tv trén B. Ta
dinh nghia quan hée < tréen BE nhu sau:

JP".

% f<geVeeE, f(z) <p g(z)
1'\.

2 ¥

-

“a) Chitng minh rang < la mot thit twe trén BE.

r

b) Néu (B, <p) 12 mot din, chitng minh rang (B¥, <) 1A mét dan.

~ 28. Gia st R la m6t quan hé bic chu tréen A Goi R* la quan he
d6i ng&u ciia R nhu trong bai tap 11. Ching minh rdng R 13 mét thi
tr khi va chi khi

RNR* = A4 ={(a,a)/a € A}

- 29. Ching minh ring thi tu tw dién trén tap hop S cac chudi ky
te that su 1a mot thit ty. Hon nita S duoc sap thu tu toan phin boi
quan hé trén.

30. Gia sit < la mét thit ty khong toan phin trén A, va B la mot
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tap hop con khdc @ cia A. Khi &y thit ty cdm sinh trén B bdi < cd
nh4t thiét 1a thit tuv khong toan phan khong?

31. Trong cdc bidu 45 <an, c4i nao l1a bidu do Hasse cia mot tap
hop sap thu tu?

¥
)

¥

4 ]

32. Cé bao nhiéu thi tu trén tap A dudi day dé cho z la mét phan
tir toi tidu?

a) A = {z,y}

B) A={=z,u,2}.

33. Giast A =P(E) voi £ = {1,2,3}. Trong tap hop A vdi thu §
tu bao ham, hay tim sup va inf cia tap hgp con B C A dudi day:

a) B = {{1},{2}}

b) B = {{1},{2}, {3}, {1,2}}

o) B = {8, {1}, {2}, {1,2}} |
d) B = {{1},{1,2},{1,3}.{1,2,3})

e) B = {{1},{2}, {3}, {1,2},{1,3},{2,3}} h
f) B ={{1},{2}, {3}, {1, 2},{1,3},{2,3},{1,2,3}}

34. Gia st A = 7P(E) vé tht tu bao ham trong do

E={1,2,3,4,5,6,7}. Xét B = {{1},{2}, {2,3}}. Hay cho biét:
a) S8 chan trén ctia B bao gom 3,4,5 phan tir cia £
b) S6 tdt ca chan trén clia B
c) sup B

120




d) S6 tat ca chan dudi cta B
e) inf B

35. Gia sir {A, <) la mot tap hop sép thit tw. Cho bict cdc khdng
dinh dudi day ding hay sai? Tai sao? |

a) Néu (A, <) 1a mét dan thi < la thi tur toan phan

b) Néu < la thit ty toan phin thi (A, <) la moét dan?

36. Gia st (A, <) 14 mot dan va m 1 mot phan tir t81 dai cta A,

‘Khi &y m 1a phin tir 16n nhit. Két luan tuwong tw cho phin ti tdi
tiéu.

v ol IAEE S = fa ke d,e,z,y, 2z,
-biéu do Hasse dudi day. Hay tinh:

. aymf{be} b)int {b,t} ) inf {e,z}
d) sup {¢,b} &) sup {d,2} f) sup {c, e}

t,v} vai thit tu xdc dinh bdi

g) sup {a, v}

0
38. V&i (A, <) nhu trong baj tap 37.

a) A cé phin tir Ién nhit va bé nhat khong?
b) (A, <) cé 12 mot dan khong?

1 ; oL tap hop con hitu han
E: "' o g R
{E1, By, ey VE,v...VE,




(niroi) va Ey A Ex Ao A E, (néi lien).

40. Mot tap hgp thit ty < trén tap hop A duogc ndi la thi tw t6t
n&éu moi tap hgp con khac § caa A déu co phan tir bé nhat. khi ay
ta ndi (A, <) dugc sép t&t. e .

a) Chitng minh rdng moi thit tu tot deu la toan phan. Piéu nguoe
lai ¢ diing khong?” ‘ .. e

b) Chitng minh rang moi tap hop sap thit tur t8t co phan tir bé
nhat. , . )

c¢) Cho vi du ctia mot tap hop sép tét khong cé phan tar lén nhat,
va vi du ctia mét tap hop sdp tdt cé phan tir Ién nhat.

41. Trong cédc tap hop sdp thit tu dwdi day, cho biét tap hop nao
sdp thit tu tot: |

a) (N, <)

b) (2, <)

c) (Q, <)

d) (Q*, <)

e) (P, <) trong d6 P la tap hop cdc sG nguyén té

f) (A, <) trong d6 A # 0 1a mot tap con hiru han cua Z

g) (S, <) trong dé S la tap hop cac chudi ky tu trén mot tap hop
mau tie A sdp thit ty toan phan va < la thi ty tu dién.

42. Gid st (A, <) 1a mot tap.hop sdp thit tuw t6t khong cé phan ti
t&i dai.

s(z)
b) Ching minh rang anh xa s : A — A la don anh. Anh xa nay
c6 toan anh khoéng?

c).Gia sitr s(A) bing A trir di mot diém. Chitng minh rang (A4, <)

ddng cdu vdi (N, <)

43. Tim wdc s6 chung 16n nhat clia cdc cap s sau:
a) 43, 16

b) 442, 276

c) 6234, 3312

d) 87657, 44441
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a) Ching minh rdng méi phan tir ¢ déu c6 tréi tryec ti€p duy nhat g




e) 654321, 123456

- 44, a) Phéan tich 2 s8 sau ra thita s& nguyeén t& 148.500 va
‘T 114.800

b) Hay tim USCLN va BSCNN ctia ching
45. Gia sif s§ m cd phan tich ra thira sé nguyén ta:

g E e
m = p,’p,*...ph

Hay tim phén tich ra thita s6 nguyen té ciia m? vi m?
46. Hay tim phan tich ra thira s nguyén té ctia 8!, 10!, 12! va 15!

47. a) Ha.:,r tim cdc wdc s duong ciia 23 52 74
b) Gia sit m ¢é phan tich ra thira s§ nguyen tg

m = py'py’py’

ﬁ Tim s8 cdc udc s dl.fdng; cua m

.. c) Téng qudt héa két qua trén cho trudmg hop ¢ nhizu hon 3 wdc
ﬁﬁ nguyén td.

> d) Suy ra néu s8 cdc uwdc sé dtrcrng cua m la liy thira cia 2 thi

irc:-ng phan tich cia m thanh thita sé nguyen t&, cdc sé mii ddu cd
Lﬁ@.ng 2 -1, a€e Z+

48. a) S8 m = 214395871071131353710 ¢ bao nhitu udc s§?

., b) Cé bao nhitu udc s duong ctia m chia hét cho
2834571123727

. ¢) C6 bao nhitu udc s8 duong ciia m chia hé& cho
'1.166.400.000.

- 49. Cd 200 ddng xu dugc ddanh s& tir 1 dén 200 dat thanh mot
‘hang ngang trén ban va 200 sinh vién ciling dugc ddnh s tir 1 dén
200. Sinh vien thit nhit sé 14t nguoc t4t cd cdc dbng xu lai. Tiép
theo sinh vién thit hai lat nguge dbng xu thit 2, 4, 6,... Sinh vién thit
n,1 < n < 200, lat ngugc ddng xu thit n, 2n, 3n,.

a) Hoi dong xu thit 200 bi 14t nguge bao nhiéu lan?

F‘-




b) Cé dong xu nio cé s& I5n bi 1at ngugc nhue dong xu tha 200
- khong?

'50. Hay viét mot chuong trinh mdy tinh cho phép phan tich s&
nguyén n > 1 ra thita s6 nguyén to.

51. Tim s8 nguyén duong n cé6 ding:
a) hai wdc s6 duong b) ba udc s6 duong
c) b&n udc sd duong d) nam wdc s6 duong.

52. Cho 2 s8 nguyén duong a, b. e
a) Gia sit (a,b) = 1. Hiy tim tét ca cac loi giai (nghia la cac cap

(z,y)) cua phuong trinh za = yb. o
b) Cau hdi tuong tu nhung khong gia thi€t a,b nguyén to cung

nhau.
c¢) Hay tim s& cdc cap s6 nguyén z,y thoa:

za +yb=USCLN(a,b)

53. Hay tim cac cap (z,y) thoa hé thuc:
za + yb = USCLN (a,b) trong cac truong hop sau:
a) a =46, b= 16
b} a=124, = 64
c) a=3450, b= 331
54. Cho truedc s nguyén n > 1. Ta néi a € Z kha nghich (mod |
n) néu tdn tai a’ € Z sao cho: aa’ = 1(mod n).
a) Chitng minh ring néu a kha nghich (mod n) thi phuong trinh |
dong du ez = b (mod n) c¢d nghiém duy nh&t trong Z,,. :
b) Néu a khong kha nghich mod n thi sao?
55. Hay giai cdc he thitc ddng du dudi day (tim t&t ca cdc s8 =
dong du): -
a) 3z = T(mod 16) b) 52 + 7 = 6(mod 23)
c)4z+3 =Tz + 12 (mod 11) d) 3z + 9 = 8z + 61 (mod 64)
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Chuong 4

DAI SO BOOL VA HAM BOOL

§1 Dai s8 Bool

-:.-."B‘inh nghia 4.1.1: mét dai s6” Bool 13 tap hop A cung vdi hai phép
“tinh (hai ngoi) V vi A thoa man cdc tinh ch&t sau:
' 1) Tinh két hop: véi moi z,y,z € A:

zV(yvz) = (zVy)Vv:z

va TA(yAz) = (zAY) Az

1) Tinh giao hodn: vdi mol z,y,z € A:
EVY = yVa

V& ZAY = yAz
iii) Tinh phan b6 vdi moi z,y,z € A:
cV(yAz) = (zVy)A(zV z)
- va zA(yvz) = (zAY)V(z A 2)
~iv) Phén tu trung hoa: ton tai hai phan ti¥ trung hoa 0,1 dé&i vdi
‘hai phép todn Vv, A sao cho vdi moi z € A ta cé: '
TVl =
va zAl = 5
v) Phén tv bu: vdi mol z € A, tdn tai # € A sao cho:
CUENE e 1
VR ophog w g
Vi du:
© 1. Mét dan bu phan b& 13 mot d
chinh 12 sup va inf cda hai phin ti.
d8i v cdc phep tinh tap hop U va
50 Bool déi vdi phép néi

2
W e N T et T Mg O
- - - a 1
.

al 50 Bool vdi haj phép tinh v, A
Dac bigt P(£) 1a mot dai s§ Bool
N. Ciing thé AM cung la mot dai
IOl v va phép ndi litn A ctia haj dang ménh
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dd. Do 30 khong chia hét cho chinh phuong, Usp 12 dan bu phéan bd
vi do dé 13 mot dai s6 Bool déi vdi cac phép toan:
| m"hfy = BSCNN (I,y)
vi zAy = USCLN (z,y)
2. Tap hop B = {0,1} la mot dai s Bool d&i vdi cac phép toan:
ANy = ZTY
tVy = 2+Y—2Y
Phin b1 ctta z chinh laz =1 — =.
Pai s6 Bool nay déng vai tro quan trong trong ly thuyét v& cdc
ham Bool. |

Chi ¥: phin bu Z cia mét phin tir z 1a duy nh&t va hon nira ta co
Qui t4c De Morgan (Bai tap).

*rVy =1\ ZEAY
¥a TAY ='a&Vy

Trong cac vi du trén, cdc phép todn dai sé Bool dugce dinh nghia
con tu nhién hon c&u tric thit ty cia dan bu phan bé. Van de duogc
dat ra 12 litu c6 thé suy c&u tric ciia dan bu phén b8 tir c&u tric cua
dai s8 Bool khong? Dinh 1y sau day la cau tra 16i cho cau hoi trén.

Dinh ly 4.1.1: trong dat s6” Bool A, dinh nghia quan hé:

r<ys=chNy=z

Khi @y < la mot thié ty trén A sao cho A la m6t dan bu phan
bo @6t vdi thié tu ndy. Hon nifa, vdic va y € A ta co:
sup(z,y) = zVy
inf(z,y) = zAy

Ching minh: Trudc hét ta kiém tra < la mo6t tha ty trén A, Vai
moi z € A ta co: '

ez = (zAz)VD
= (zAz)V(zAZT)
= zA(zVE)
= Al==x (4.1.1)
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nghialaz < z
Mat khédc véi z,y € A saocho z <y va y < = ta cé:

sANy=zvayAz=y

Do tinh giao hodnclia Atacd z = y
Véiz,y,z € Asaochoz <y vay < z ta co:

gy =Fayhc=i
Suy ra
| 2Nz = JaApgihz=crlyNz)
= zAy==x

nghiala z < =
Tém lai < la mot that tie tren A.
Véi z,y € A tuy ¥, ta cé

(2AylAze = (2NEIAY
Nhung zhe = & [do41.])
nén (zAYIAZ = =zAy
nghia la Ay = = _
Tucngtu zAy = gAzE <Y

Nhu thé z A y 1a chan dudi chung cla z,y
Goi z la moét chan dudi chung bit ky cla z,y. Ta ¢é

ZANz=2zvazAy=z
DodédzA(zAy) = (zAz)Ay=2zAy
— 4
nghialaz <z Ay
Nhu thé z A y = inf(z, y)

Bay gio do iv) ctia Pinh nghia 4.1.1, 1 chinh l1a phén ti ldn nhat.
Mat khac, védiz € A tuy y:

OAz = (0Az)VO e
= (0AZ)V(ZAz) O e
= (0VZ)Az il &
= A E ) | *:%r

§ o= " =
- L a Ll L) -
i Lk
: % . pd-
1~ ik oty Pt



nghia 12 0 la ph3n ti bé nhat cua A.
Sau cung vdi moi z,y € A, ta co:

zA(zVy) = (zVvO0)A(zVy)
) 2 IV(ﬂﬂy}
Ma OAy - 0 (do 4.1.2)
nen Iﬁ(ﬂ'"y] ¥ il =

nghiala. ¢ < a2Vy
Tiwongtir y < yVz=zVy
Goi z 1A mot chan tren chung cua z,y. Ta co:

(zVy)Az = (zAz)V (¥A2)
= x2VY

nghiala zVy < =z
Nhu thé: zvy = sup(z,y)
Toém lai A 12 moét dan phan b8 vdi phin tiz 1én nhit va bé nhat
la 1,0. Hon nita do v) cia Dinh nghia 4.1.1 Z chinh la phan bu cua 2
edpcm
Do Dinh ly 4 1.1, méi dai s6 Bool httu han duge lien két vdi mot
biéu do Hasse. Ta hay quan sat hai dai sé Bool Uszg va P({a;b,c}).
- Tuy duge dinh nghia khdc nhau, cdc dai s8 Bool nay cé hai biéu db
Hasse "dbdng dang”

15 {b,c}

10 {.ﬂ,j c}
¢ {b}

6 a,b
il ta, b}
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Tir hai biéu db trén, ta cé thé xay dung dugc 1 song anh ¢ gitra
Uzo v P({a,b. c}) sao cho cdc dinh tuwong \ng vai nhau } — ﬂ:
9 — {a}, 3+— {b},... vi hai dinh dwoc néi boi mot canh cua Uszp sé
twong itng vdi hai dinh dugc ndi voi mot canh cta P({a,b,c}). Ndi
c4ch khic ta ¢é mot ddng cdu giira cac tap hop ¢é thit tu. Do Dinh
ly 3.4.1 sup va inf ciia hai phin tir z,y trong Usp tuong L‘i'ng’vc?i sup,
inf ctia p(z), ¢(y). Néi cdch khdc ¢ la mot ding cdu gilra cac dai s8
‘Bool theo nghia sau day: |

Pinh nghia 4.1.2: mét ddng cd'u gitta hai dai s6 Bool A va BB la mot
song anh ¢ : A & B sao cho vdi moi z,y € A ta co:
plzVvy) = ¢(z)Vely)

va p(zAy) = @) Ae(y)
Menh d& 4.1.2: néu ¢ : A & B la mot ding c&u dai s6 Bool thi ¢
cing I3 dang cdu tap hop ¢4 thit ty vdi nhitng thi ty trén A va B Xac
dinh béi Dinh 1y 4.1.1. Dac biét néu 0,1 la phan tir trung hoa cua
V, A trong B thi ¢(0), (1) la phan tir trung hoa cia Vv, A trong B.

.‘"Chﬁ‘.’ng minh: Gia st z,y la hai phan tir trong A sao cho z < y. Khi
£y ta co:

zAy=2z = ¢(z)Ap(y)=p()
= p(z) < (y)

Do 0 valciing 1a phin tit bé nhat va 16n nhdt cia A, ta thiy ¢(0)
va ¢(1) ciing la phan tir bé nhat va Ion nhat cua B, nghia la phan ti
. trung hoa d&i vdi cac phép todan V va A trong B |

Mg | ® dpcm
Tro lai hai dai s6 Bool Uzg va P({a,b, c}). Su ddng cau ctia chiing
khong phai la truong hop cd biet., Ta cé: |

Biﬂnh 1?,? 4.1.3 (Stone): mdt dai s6” Bool hitu han A luon luén ddng
cau vd1 P(E), trong dé E la mét tap hop htu han.

Hé qua 1: s phin tir cia mot dai s8 Bool hitu han la mét liy thira
- sha 2, | . .
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He qua 2: Hai dai s& Bool hitu han ¢é cung s8 phan tir thi ding cdu
vaon nhau.

Chitng minh: That vay hai dai s6 Bool cho trudc sé dang cau vdi

P(E,) va P(E2). Do ching ¢6 cuing s8 phan tir ta co:
9lEr] = 9| Ez|

Suy ra lE1 = |Es| il
Khi 4y néu f la mot song anh giita E; va E2 thi f se cam sinh
mot ding cfu giita P(E;) va P(E2) nhu sau:

¢:P(E) — P(E2)

A — f(A)
Khi dy ta cé: f(AUB) = f(A)U f(B)
nghia la e(AVB) = (A) V ¢(B)

Hon nita do f 13 song dnh ta cing cd:
f(ANB) = f(A)Nf(B)
nghiala @(AAB) = ¢(A)Ae(B) .
e dpcm -

Bay gity dé chitng minh Pinh ly Stone ta cén tim tap hop E. Dé ?
¥ ring ta ¢6 mét don anh:

f: E — P(F)
zr +— {z}

Hon nita trong P(E), cdc tap hop {z} chinh la cdc troi truc tiép
cua . Tir dé ta co:

Dinh nghia 4.1.3: trong mot dai s6 Bool A, mt troi truc tiép cua
phin tit bé nhdt duge goi la mét nguyén tu cua A.

Bd d& 4.1.4: Gia sir A la moét dai sé Bool hitu han véi phan tit be
nhat 0. Khi &y moi phin tir z # 0 déu cé thé viét dudi dang:

T=a1VasV...Van

t.r:::ung dé {ay,as,...,a,} la tadp hop cdc nguyén tir trdi bdi z. Hon
ntta néu by, by,...,b,, 12 cdc nguyén tit sao cho:

z=byVbyV...Vbnp,
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i
1
i
g

Y

&

- 1—2-.3...--\. 3 -:
a

thi {blrbﬂlt--- 1bm} = {al'lﬂr'?:' + Iﬂ'ﬂj.

Y

¢ Chitng minh: Trudc hét A\{0} la m¢t tap hgp sdp thit b hitu han chita z(# 0)

" nén tdn tad mol phin tir t& tidu o ~ z. o rang a la mol nguyen L ciaa A. Nai

- cach khic tgp hep {a:.ﬂz,..-.un} cac nguyén tir troi bai = 1 khong 0.
Pat y=a; Vo V veo M iy
Ro rang y < x.
Taeh s = sA(YVY)=(zAy) V(2 Ag)
== yV(EﬂﬂJ
Ciastz Ag <
Khi £y thec trén tdn to mét nguyén tira < z A §. Nhr th€ a = a;
v6i 1 <1 < n nao dé.
D#tﬁ:a;UEQV...UE;_IVﬂi+1V...Vﬂn
Tacé: y=avh
Dodé: § =anb
Su_',rra.n:uf\ﬂzuhﬁhﬁzﬂ: méu thuén.
Nhur the zAY=0
nghia]é r=y
Sau cung giad sir by, by, ... 1bm 1a cdc nguyen tir troi bdi z sao cho

:I:=fll Ub;‘\.f._‘ufbm

50 Tacd: {b]lib?,..,,bm}f:{ﬂlrﬂ:,...,ﬂﬂ}
v Mat khdc vdi méi j 8 dinh, 1 < < n ta cé:

aj = a; Az = (aj Ab) V (a; ﬁb&]v...‘u’[ﬂjnbm}

Suy ra tbn tai k sao cho 1 < k < m va
ﬂ:jéﬂja""ahh = Gy

Do a; la nguyen tir ta cé:
a; I'ﬂib# = a4y
ngh.‘ia 1a a; = by
Do bk la nguyen t& 74 e; # 0 ta o6 a; = b,
Nae th€  {a;,a,,.. @n} T {b1,b2,...,bm}

nghia la  {a,,a,,.. ,8n} = 101 b2y i s 0} 5o

Goi F la tap hop tdt ca cde nguyén tir cia A. Nho BS d@ 4.1.4,
ta cc mot inh xa ¢ : A4 — P(FE) duwgce dinh nghia nhu sau: '

- 2(0} =0 "y
I néu . # 0 thi ¢(z) 1a tap hop tat ca cdc nguyen tit troi bﬂ!#-@:_ﬂ{

i 1 PR | A - R v
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Bay gi¥ Pinh 1y 4.1.3 12 hé qua cua

DPinh 1y 4.1.5: ¢ la m¢i ddnyg cdu gida A va P(F).

Ching minh: Gia st 0 # z < y. Khi &y cdc nguyeén tir trol boi z ,|
cling 13 nguyén tit trdi boi y nén w(z) C ¢(y)
Nguoc lai gid sit 8 # ¢(z) C ¢(v)
Taviét ¢(z) = {aj,az,...,am}
va "P('H) == {bl,bgl...,ﬁn}
Do Bé de 4.1.4 ta cé:
z=a1VayV...Van

vh y=bVbyV...Vb,
06 {@1, Gayeers@m} C {b1,bg,...,ba} nén

r =y

Truong hgp z = 0 la hién nhien.
Tém lai, ta da chitng minh:

(z < y) < (p(z) C ¢(y))

Dat biet néu p(z) = ¢(y) thiz <yvay <z nénz =y: ¢ la don
anh.
Sau cung, gia sit {a1,a2,..-, am} C E

bat z=a;VazV...Vanm
va e(z) = {b1,by,.. il ¥
Do B& da 4.1.4

r=0bbVvVbyVv...Vb,

LT WU T, T Sue——
Nhu thé ¢ la toan anh
L] dpcm
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42 Ham Bool
Xet so do cla mach dién gom 3 ngit dién:

4
' e
M :‘a___f - >_. N
B iy -

. Tuy theo cdc ngéit dien A, B,C duoc dong hay mg, sé cé dong
“‘dién di qua tit M dén N hay khong. Dé biét cdc ngat dién digdu khién
wiéc cho dong dién di qua hay khong, ta vé ra so dé cho tdt ca moi-
‘trudng hop. Tuy nhien diey nay khong thé thuc hien duoc néu sd
;‘j}'gét dién rat ldn. Vi du néu ¢é 100 ngit dién, sé cd tat ci 2100 ;5 4%
1 }hﬁ.{: nhau. Ngay cad trong truong hgp s6 ngdt dién bé, thi vin cin
ot cach sdp sé€p ¢d he thdng cdc so dd dé c6 thé tra cfu dé dang
?i'.rng trieong hop. - | '
; Chdng han ta cd thé lien két vdi mai ngdt dien mot bién 1dy gia
firi 1 néu ngdt dién déng va ldy gia tri 0 néu ngit dién md. Trong vi
fu v& mach dién ndi trén, ta cé 3 bién a,b,c. Ngoai ra, toan mach
ien con duoc lien két véi bién d lay gid tri 1 néu cé dong dién di tir-
M dén N va lay gid tri 0 trong trudng hop khong cd dong dién nao
féi tic M dén N. Vo tuong wng nhuw vay ta cd thé liet ke tdt ca cac
trudng hop trong bang gid tri nhu sau:

o O OO O

- OO - = O O o
el ol o O e T N e e - O

O = O O -~ OO0
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Trong truong hop s8 ngét dién lon thi viéc thiét lap cac bang gia
tri 12 khong thuc té. Ta cin tim mot cong thitc cho phép biéu dién
ham d(a, b, c) theo cdc bién a, b, ¢ nhit cac ham da thifc trong truong
hop ham bién thuc ch&ng han. Mat khéc ta cung nhan xét rang bang
trén rit gidng bang chan tri cia cdc dang ménh d&. That ra khi khao
sit cdc dang ménh dg, didu ta quan tam khong phai la ménh d& thu
duoe E(P,Q, R, ...) khi ta thay cac bién menh dé p,g,r... lan luot
b&i cde ménh d& P,Q, R,..., ma la su phu thudc chan tri cua ménh
de E(P,Q,R,...) vao chan tri cia cac ménh dé P, @, K. ... N6i cach
khdc ta dbng nhit dang meénh dé E(p,q,7 .. .) véi bang chan tri cua
né. Thue chdt & day la ta dang xem xét ham E(p,q,r,...) theo cac
bién p, g, r,..., trongdd p,gq,r,..., vaca £ cung chi 18y hai gia tri 0, 1.

1‘-1.‘!1:‘

D3 15 cdc ham Bool theo nghia dudi day

Dinh nghia 4.2.1: mdt ham Bool n bién la moét dnh xa B™ — B,
trong d6 B = {0,1}. Tap hop cdc ham Bool n bién dugc ky hieéu bdi
i
Chu y:
1. C4c ham Bool con duoc goi l1a ham logic hay ham nhi phan.
2. Nhéic lai tap hop B la dai s Bool déi vdi cac phép toan

anb =ab
aVbhb =a+b-—ab
a =1—a

3. Cac bién xuit hién trong ham Bool dugc goi la bién Bool. Mai
ham Bool duge lign két vdi mot bang tieong tu nhu bang trén cho biét
- sit phu thudc ctia ham Bool theo gid tri cia cac bién Bool. Ta cung

goi bang gid tri nay la Bdng chdn tr? cia ham Bool.

4. Theo ky hieu ciia Chuong 3, F,, chinh la tap hop 28", Do dé
s& ham Bool khac nhau chinh la:

[Fal =212 =212

M%:t. khac trong §1, tuwong tng A — x4 12 mot ddng cdu cia tap
hop cé thit tu P(B™) va F,, trong dé thi tie trén F,, duge xac dinh
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nhue sau: val f,g € F,, thi
f <9 & Va=(a,a3,...,a8,) € B", f(a) < g(a)

Khi &y sup va inf cia hai ham f, g duoc cho baoi:
(fVvg)(a) = f(a)Vg(a)
= f(a) + g(a) — f(a)g(a),Va € B"
va (fAg)(e) = f(a)Ag(a)
= f(a)g(a), Va € B"
“va phan bu f ctia ham Bool f dugc cho boi
f(a) = f(a)
=1~ f(a), Va € B"
: Ta st dung ky hiéu théng thuonmg fg va 1 — f dé chi cdc’ham fAg
. va f trong dd 1 chi ham hang B™ — {1}.
: Vdi cac phép todn trén, F, trd thanh mot dai sé Bool ding c&u
. v::n P(B™). Dac biét cdc nguyén tir trong F, sé tuong ing vdi cic
‘nguyeén tif trong P(B"). Ma trong P(B™) cdc nguyen tir chinh la cdc
E t&p hop thu v& mot didm nén ta cé:

%M&nh d® 4.2.1: cdc nguyen tir trong F,, la cdc ham Bool chi khdc 0
- tai 1 didm duy nh4t, hay ndi cdch khdc, bang chan tri ctia nd chi ed
. mQt dong duy nhat & dé ham khdc 0. Cédc ham nay duoc goi 14 cdc
st 101 ti€u cia F,
; Do d;nh ly Stone ta cd:

Menh d® 4.2.2: mdi ham Bool f deu duoc viét dudi dang:

f=m1Vm2V*..Vm; {4.2.1)

. trong dé my, my,...,my 14 cdc tir t&i tidu troi bdi f.

Do tir tdi tiéu m; chi khdc 0 duy nh&t & 1 dong, m; sé duge troi
bdi f khi va chi khi dong ma m; khéc 0 cung la mét trong nhitng dong
ma f khdc 0. Tir dS ta ¢S quy t4c viét ra codng thirc (4.2.1) bdng cach
chon cdc m; chinh 1a cdc tir t8i tidu tuong wng vdi mot dong khdc 0
nao dé ctia f. Chdng han nhu trong vi du v® ham d(a, b, ¢) bidu dién
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mach dién & trén ta cg;

a|b|lc|d|m | ma|mg | mg | ms
O|0j0|0O0)] O 0 0 0 0
0j0oj|1|0]| O 0 0 0 0
Br116i0] 0 0 0 0 0
ke O 1 0 0 0 0
tlojotal @ 1 {0 | 0}) 0
L S0 I I e O ! 0 0 1 0 0
11 X108¢1 0 0 0 1 0
L1kl g 0 0 0 0 1
Ta cd
r d=myVmaVmgVmgV ms (4.2.2]

Bay git dé ¢6 mot céng thitc tuwdng minh cho mét ham Bool bAt
ky, do (4.2.1) ta cAn tim mot coéng thite tudng minh cho cdc tir tdi
tiéu. Nhic lai phép chiéu thit ¢ duoc cho bdi:

| % B = B

[ml,zg,...,mn] Fwrely o
Ro rang ban than m; la mét ham Bool n bién ma gia tri cua nd chi

phu thude vao bién thir i. Twong tu nhue triedng hop cdc ham thue,
ta se dung cung ky hiéu z; dé chi hAm Bool =;:

zi(a1,82,...,a,) = a;

Va1 ky hieu nay thi phn bh #; = 1 — g, cung la mét ham Bool
ma gia tri chi phu thuéc vao bién thit i. Ta ndi z;, £; la cde tu don.
Cé tat ca 2n tir don.

M¢énh de 4.2.3: cdc tir t&i tidu ddu cd thé viet dudi dang:

L= blb? T bﬂ.
trong dé b, = z; hay b; = z;

Chitng minh: gi3d sg bi 1a tit don bing z; hay .. .Tﬂ se chitng
wnbeo mo= hyby. .. b, la moét tir t& tidu. Chinh xsc hon goi a =

e
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a0y 08, e ro0i) 16 philn bboils B sao dhis @ = 1 580 6 = 5 v
a; = 0 néu b; = #;. Ta sé chitng minh rdng m khdc 0 duy nh4t tai a.
' That vay vdi 1.< 7 < n ta cd:
. bi(a) = zij(a) =a; =1 néu b; = =z,

va b;(ﬂ.) = f,'(ﬂ) =dg; =1 n#ub; L5

Nhue th€ b;(a) =1vdi1 <i<n

Suy ra m(a) = 1
. Matkhdcnéuy = (y1,y2,...,y,) # a thi tbn tai tsaocho 1 <i <
nvay # a;. Khi gy:

bi(y) =zi(y) = y; =0 (vi # a;) néub; = z;
va bi{y) = fi{y) =y =0 (‘U’i = r:l,') néu b; = « 3
Nhu the b;(y) = 0 va do d6 m(y) = 0.
Tém lai m 1A tir t&i tidu tuong ang vdi diém a.
. Nguoc lai gid sit m 1A tir t8i tidu khdce 0 duy nhéat tai diédm ¢ =
(c15¢2,...,¢a). Dat: -

Al

T

b;=2; néuc =1
X va b; = Z; néuc;, =0
- Khi &y theo chitng minh trén, b1by... 5
vc’h diédm a = (a1, as,. .. , @y, ) sao cho:
: a; =1 néu 15'{ — Iy
va a; =0 néu b; = #;
noi cach khic a; =c¢,1<+* . n
F 'DDddTTI:blbg...bﬂ

n la tir t&i tidu tirong tng

A
&

"L
\
3

| o dpcm’
Ch y:
. 1. Do 1néi b; ¢é thé lay 2 gia tr1 z;, Z;
|t6i tidu chinh 13 s& phan tir cia B : 2n,
2. Ta cé quy t4c dé viet bijdy thic ctia mot t
diém a = (q,, az,...,a,): viét tich clia t&t ca cdc bi

d6 bién thit i ma a; = 0 se duge gach diu. Chéng
mach dién & treén cdc tir toi tidu my,msy,.

nen ta tim lai duoc sd tir

U t6i tidu ng vdi
én 2,z,...z,, sau
han trong v{ du ve
-+ M5 c6 bidu dién nhir sau:
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M = EBE
my = HE:
myg = abc
mg = abec

Do dé (4.2.2) tr& thanh:
d = abec V abéV abec VV abé V abe

3 day ta sit dung quy udc v@ thit tir wu tien ctia phép tinh nhéan
ddi vdi phép todn Vv: Cong thitc abV ¢ cé nghia 14 phép toin ab duroe
thyc hién trude rdi mdi thue hign phép todn V giita ab va c. N&i cdch
khdc: abVec= (ab) Ve

Nguoc lai néu thuc hién V truede ta phai viét:

a(bV c)

3. Téng qudt hon, do (4.2.1) va Ménh d& (4.2.3) m6t ham Bool
bat ky f c6 thé viét nhu 14 tédng Bool clia cdc tir téi tidu troi bai f, va
moi tir t6i tidu ndy duogce viét nhu l1a tich cia da » bién. Cong thite
nay dugc goi la dang néi roi chinh tdc clia f

4. Thay vi cdc tir tdi tidu, ta cé thé xét cdc tur t67 dai: dS 12 phin
bu cia cac tir t&i tidu. Khi £y do Menh d& (4.2.3), mdi tir t&i dai sé
la tdng Bool ctia n tir don. Hon niza ap dung (4.2.1) cho f, ta c6 thé
viét f nhut la tich cia cdc tit t6i dai: day chinh 14 dang n6% lién chink
tdc cia ham Bool f. Tir day ta chi d& ¥ dén dang néi i chinh téc
va tdng quét hon cdc cong thitc da thigc theo nghia dudi day:

Dinh nghia 4.2.1:

1) Mgt don thic 1a mot tich khdc 0 cia cédc tir don

ii) Mot cong thiic da thifc ciia hAm Bool f 1a cong thitc biéu dién
f dudi dang téng Bool ciia cic don thite.
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Chu . Do z; i2; = x; va z;Z; = 0 nén trong moét don thitc m, bién
¥z hn&c Z; c6 thé xudt hién nhung khong ddng théi xudt hien. NGi
xcach khéc méi don thitc c¢é thé viét nhur 14 tich byby ... b, trong dé b;
lﬁy mot trong 3 gid tri 1,z;, £;. Do d6 s8 don thitc khdc nhau 14 3™.
‘Suy ra mdi hame Bool chi ¢ mét s8 hitu han cong thitc da thitc. D&
‘y rang néu b; # 1, ta ndi b; 1a mat thita sé ctia m. Nhu thé méi don
‘thite duoc viét nhu 14 tich cla t&i da n thira s& khic nhau.

-§3 Mang cac cdng va cdng thite da thite tdi tiéun

. Trong vi du v® mach dién trong §2, ta da biéu dién mach dién
4dum dang mét ham Bool dé khao sdt si phu thuéc ciia output d (::15
(dong dién qua hay khfmg) theo cac input a, b, ¢ (ngit dién tuwong \tng
’dﬂng hay md). Bay gio ta hay xét bai todn ngirge lai: cho trudec mot
.ham Bool f(z,y,2,...). Hay thiét k€ mot mang cdc thiét bi vat ly
chc: phép téng hop nén ham Bool f. O day ta thng quan tam dén
«:_ca-:: thiét bi vat Iy cu thé ma chi dé y dén cdch néi két ching tmng
:i:mgt mang dé téng hop nén ham Bool. Do ménh d& 4.2.2 vA 4.2.3. mbi
‘ham Bool deu cé thé viét thanh mot cong thite trong dé cde bién logic
‘(bién Bool) dugc néi két lai vdi nhau bdi cdc phép todn A,V, —. Do
:do trudc tién ta cdn tong hop cdc phép todn trén. Thiét bi dé téng
+hop cac phép toan nay duogc goi la cac cong duoc bidu dién bdi cdc
.80 dd sau:

T N D e e
h% T yZ—
hav dao dién Cong AND =

Trong cdc so db trén, = va y la céc tin hieu vao vdi 2 trang théi .
khdc nhau cho phép chiing biéu dién dugce cdac bién logic véi hai gia
tri 0, 1 O diu ra ta ciing ¢é mot tin hiéu biéu dién cho mot bién
logic phu thude vio cdc input theo cdc phép todn —, A, V.
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Vi du: dé téng hop haim Bool f = zy V Zz, ta cd thé sit dung mang |
cdc cOng sau: |

. \ | Y
I‘; 4/

= TZ
oy

trong do c6 2 cédng AND, 1 cdng OR va 1 cdng NOT.
Mat khdc ta cung c¢d thé viét ham f nhu:

f = =zy(zvz)vz(yVvy):z
= zyzVezyzVzyzVzey:z

Déay chinh la dang néi roi chinh tdc cia f vi cdc sé hang deu la
tir toi tiéu. Néu si dung cong thitc trén dé thiét ké mot mang cdc
cong tong hop f, ta phai st dung 8 cdng AND va 3 cdng OR, khong
ké mot s& cdng NOT.

Vian dé dugce dat ra la lam sao tim mot cong thirc t&i wru dé téng
hop mot ham Bool cho trude.

3.1 Bai todn t6i uwu dau tién la tim cdch gidm s& loai céng tir 3 xudng
con 2, hoac néu duge chi diing mot loai cong.

That vay ta c¢d thé tdng hop cédng OR tir cong NOT va céng AND
(Bai tap). Do dé moi ham Bool dbu ¢d thé dugc tong hop ma chi
dung cong NOT va z8ng AND. That ra ta cd thé dat 2 cong nay lai
chung thanh mot céng c¢é ten 1 NAND véi so db:
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Khi &y céng NOT va céng AND c¢6 thé duoe téng hop nhu sau:

: PR ==
-
* T

s

TY 3 ﬁ__—' Y
Yy

Tu d6 c6 thé téng hop céng OR ma chi ding cdng NAND nhu
trong bai tap néu trén. Suy ra moi hAm Bool d2u diroc tdng hop ma

chi ding cdng NAND. Bén canh céng NAND ta ciing cé cdng NOR
(NOT OR) véi so db:

L

. Khi &y ta ciling chitng minh duoc moi ham Bool ddu dugc téng
hop ma chi sit dung céng NOR (Bai tap).

3.2 Bai todn t8i wu tiép theo la tdi vu hda hai muc tiéu:

- cuc tidu hda thoi gian cham tré (delay): tuy thoi gian cham tré
khi di qua mét céng la nho nhung néu tich liy qua nhiéu Iép céng thi
no.trd thanh déng ké, nhat 1 trong cdc mdy tinh ¢é téc do cao.

- cie tiéu hda s& cdng sir dung.

Do thdoi gian cham tré khi qua céng NOT 1a khong ddang ké&, dudi
day khi phan tich cdc mach, ta cé thé bo qua cong NOT. Nd&i cach

khdc cdc bién z, 3,2, ... cung duge xem nhu la cdc bién input tuong
ty nhu =, y, z,...
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That ra hai muc tieu trén khong thé ddng thoi téi wu hda duge |
Do dé trudce hét ta t&i wu hda theo thoi gian. Ta sé thiét ké cdc mach |
chi ¢é t&i da hai Iép céng: 1dp cdng AND rdi 16p cdng OR hay 14y |
cdng OR rdi 1ép cdng AND. Tuy nhién trudng hop sau ludn luon ¢4 {
thé dira dugc ve trudng hop trude néu ta xét f. Do dé ta chi xét cge |
cong thitc ¢ dang OR (V) ctia cdc s6 hang la AND (A) cta tie don,
Day chinh la cac c6ng thiéc da thiic

Trong Idp cdc céng thitc da thite, ta cd mot s6 thuat toan chg
phép tim dugc cong thic da thic to7 tiew.

Dinh nghia 4.3.1: Xét 2 cong thitc da thitc cia ham Bool f:

f.—_ml‘wfmgv...\.r'mp . (431}

Ta ndi (4.3.1) don gidn hon (4.3.2) néu téon tai mot don dnh
o:{1,2,...,p} = {1,2,...,¢9} saocho vdi 1 <t < p thl s6 thura sé I3 }
tit don cia m; khong nhieu hon sé thita sé la tir don cia M, (.
Chu y:

1. Néu (4.3.1) don gian hon (4.3.2) thi p < g.

2. Quan hé "don gidn hon" gitra cac cong thite da thite cia f ro
rang ¢6 tinh phan xa va bdc ciu. Tuy nhién quan hé nay khong phan
xung.

3. Néi rang (4.3.1) don gian hon (4.3.2) va (4.3.2) don gian hon
(4.3.1) c6 nghia la tdn tai cdc don dnh

i L 250 vy B {15200 005 8)

v ri{L,2...,q) = {1,2,...,p)
sao cho o, 7 thoa dinh nghia (4.3.1). Khi 4y o,7 la song danh va vdi
1 <1 < p thi s8 thira 56 la tir don cia m; khéng nhi2u hon s8 thira sé
la tir don cta m,q,(;). Do dé néu goi k la s6 nguyén nhd nhét sao cho

(rog)o(roo)o...o(roo)(i) =1
k

va j“:iTDﬂ')U(TDU}D...G(TDJ){il

S

. ; : : e ot
thi m; va m; cd s& thira sg la tir don bing nhau.

142




= Suy ravdi 1 <7 < p thi m; va M, ;) ¢6 s6 thira s¢ la tir don bang
:nhau. Khi 4y ta ndi (4.3.1) va (4.3.2) don gidn nhw nhau. RO rang
. quan hé don gian nhu nhau la mét quan hé tvong duong. Hon nita
- néu hai céng thitc da thite la don gian nhu nhau thl mang cdc cong
" tdng hop ching sé sit dung cung sd c¢cdng AND va cédng OR.

‘ 4, Tuong tu nhu trong Chuong 3, néu chuyén qua cac ldp tuong
duong thi quan hé "don gidn hon” tréd thanh mét thit tv. Tuy nhién
‘ta cting cé thé khao sdt truc ti€p cdc quan hé chi ¢é 2 tinh chat phan
. xa va bic cBu. Ta ndi chiing la cdc quan hé tién thi tv. D3I vdi
‘,quan hé tién thit ti, khdi niem phin tir tdi tiéu va téi dai van con y
. nghia. Ching han nhu mét céng thitc da thitc (F) cia ham Bool f
{ dugc ndi 1a t6% ti€u néu vdi bit ky cong thitc da thite (G) ctia f "don
gian hon” (F) thi (G) va (F') "don gian nhu nhau”. Bay gio do tap
* hgp cdc cong thite da thitc clia mot ham Bool f 1a hitu han, ta chitng
: minh duge tuong tir nhu Dinh 1y 3.3.3, cho trirde mot cong thire da
“thite (F) cia f thi sé tdn tai mét céng thite da thite t8i tiéu (G) clha
‘Y f sao cho (G) don gian hon (F). Cing nhur trudng hop cdc tap hop
] co thu tu, mot ham Bool f ¢é thé ¢6 nhigu cong thite da thite t&i tidu,
: 5. Xét cong thitc da thite (4.3.1) cia ham f. Gia sir tdon tai 1 don
| thitc m sao cho m, ;m < f. Khi ay ta co:

1 f=mVf=(mVm)VmaV...Vm,

. f=mvimaV.. Vi (4.3.3)

Do m; < m ta co thé viét:

mm; = my

Nhu thé moi thira s6 la tir don cia m cing 1A moét thira sé cilia
m;. Hon nira do m; # m nén co it nhit mot thira s la tir don cia
- m; khong xudt hién trong m. Khi dy cong thitc (4.3.3) ro rang "don

gian hon” (4.3.1) nhung khéng "don gian nhu nhau”. Suy ra (4.3.1)
khéng t6i tiéu. Ta da chitng minh. |

Meénh de 4.3.1: trong mét cong thite da thifc téi tidu, cdc s6 hang
- la don thic tdi dai tréi bdi f.

'Dinh nghia 4.3.2: mot don thitc tdi dai troi boi ham Bool f dugc
goi la mot tién dé nguyén té cua f.
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Do Ménh de 4.3.1, dé tim cong thite da thitc t&i tidu clia mot ham
Bool f, ta han ché tim kiém trong sd cdc cong thitc da thitc ma cdc s
hang la nhitng tién d& nguyén t& doi mot khdc nhau. Cdc cong thite
nay la rit gon theo nghia sau:

Dinh nghia 4.3.3: céng thitc da thitc (4.3.1) ctta ham f duoe ndi 14
mit gon néu v&i 1 < i+ j < p, thi m; khéng phai la udc that sur cua
;.

Vi du: Xét ham Bool theo 3 bién

f=zyzVaegiVaysVzyz (£1)

Ro rang (F1) la dang ndi roi chinh téc clia f va la mit gon. Dé ¢
nhitng cong thic rit gon khic ta sé gom cac s6 hang lai va sit dung

B6 de 4.3.2: néu g vi A 1A hai ham Bool th}

ghVh=gVvh

Ching minh:

ghVh = yﬂ‘u”(gh‘"-ﬁh}
= g(hVR)Vh=gVh

e dpcm
Tu (F)) ta duoc:
| f=zyzva(yVvi)zvay:
[ =2yzVvzziviyz (F)
Tuong tu f=geyzVzyzVvy:z (£3)
v&_ f=2yvVeyg:viys: (1)
Ap dung Bé d2 4.3.2 cho (F2), (F3) va (F4) ta duoc:
f =z(yzVv i)V rys:
=2z(yV )V iy:
=zyV iV Zys (Fs)
Tuong ty  f = zyzv rIV Yz (Fg)
vi fo=zyvaysvys (F7)
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. Cuéi cung, dp dung Bé d& 4.3.2 cho mot trong ba coOng.thie
IFE), (Fg) hay (F7) ta dugc:

f=ayVezVyz {Fs)

T4m céng thifc trén deu la rit gon va ¢é biéu do Hasse:

(F3)
._ (F7) / (Fy)
., '“ (F4)
' | (Fo)
(£2)
(F3) S

' Céng thitc (Fg) 1a cong thitc da thitc t8i tidu duy nhat nén cung
1a cong thitc don gidn nhdt. St dung cong thite (Fg) dé tdng hop
ham Bool f ta chi tén 3 cong AND va 2 cong OR thay vi 8 cong AND
va 3 céng OR néu sit dung (Fy). Ta cé so do mang cac cong ung vdi
(F3) nhu sau:

—{ )=

¥ :D zyVzz

E._DE zyV 2z V yz
z : j>

S Yz

= i AN )
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§4 Phuong phap biéu db Karnaugh

Phuong phdp biéu d6 Karnaugh cho phép tim nhanh cong thite |
da thiic t6i tiéu cia ham Bool 3, 4 bién. Truong hop 3 bién hoip |
toan tuong tu nhung don gian hon trudng hop 4 bién. Do dé ta tap |-
trﬁng trinh bay trudng hop 4 bién. Nhéc lai mot ham Bool 4 bién 13 :
mot dnh xa BY — B nén dé c¢é thé bidu dién bang hinh anh ta sé s |
dung mot hinh vudng gdm c¢é 16 6 vudng nhé dé bidu dién 16 phin t |
cta B4. Khi &y ta c6 thé bidu dién maot haim Bool f:B* — B bang
cach gach chéo cdc 6 & dS f bing 1. |

Nhu vay vdn dé chinh 13 ddnh sé 16 & ciia hinh vudng tuong ing |
vOi cac phin tir ciia B4, Ta da biét cic phan tir cia B ¢ thé duoge §
x€p thit tu theo thit tu tw dién:

0000,0001,0010,0011,...,1111

Ta cé thé x&p cdc phin tit ctia B4 theo thif tie trén lan luot trén
cdc dong cia hinh vuéng 1én Tuy nhién céch nay khéng thuan tien
bang cdch clia Veitch va Karnaugh nhuwr sau:

8

L
e

1010 |1110]0110] 00105t

z 4 4
i 08 ¢ O O i s T T O 1 B0 11
-. | = 1
1001 1101 0101 0001
e A 4
1000 110(} 0100 (0000 jt_
l"""--'':—_..,\_,__,__,,_,_,.,-»._ T e =g -
] Yy ]
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O day ky hieu z chi cot & d6 bién diu tien z ldy gid tri 1, £ chi
¢ot & dé bién z ldy gid tri 0. Tuong tu cho bién thit haj 1. Céc bién
thit ba va thit tir 2, ¢ dwoe gan vdi cdc dong. Vidu & 2 dong diu bién
7 ldy gid tri 1 va 2 dong sau bién z 14y gid tri 0. Tuong tir cho bién t.
j(ﬁ.l:h biéu dién trén ctia B? rit thuan tién cho viéc bidu dién cdc don
tare. That vay ta nhan xét ring 2 6 lién ti€p nhau chi kh&c nhau
116t tharh phan, vidu 6 & dong 2 cot 2 va 6 & dong 2 cot 3 chi khac
Elhau g toanh phan diu tien: 1111 va 0111, Mat khac 6 & dong 1 cét
1 va don: 1 ¢6t 4 ciling bidu didn 2 phan tir chi khdc nhau 1 thanh
ﬁhﬁn: 1(.0 va 0010. Ta qui wdc rang cac 6 nay cung dugc xem nhur
;'E nhau ‘heo nghia rong: 2 6 dugc ndi la ké nhau theo nghia ré ng néu

i

sau khi ta cudn hinh vudng ldn theo chigu doc hay chisu ngang tao
thanh I nh tru thi 2 6 ban d&u sé trd thanh k& nhau trén hinh tru.
V3 qui udc trén ta thay rdng 2 6 k& nhau (theo nghia théng thuong
ay nzhia rong) khi va chi khi chung biéu dién 2 phin tir ctia B4 chi
khac nhau 1 thanh phin.

!  Bay gi& dé biéu dién 1 ham Bool 4 bié&n f, ta sé gach chéo cdc &
tia hinh vuéng 1én tuong ung vdi cdc diém cia B* & dS f bang 1.
Ta ndi hinh vé ay la bi€u dé Karnaugh ctia ham Bool f. Vidu nhu
lflinh ve dudi day chi biéu dd Karnaugh ctia him Bool 4 bién-

[]
&

[ =ayztVzyztV zyzt V zyst V Tyzt V Yzt

il
IR
M
L]

Nhén xét rdng ham Bool f chinh 12 ham dac trung cia tap hop
gach chéo trong biéu d6 Karnaugh. Do dé sit dung ding cu giita 2
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dai s3 Bool P(B?) va 2B* ta cé:

Meénh dB 4.4.1: Vi moi ham Bonl 4 bién f, g:

i) Biéu dd Karnaugh cta f la tap hop con ctia biéu do Karnaugh
cua g khi vachi khi f < g

ii) Bidu db Karnaugh ctia f V g (tuong dng f A g) la hgp (tuong
irng giao) cua cac biédu dd Karnaugh cia f va g

i) Bidu do Karnaugh cia f 1a phfin bu ciia biéu d6 Karnaugh cia

i
Chd y:

1. Sit dung Ménh d& 4.4.1, ta cé thé vé duoc biéu do Karnaugh
ctia mét ham Bool néu biét bang chéan tri cia nd, hoac néu biét duroc
mot cong thite bidu dién ham Bool dudi dang mot biéu thitc theo cdc
bién va cac phép toan V, A, —.

2. Nguoc lai, néu biét duoc bidu db Karnaugh cia ham Bool f, ta
c6 thé doc ngay tir d6 dang ndi r&i chinh tac: cdc tir t&i tiéu troi bai
f chinh la ham déc trung ciia mdi 6 nim trong biéu doé Karnaugh.
Hon nira, cong thite cho tir t8i tiéu nhue 1a tich cha 4 tir don duoge doc
ngay trong bidu dd Karnaugh khi xem cdc dong va cot chita 6 dang
xét: vi du nhu tir don tng véi 6 & dong 3 cot 2 la zyzt vi cde dong
- va cbt chira 6 nay la z,y, z va t.

3. Hai tir t&i tiéu ing vdi 2 6 k& nhau (theo nghia thong thudng
hoac nghia réng) chi khac nhau mét thira sé la tit don, nén ta c¢d thé
dung luat phan bo dé dat thir. s6 chung trong téng Bool cia chiing
va dugc mot don thire ¢d 3 thira s6 la tir don. Vi du nhur:

zyzt V zyzt = zyz(tvi) = zyz

¢6 bieu do Karnaugh la mét hinh chit nhat theo nghia rong gom 2 6
lien ti€p nhau 1110 va 1111.
Tong quat hon ta cé:

?'v‘lénh de 4.4.2: Bijiu db Karnaugh ciia mét don thitc ¢é dang tich
cua p(1 < p < 4) tir don la mot hinh chit nhéat (theo nghia réng) gom
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L

24-p 0, ma ta goi la cac té bao.
Vi du:

—_—

I T
I H

[
UIDA IRy | |

t e

I L [ L]

| fe-r

[T - .
[ |

gt gzt 7

]
it

Do Ménh de 4.4.1 va 4.4.2, cdc tidn db nguyén t8 clia mot ham

Bool 4 bién ¢d biéu db Karnaugh la mét té€ bao t&i dai naAm trong bidu

do Karnaugh cia f, nghia la khéng duoe bao ham thiure su bdi mot t&
bao khdc nAm trong biéu do Karnaugh cia f. Ta ndi cdc t€ bio nay
la té€ bao ldn cla bidu db Karnaugh cia f. Nhur Vay viéc tim cong
thire da thite tSi tiéu clia f dua ve viéc gidi quyét hai vin de:

® Tim t&t ca cic té bio 1dn nim trong bifu do Karnaugh cia f |

* Tim mot phép phii 67 tidu bidu di Karnau
bao Ién, nghia la mot ho L€ bao 1én cd hop 1
f sao cho khi rit bdt moét té bao 1dn trong s
phu kin biédu d5 Karnaugh ctia f. Tir dé ta

1gh cia f bang cdc t&
a biéu dd Karnaugh cia
8 dé th) ho con lai khong
duge mét thuat toan dé
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tim cong thite da thite téi tidu

Thuat toan: gom 4 birde

Budc 1: chi ra t&t ca cic t& bao 16n ctia bidu dd Karnaugh cia

T |

Sau Budce 1, ta sé phii din bidu do Karnaugh bang cac té bac 1dn
cho dén khi phu kin.

Burdc 2: néu tdn tai moét 6 chi ndm trong mot té bao lén duy
nhit, ta chon ra té bao nay dé phii. Trong phéan con lai cia biéu ds
Karnaugh, néu ¢é mot 6 chi nAm trong mot té bao Idn duy nhat, ta
chon ra té bao nay dé phu, va lap lai Bitdc 2 cho dén khi khéng con
6 nao c6 tinh chat trén.

Buwdc 3: néu cac té€ bao 16n chon trong Bude 2 da phu kin biéu
dd Karnaugh cia f ta qua thdng Budc 4. Né&u khong, chon ra mot
6 con lai. Trong s8 cac t€ bao 16n chita & nay ta chon ra mot t& bio
tuy ¥ dé thém vao phép phu, va cit tiép tuc nhu trén cho phan con lai
cho dén khi phi kin biéu do6 Karnaugh cua f ’

Budc 4: O bude nay ta da chon duoc mot so té bao 1dn phu kin
biéu do6 Karnaugh cia f. Do trong Budc 3 cé su lwa chon tuy y té
bao Idn chita moét 6, ta thudng ¢é nhigu hon mot phep pha. Trong sé
cdc phép phii nhian duoge, loai bd cdc phép phu khéng téi tiéu. Sau
cung, cidc phép pht con lai cho ta mot cong thitc da thirc cua f ma
ta con phai so sanh chiing theo DPinh nghia 4.3.1: loai bo nhitng céng
thitc ¢é mot cong thitc khac trong s6 do thuc su don gian hon no.
Cac cong thitc con lai chinh 12 céng thite da thite t8i tiéu phai tim.
Chu y:

1. Néu Budc 3 duoc bo qua thi khéng cd su lura chon tuy y. Trong
truong hgp nay ta diegec mot phép phi duy nhét tuong dng vdi cong
thite da thitc t&i tiéu duy nhét.

2. D& tién viéc xem xét, ta sé gach chéo mdi té bao lén dugc
chon cho dén khi phin gach chéo tring vd&i biéu db Karnaugh cua f.

Duong nhién hai cach chon khdc nhau sé dan dén hai qua trinh phu
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E 1

“khac nhau va cho ta hai céng thitc khdc nhau.

r Vi du 1: Xét ham J 6 biéu dd Karnaugh nhu sau:

M

Ll
1l

Bwdc 1: Bidu db Karnaugh ctia f ¢é 2 t& bao 1dn:

fim—|

Il )
il .

| =
xyz z it
Buwdc 2: 6 (3,1) ndim duy nhat trong =4z
6 (1,1) ndm duy nh&t trong 2t

Hai t&€ bao 1én nay da phu kin bidu d5 Karnaugh clia f nen ta qua
‘thdng Budc 4.

. Budc 4: Ta chl ¢d duy nh4t mot phé
thire t&i tidu duy nhét cia f:

P phi (ng vdi cong thite da

f=zgzvazygl

Chi y: sit dung coéng thitc tren dé téng hop ham Bool f bang mét
mang cic céng, ta chin

4 céng AND va 1 cdng OR (khéng ké céng
NOT) '

Vi dy 2: Xét ham f cé bidu db Karnaugh nhu sau:
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(L
I

Il

Buwdc 1: Biéu db Karnaugh ctia f ¢d 4 té bao lon:

e

1 1

[N Yl i

Ty I

L I

zzt Tyl - yzt . Yz

Burdc 2: 6 (2,4) nam trong té bao 16n duy nhat zzt
6 (4,2) nAm trong té bao 16n duy nhat zyz
Gach chéo hai t& bao 16n nay ta dugc so do sau:

RO
I
M

Con lai 8 (3,3) chua duge phu, nadm trong 2 té bao 1dn nén ta qua
Budc 3

Bude 3: 6 (3,3) nam trong 2 té€ bao ldn zyt va yzt. Chon tuy y
mdt trong hai té bao tren ta dén phua kin bién do Karnaugh cia f.

Budc 4: Ta duoc phép phit t8i Liéu tuong ing vdi hai cong thte
da thiue:

f—xyzVvzztv syt

va T zyz V rzt V yri!

Ca hai cong thitc nay deu don gian nhu nhau theo Dinh nghia
4.3.2 nén ta duge 2 cong thitc da thite téi tiéu

Chu ;,r st dung cdc cong thitc ndy dé téng hop ham f bing mot
mang cac cong, ta can 6 céng AND va 2 céng OR.
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T

I

TG

il

T

(T 11

JU

Vi du 3: Xét ham f vdi bidu dd Karnaugh sau day:

Biurde 1: Biéu dd Karnaugh clia f cé 8 té bao 1on nhir sau:

I T
i T T
Il T
) [ |
i P ]
M M
il T e
yzt Yz $zt yt

Budc 2: cic 6 (1,2) va (2,4) ndm trong cdc t& bao ldn duy nh&t
12 2z va §z tuong tng. Sau khi chon cdc té bao lon nay thi phan con
Jai clia bidu dd Karnaugh ctia f deéu c6 méi 6 nam ding trong 2 te

bao lén nén ta qua Budc 3.

MM

I

MO

I
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Budc 3: ta cé so db cdch chon cédc té bao 16n con lai dé phu kin
" bidu db Karnaugh ctia f theo cdc nhanh (cta hinh cay):
Il Chon z§: con lai 4 6 chura pha
e Chon yZt: con lai 2 6 chua phu
* Chon #zt: phu kin biéu do Karnaugh cuia f:

f=zzVgzVajVyztVizt (F1)

* Khong chon Zzt: dé phu 2 6 (4,3) va (4,4) ta budc phai chon
Tyz va yt: )
f=2zzVyzVezyVyztVvzyz Vit (F9)

e Khong chon yzt: dé phi 2 6 (3,2) va (3,3) ta bude phai chon zt
va ZyZz. Luc nay chi con lai 6 (4,4). Néu chon 3t ta sé duge mot phép
phu khong t3i tidu vi cé thé loai bdt t€ bao Ién z§ ma van con duogc
mot phép phu. Do dé ta bude phai chon z 7t

f=zzVyzVezyVetViyzVv izt (F3)
O Khong chon z§: d& phti 2 6 (3,1) va (4,1) ta budc phai chon céc

té bao 16n zt va yt. Lic nay con lai 2 6 chua pha 1a (3,3) va (4,3).

o Chon Zyz: phu kin biédu d6 Karnaugh:
f=zzVvigzVvatVviytViyz (Fa)
¢ Khong chon Zyz: dé phu 2 6 (3,3) va (4,3) ta budc phai chon cdc
t€ bao Ién yzt va z:t:

f=zzVgzVatviygtVvyzstvVv zzt (Fs)

H:u&c fl" ta c6 5 cong thite da thitc. Tuy nhién cé thé xay dung dé
dang cac don anh trong Dinh nghia 4.3.1 cho thdy céng thitc (Fy) don
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gian hon (F), (F,), (F3), (F5) ma khéng tuwong duong (don gian nhu
- nhau theo dinh nghia 4.3.2), Chéng han nhir ta og don anh:

Tz —— zz
R e
zt —— zy
gt —— yzt
Yz —— Tzt
trong d6 gt chi ¢ 2 thira s& 14 tir don trong khi yz¢ ¢6 3 thira s8 la
_tir don, nghia la (F4) thue sy don gian hon (F1). Cic don 4nh khic

‘cung dirge xay dung tuong tir. Tém lai ta chi ¢ mot cong thite da
 thite t6i tiéu duy nhét cia ham f la:

f:mzvgzvmwgw:ﬁyf

-Chi y: Sir dung céng thitec trén dé téng hop f bing mang cac cdng,
‘ta cin 6 cdng AND va 4 céng OR.

r‘TrttErnE hgp ham 3 bién:
: D6i vdi cde ham Boul 3 bién, ta sé sir dung hinh chit nhat ¢é 8 o
 dé biéu didn B3 thay vi hinh vudng 16 .

e B

] L .

z{ i | S G S (e R i 5 T 001

E{ 100 ELO YO 5809

- -
B

Yy vy y

Khi 4y dinh nghia bidu d5 Karnau gh, té bao, t€ bao ldn ha::é.n_ toan
tuong tu va ta c6 thé dp dung quy trinh 4 burde nhir trén dé tim cOng
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 thite da thitc tdi tidu.
Vi du: Xét ham Bool

f=(zVvivz)(EVFVz)(zVyVZI)

Bidu dd Karnaugh cua 3 thira sé la:

T, T
VOO O O A

cVyVz EVFVz zVyVvaz

Do dé bidu dd Karnaugh ctia f cé dang:

I
[

Budc 1: ¢é 4 té€ bao 1dn

(I L ([
) (L] Ll

zy zz Yz Uz

Bwdc 2: O (1,3) nAm trong t€ bao Ion duy nhé&t yz
O (2,4) nAm trong t€ bao lén duy nhdt gz
Chon céc t€ bao nay cho phép phu ta duge:

M
(|

Budc 3: cbn lai 6 (1,1) nAm trong 2 t€ bao 1én z§ va zz. Chon
1 trong 2 t€ bao nay ta d®u phua kin bidu db Karnaugh cua f.
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Budec 4: ta cé 2 cong thitc deu la cong thuc da thitc tdi tiéu

f = yzVvVygzVvezy
f = yzVyzvzez

Trudmng hop 5, 6 bi&n:

Déi véi ham Bool 5 bién, ta ding 2 16p hinh vuong 16 6 dé bidu
dién 32 6 ctia B®, mot 1ép ttng vdi gia tri ciia bién tht 5 v = 0 va ldp
ing végiv =1

By

'I

=2

b4

- OEE R SR I N D S A

Bidu db Ka.rnau. h ci b .

_ gh cua 1 ham Bool theo 5
Ehlf{t lap bhr{g cach gach chéo cdc 6 tron
odé f lé{,r gid tri1. O day ngoai cdc t& bio
trong méi 16p, ta ¢d cdc t& bao 1A 2 hinh ch

bién z,y, z,¢t, v dwc

1& nhing hinh chit nhgt
v nhit (t€ bao) thude 2
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I6p cé cung hinh chi€éu xudng moét mat phdng nim ngang, hay nd;i
cdch khdc, khdi chir nhat 3 chidu vdi chidu cao 2 16p va ddy la mat
té bao. BAng cich nay ta duoc cdc té€ bao la bidu db Karnaugh ciia
tich clia p(1 < p < 5) thita s6 1a tir don. T€ biao tuong ung se c 2°-p
6. Phuong phap biéu do Karnaugh dé tim cong thire da thite tdi tidy
hoan toan tuong tu vdi trudng hop 4 bién.

D& xir Iy treong hgp ham 6 bién ta sé xir dung 4 1ép 16 6 thay
vi 2 I6p. Cdc 16p ké tir trén xudng bay gid tng véi v = 1, w — 0;
v=1]l,w=1Lv=0,w=1;v=0,w =0. Phuong phdp tim céng
thitc da thiic t8i tidu cling twong tu nhung hinh vé phitc tap hon. Do
dé déi vdi truong hop nay hay trudmg hop nhigu bién hon ta sé dil ng
phuong phap "Théa thuan” dudi day.

$5 Phuong phdp thoa thuan

Nhéc lai hai bai todn chinh dé tim céng thitc da thife t&i tidu cia
médt ham Bool f:

5.1 Tim tat ca cdc tign d& nguyen té& cia f

9.2 Tim cédch bidu dién f nhu 14 téng t&i tidu ctia cdce tidn d»
nguyén to.

bé giai quyét bai todn 5.1 ta sé dung phurong phdp Théa thuan.

Dinh nghia 4.5.1: Gia sir z 1A mét trong s6 cdc bién Bool va my, m,
la hai don thic khéng chia hét cho ca z lan 3. Khi &y mym, duoc
noi la théa thugn giita hai don thi¢c Tmy va Zmo.

Chu y: Néu cé mét bi€n thit hai y sao cho m; chia hét cho y (hoac
Y) va m3 chia hét cho j (hoac y), khi &y thoa thuan mymy 1o rang
bang 0. Do dé cho trude hai don thite, ¢é 3 trudmg hop cé thé Xay

ra:

Trudng hop 1: khéng tim dugc théa thuan cla ching vi khéng

cO bién z nio nhy trong Pinh nghia 4.5.1

Trudng hgp 2: thda thuén cla chiing bang 0 vi ¢ it nh4t 2 bién

Bool théa Dinh nghia 4.5.1

Truong hop 3: chi o mét bién Bool théa Dinh nghia 4.5.1 vi
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do do thoéa thuan cia 2 don thiéc cho trudce la mét don thite (#0).
Vi du:

1. zz va yt khéng ¢é thoa thuan

2. zyz va yZt ¢é thda thuan bang 0

3. 2yz va yt cd thoa thuan 14 zz¢

Dinh ly 4.5.1: Théa thuan cda hdi don thitc luén luén duoe trsi boi
téng Bool ciia hai don thitc ay.

Ching minh: Xét 2 don thite zmy va £my vdi thoa thuan m,ms,.
Ta cé:

M1me = m;mg(z V :E) =Tmypmy V Zmyms

Suy ra:

Mime VIm VZImy = (zmym,V zmy) V (Emy V Fmam,)

= xm1 V Tms

Nghia lA mym, < zm) V Zmy
e dpem
Vi khai niém thoa thuan, ta cd pPhuong phap sau dé xdc dinh tAt
ca cdc tidn dé nguyén t8 clia mét ham Bool I
Budc 1: Viét f dudi dang mot cong thitc thu gon tuy v (dang
ndi ri chinh t4c chdng han):

f.—_mlvmgv_..k»’m,

Dat 7 = {m;,m,,...,m,}

Goi V la danh sdch cdc bién theo mot thit tuw nhat dinh nhung tuy
y.

Budc 2: Trong budc 2, ta sé cap nhat dan 7 theo titng bién
‘trong V nhur sau: ;

i) Gia sit = 14 mot bién trong YV ma ta dang xét tdi vdi 7 da dugc
cdp nhét theo cdc bién trude z. Ta phan hoach 7 thanh 3 phan (r&i
nhau): '

* A: gdm cdc don thitc chia hét cho

* B: gom cédc don thic chia hét cho z
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x C: gbm cdc don thitc khong chia hét cho z lan z.

ii) Néu A = 0 hay B =10 ta & xét bién k& tiép z. Néu khong, ta
them vao 7 tat ca cac thoa thuan clia mot don thitc thuoe A va mot
don thizc thudc B.

iii) Méi lan them mot phin tir mdi vao 7. ta phai duyét lai va
loai bdt nhung phin ti duge tréi thue su bdi mot phan tir khac (ké
* ¢ca phan tit mdi them vao).

Budc 3: Sau khi da duyet tat cA cdc bién trong V, ta co:

Pinh ly 4.5.2:Tdp hop T sau cung trong Bude 3 chinh la tap hop
tat cd cdc tién dé nguyén té cua f.

Chirng minh: Goi v la sd bi&n trong V, va m la mot tign dé nguyén L8 bat ky
cua f, ta sé chitng minh tép hop 7 sau cung sé chita m béng quy nap trén v.
Goi z la bién diu tién trong danh sach ¥ va A, B,C la cic tap hop tuong itng
nhu trong i).
Trudng hgp 1: m khong chia hét cho z 14n z. Ta co:

() (%) (-

O day ky hiéu V n dé chi téng Bool clia t4t ca cdc phan tir cia A. Cac ky

nEA
hi¢u khdc cing tiwong tu. D& y ring néu p € B thi p chia hét cho Z nén pz = 0.

Do do:
M =< (v n,a":l:) zV (V q) T
nEA gEC
Cho z = 1 ta dugc
M = (V ﬂf:i:) AY) ( q)
neA qEC

Tuang bty ta co:

Suy ra

. [ V {ﬂ!r}(m’i]] Vv ( q)
neA.peb geC
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Gia st T da dwgc cgp nhéat theo bién z nhu trong Budc 2 _Ef t1_'én. (:;:;u"]’"'
|2 tap hop con ciia T gom cac don thitc khong chia hét cho = Lﬁnﬁm. .G:;u f'la
téng Bool cia cac don thirc trong 7' xem nhu hufn B::mi theo cac ‘hlér‘l trong
V' = V\[z]. Ro rang m la mot tien de nguyén td ::un !f nrtn theo gia thi&t quy
nap, sau khi cap nhét theo bién cudi cung trong V', T' chita m. Nh.ung tap ha;rp
T' sau cung la tap hop con cua t&p hop 7 sau khi cép nhg‘t theo bz{n sa:u -::ung'
ctia V', vi trong qua trinh c&p nhat theo cac bién e¢tia V', cac don t.hu':: cua T bi
loai di ciing chinh la cdc don thite etia 7 bj loai di hoac la cac don Llim'c thJE: hé&t
cho = hoic Z. Néi tém lai ta da ching minh duge tap hgp 7 sau cung chiua m
trong trudong hgp nay.

Truatng hgp 2: m chia hét cho = hay #. Ta c6 thé gia sit m chia hét cho =
vi treémg hop m chia hét cho # dwgc chitng minh tuong tur.

Goi A,B,C la 3 tap hgp tao thanh phan hoach ctia 7 ng vdi bién = nhw
trong Birdc 2. Cho z = 1 ta durgc:

e (Yem) v (V)
(V) =)
< (v) v (ye)-r

Ung v?i moi hhm’Bool g theo cédc bié€n trong V, ta lian k&t m{t him Bool §
theo céic bién trong V' = V\[x] bling c4ch chox = 1. bat 77 = AUC. Khify
fr;_l:l:in;it BOng ﬁ?lhﬁngiﬂa T" va mot tap hgp 7 céc don thifc theo cdic bién

ng ¥V’ ong c6 philn ti ndo ciia C 12 uéc clia mot phin tif cia A
- da thic ban ddu ciia f1a rit gon). it o /£ (cOng thec
Ta c6 cdng thitc da thie mit gon:

r= (V) v (Vo)

Htfn nﬁa tuong wng g —— §, nfu thu hep trén t
dfi vdi bién sau cling, ciing la mdt song anh giira
da diuge c4p nhat theo bifn sau cung d&i vdi ham
™y # m3 thi mot trong hai don thvtc my,m, 1a
da dmf: }nl;i trong qua trinh cap nh#t.l

Ro rang v < f'. Gia s thn tai don

&p hgp 7" da dwgc cap nhat
t4p hop nay va tap hgp 7
m ', vi néu cé ni; = mi; vdi
tich cia don thitc kia va x nén
thitc m’ theo céc bién trong V' sao cho:

S m<m < fr
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Ta co:

m:mﬁl—{zm' —

)

::f'-—-“(

f

\/ z#

nEd

Do m 1a tien de nguyén td, ta cé6 m = zm’

Nhu thé theo gia thiét quy nap,

chita . Twong tiy nhy trong Truong hop 1, ta t

a8 vdi bidn cudi cing, se chira 7.
Suyrame€ T

)|

Suy ra m = m', nghia la m la tign d& nguyén td cia f'-

v

gEC

71, sau khi cap nh&t theo bién cudi cung, se

hdy tap hgp 7, sau khi cép nhéat

Cuéi cung, do cach cap nhét cac don thntc, khong don thnfc nao trong T durogc

trdi thye sy bdi mot don thite khac, nghia la cac phén t

nguyén td cua f

Vidu1l: f =zziVZtvV Jzu V io V yztv
Ta cé qud trinh ciap nhat theo cdc bién trong V = [z,y, z,t, v] nhu

sau:

Bién z: zzt Ztv  gzv
Thoa thuan:  ztv

Bién y:  yztv jzv  zzi

Ny ol

Thoa thuan:  ztv
Bién z: khéng ¢6 thoa thuan.
Bién t: ztv zzt  ziv

Wi

Th'l?]ﬁ- thuﬁ,n: Tz

v
#'”\ /EZ‘U rzt

Thoa thuan: zZv
Bién v: zZv 17 Iﬁtf

ﬁ\ /EZTJ Zv
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Cuoi cung, tap hop cdc tisn nguyén tg la

T = {zt, zt, zv, iT).

Vidu 2: f=zg§ztVzyztv Zyzt V eyzt vV zyzt

Bién z: my’it\ /x;/ft zyzZt  THzt  Fyzt
Théa thuan:  yz¢
Bién y: :Eg?zt\ ?/zt ryzt  y3t

‘Thoéa thuan: ¢
Bién z: yzt zyzt

2

Thoa thuan: Zyt
‘Bién t: Yzt Yzt Tzt Tyt

Théa thuan: zyz
Nhu vay tap hop cdc tizn ds nguyén td |4

T ={=zyz 2yt 52t yzt}.

_ Bay gitr ta xét bai todn 9.2: bidu dién ham Bool S nhar la
tien d® nguyen td. Trong phwong phdp Bidu d Karnaugh, b
bai todn phi t&i tidu ctia bidu dé Karnaugh ctia ham f bdi
mdt ho O cdc t& bio Ién sao cho-

tdng tdi tidu cia cde
ai toan tran chinh la
cac t& bao Idm. Dé la

1) n€u nit bdt mot t& bao ldn thuse @ thi ph3n con L:;t.i khéng théa i).
Do cdc 6 thusc bidu db Karnaugh clia f chinh 1a bidu db Karnaugh ciia mot
tir £8i tidu troi boi f, ta ¢é th& phdt bidu baj toan phi tdng quét nhir sau:

Bai todn pha: tim mot ho Ty cdc tien di nguyén t8 cla f sao cho:
1) méi tir t3i tidy tréi bai f duge trai bo mot tien de thuoe 7o

' i) ho 7o 1a téi tidu, nghia 13 néu rit bat mét phan tir thi phin edn lai khong
théa i).

Goi T = {oviye »p} 1a tap hop tdt ca céc tien d& nguyen t& cla f ma ta
tim dugc khi giai Bai todn 5.1.
Ta dwa vio cdc bign Bool a;,a,,..., ap va thi€t 1ap mot he phurong trinh Bool -

theo cdc bign Bool trén nhwr sau:
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Vdi méi tir#6i tidu ¢ troi bai f, goi mi,,mi,, ..., mi, la tft ca cac tidn d@
nguyan t8 cua f trdi t. Khi dy ta c6 mol phudng trinh:

a;, Vai, V...Va,, = 1

1Chu t chay khép cdc tir t&i tidu troi bai f, ta duge mot he ¢ phuong trinh

trong dé g la s8 cdc tir t&i tidu troi bai f. Giai h¢ phuong trinh Bool trén ta duge
cac nghitm la b p:

a1 = b
az = iy
ap = by

trong dé by,ba,..., by la céc gia tri c¢8 dinh bing 1 ho#c tiy ¥. Vdicac b; =1 ta’
¢é a; = 1, nghia la tidn d® nguyen t8 m; duge chon dé phu f. D& giai h¢ phuong
trinh Bool cé dang tr2n, ta thirc hign cac budc sau. A PP

Butde 1: loai bd cdc phuong trinh trung lp, néi cach khac gia sir co ha
phrong trinh co dang:

a;, Va;, V... Vag,

va aj, Vaj, V...Va;, 1

sao cho {1'1.,,‘;:,...,1:1.}{:{jx,j],...,jh} } * o

Khi £y phuong trinh thit hai la he qua ctia phwong trinh d&u va do do <o thi
dugce loai bo. .

Bude 2: Vi he phirong trinh dbng thii nghigm ding, ta th&y né tirong duong
vdi mot phuong trinh duy nh&t ¢é v trai la tich clia t&t ca cac v& trai va v& phai
bang 1 : .

Dung luat phan bg khai tridn v€ trdi va dua né vd dang mot cong thirc da
thire. -

Birdc 3: Loai bd cdc don thitc di thira, nghia la no la bgi clia mot don thite
khac. Néi cach khac dua’ v€ trdi cia phrong trinh da bign d8i & Bude 2 v dang
mot cong thite da thitc mit gon. J day hru ¥ ring cédc don thite d®u la tich cla

mot s& bi&n, khong cé thita s§ don nao 1a phin bu ciia bién. Phirong trinh tro
thanh:

|

I

mVnaV..Vn.=1
Burdc 4: cac loi giai la:

L} = 1
hﬂf 3 — 1
hay n. = 1

Mabi n; la tich ciia mot s6 bi€n, nén l&i giai twvong tng chinh la céc tién dd
nguyén té twong tng vdi bién dé.

Vi duy: trong vi du 2 & trén, ta cé 4 titn d® nguyen td my = Fzt, ma = Iyt




‘ms = yzt, mq = TYZ, va 5 tir t8i tidu t; = Tyzt, L2 = Tyzt, ts = Tyzt, t4 = ryzt,

ts = cyzt.
Ta c6 h¢ 5 phuong trinh:
[ a, = 1
a; V aa = 1
4 Gz Vas = 1
as V) a4 — 1
| G4 = 1

Phuong trinh thit hai 1a h¢ qua clia phueng trinh diu va phuong trinh thit 4
la he qua cua phuwong trinh cudi: loai bo chiing va 18y tich ta dugc phuong trinh
duy nh&t:

ai(az V aa}cu 2 |

Khai tridn ta dugc:
aiazas Vajasay = :
Do dé ta c6 hai 1o giai:
ayazay = 1

hﬂ]T ai1aszaq = 1
Noi cach khac ta ¢6 2 céng thitc da thite:

f=miVmaVmy =zztV Tyt V zyz
va f=myVmsVmy==%ztVyzitVzyz
Ca hai d2u la cong thitc da thitc td&i tidu.
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‘1. Chitng minh réng trong mét dai s6 Bool A
a) Phin b1 ctia mot phin tir la duy nhat
b) Suy ra Quy tidc De Morgan: Ve, y € A,z Vy=ZAgvazrAy=
ZVY

2. Trong dai s6 Bool A, xét quan hé thit tiw < xac dinh bdi dinh
ly 4.1.1. Chirng minh rang:

a)nfuz <ythizavVy=y

b)néuz <ythhg <z

c)néuz <yvaz<tthizAz <yAt

d)néuz <yvaz<tthisvz<yvt

3. Trong maét dai s6 Bool hay tim phin bu cia:

-

(bAc) Vv (cAd)
(bAT) v (bAa)V(aAc)

4. Trong dai sG Bool A, mét tap hop con B # @ cua .4 duoc ndi
la mot dai s6 con néu vdimoi z,y € BthizVy, zAy vaz cung la
phan tir cia B.

a) Ching minh rdng néu B 1a mot dai sd con cia A thi 0,1 ¢ B

b) Véi A = P({a,bd,c}). Hay tim tdt ci cdc dai s§ con cia A

c) Gia sir B la mét tap hgp con cha A sao cho védi moi z,y € B
thi zVy € B va 7 € B. Chitng minh rang B la mét dai s con ctia A.

?. \.A la mét dai s Bool, a € A. Tap hop tat ca phan tir troi bai |
a <o la mot dai s6 Bool khong? Né cé 1a dai s& con khoéng?

4 6. Gia sit ¢ : A — B 12 mét ddng cdu dai s6 Bool. Chitng minh
ring:

a) néu a la mot nguyén tir ctia A thi w(a) la mot nguyeén tir cua B
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b) néu S la mét dai sG con cua A thi ¢(S) la mot dai sé con clia

B

7. Goi Uzp 12 t&p hop cdc udc duong ciia 210. Trong Us g ta dinh
nghia cac phép todan V, A, — nhu sau: vdi moi z,y € Uy, thi:

zVy = BSCNN (z,y) (boisd chung nhé nh4t)
zAy = USCLN (z,y) (udc s8 chung lén nhit)
z = 210/z

Chitng minh r3ng U5 12 mot dai s6 Bool.

8. a) Xét dnh xa ¢ : Us10 = P({a,b, ¢, d})

Sao cho ¢(2) = {a}, (3) = {8}, 0(5) = {c} va p(7) = {d}.

Muén cho ¢ 13 mot ddng c&u dai s& Bool thi inh cia 35, 70, 42 1a
bao nhieu? ;

b) Cé bao nhiéu ding cdu khdc nhau tir Uz lén P({a,b, c,d}).

9. Gia st B la mét dai sé Bool va A 14 mot tap hop khac . V&
f,g € BA dinh nghia:

Vz € A; (FVg)(z) = f(z) Vg(z)

Vz € A; (f A g)(z) = f(z) A g(z)

Vz € A; f(z) = f(z)

a) Chitng minh ring B4 12 moét dai sd Bool vdi cdce phép todn tren.

b) Chitng minh rdng thit ty tuong tng tréen B4 chinh 13 thi tur
trong bai tap 27, chuong 3.

10. Gia st A, B la hai dai s6 Bool. Trén A x B dinh nghia:

(z,y)V(zt) = (zvz,yVvi)
(z,¥)A(z,t) = (zrz,yAt)
(z,9) = (7.9)

Chitng minh ring Ax B 1A mot dai sé Bool vdi cdc phép todn trén.

11. Trén dai s8 Bool A dinh nghia phép todn

a®b= (aAb)V (aAb) (x)
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a) Ching minh ring phép todn trén thoa: Va,b,c € A

(adb)dc = ad(bedc)
a®b = bpa
a0 = a
a®a = 0

anN(bdc) = (anb)®(aAc)

Nghia la (A, ®, A) 1a m6t vanh giao hodn.
b) Nguogce lai néu @ 1a mot phep toan trén A thoa cac diéu kiéen
trén thi () duoc thoa.

12. Cho trudc phin tir a ctia dai s8 Bool .A. Cé thé noi gi ve phan
tir b thoa mét trong cdc dieu kién sau:

a)aAb=0

b)avb=1

c)aAb=0vaaVvb=1

13. Trong mot dai s6 Bool A ta khao sit phuong trinh:
aVz=bh (1)

trong dé a va b 1a hai phin tit cho trude cia A va z 1a 4n.

a) Chitng minh rang diéu kién can va da dé cho (1) ¢d it nhat meot
nghiém la a < b.

b) Pat y=zVva. Ching minhrangbAy=zvabvy=1.

c) Néu z 1A mét nghi&m,' chitng minh rAng a A b < z < b. Phait
biéu va chitng minh phin dao.

d) Ching minh ring nghiém cia (1) gdbm tdt ca cdc phin tir cd
dang z = bA c vdi c > a.

e) Khao sit tuong tu cho phuong trinh a Az = b

14. Tap hop U748 ¢6 1a mot dai s8 Bool khong? Cé cdc phép toan
nao khdc dé Uy7ag trd thanh dai sé Bool khéng?

15. a) Md rong dinh nghia trong bai tap 10 cho tich cia n dai &
Bool Al bt .A'-lz % s el
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b) Pacbist véi Ay =A2=... = An = B = {0,1} hay xa:: dinh
thi tu tuong ung vdi c&u tric dai s6 Bool tren B™. Chitng minh rang
moi dai s& Bool c¢é n nguyén tir deu dang c&u vdi B" |

" 16. Gia sit z |12 mot phin tt b4t k¥ ciia dai s Bool c6 n nguyén
tit. Goi d(z) 12 8 dinh t&i thidu cin phai di qua dé di tir 0 dén z doc
theo cdc mii tén ctua bidu dd Hasse (d(0) = 0).

a) Tinh d(a) khi a 13 mdt nguyen tu
b) Chitng minh rdng vdi z,y tuy y ta co:

d(zVy) = d(z) +d(y) - d(z A y)

'17. Tim gid trj cia cdc ham Bool dudi day khi cac bién z,y,z va
t 14y cdc gid tri 1,1,0 va 0:

a) TYV £ b) tV Ty
c)tzVyVyz d) tzVzyVyz
e) (tzvyzZ) VIgV.(tVy)(ZVy)

18. Tim t&t ca cac gid tri cia y va z dé cdc bidu thitc dudi day
ludn ludn 18y gid tri 1 biét rAng z = 1:
a)zVzyVzb)zyVzc)zTyVezzd)ZyVz
19. Tim tir t&i tiu theo 4 bién z,v, z,t bi&t rang né 14y gid trj 1
tai:
ale=t=0 y=z2=1 ble=gyg=1, se=igay
cJz=y=z=1,1t=0 d)e=y=z=t=10

# 20. a) Cé bao nhi2u ham Bool 6 bién 1€y gia tri 1 tai cdc didm cé
ding hai thanh phin ¢é gi4 tri 1 (tai cdc didm khdc ham Bool c¢é thé
bing 0 hay 1)

b) Cé bao nhizu him Bool 6 bién 18y gid tri 1 tai cdc didm cé it

nhat 2 thanh phin ¢é gid tri 1 (tai cdc didém khéc him Bool <& thé
bang 0 hay 1)
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. '

c) Cé bao nhieu ham Bool theo 6 bién khéng phu thudc bién thi
nhdt. Cé bao nhieu ham khong phu thudc 3 bién dau tien.

21. Tim cac ham Bdol theo 2 bién sao cho:

f(z,y) = fv,z) Vz,y

22. Xac dinh t&t ca cac ham Bool theo 3 bién sao cho:

f(z,y,2) = f(y,2,2) Vz,9,2
(Hudng dan: lap bang chan tri)

23. Xac dinh cdc ham Bool theo 3 bién biét ridng ndé khong thay
doi gid tri néu ta hodn vi 2 bién bit ky? Cau hoi turong tu cho ham
Bool 4 bién

(Hudng dan: lap bang chan tri)

24. Ton tai hay khong mot ham Bool 3 bién khdc 0 biét radng nd
dugce thay bang phin bui néu ta hodn vi 2 bién bat ky? Cau hoi tuong
tu cho ham Bool n bién

25. Mot ham Bool n bién f duge ndi la haim chdn néu

r
——

f(E_l-’m21""1_i_“) == f(mlirﬂl"‘:Eﬂ)rwx111‘2:"'!m

Ti

Co bao nhigu ham chén theo n bién? Xac dinh cdc ham nay khi
=2

26. Mot ham Bool n bién f duge ndi la ham [€ néu

f{ﬁ-iﬂi*"if;) : ?(I;,mz,...,;t:n},"i.‘l’:rl,rg,...,;t:"

Cé6 bao nhigu ham 1é theo n bi&n? Xac dinh cdc ham nay khi
i — 2

27. a) Ching minh rang moi ham Bool f theo n bign ddu duoe
viét dudi dang: :

@122 2n) = (21 (120, 2)] V [ZT£(0, 2., 2,)]
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b) St dung hé thitc trén dé xay ding mot song anh gitta F,, x F,,
va Fny1. Ap dung dé tim lai s6 phin ti cia F,

¢) Sur dung heé thic trén dé ching minh lai sir tbn tai cua dang ndi
'rdi chinh téc.

28. Gid sit f 12 tich ciia p tir don phan bist

a) Trong dang nédi r&i chinh tic cia J/ c¢6 bao nhiéu tir t&i tidu
xudt hién

b) c6 bao nhidu ham Bool troi f

29. Tim dang ndi roi chinh tdc cta cdc him Bool f theo 4 bién
biét ring f thda mot trong hai digu kién:
a) f~1(1) = {0101, 0119, 1000, 1011}
b) £~1(0) = {0000, 0001, 0010, 0100, 1000, 1001, 0110}
day ta viét 0101 thay vi (0, 1,0, 1) dé chi phan tir ctia B4
\

30. Tim dang néi r&i chinh téc ctia cdc ham Bool theo 3 bién:

a) zy V Tz b) z(y v T):2
c)zyVyzVez d) zy(z V Ty)

e) zyzVzz f) [z(yvz)vE]Vvy
g) (zVyz)(ZV yz) h) z(yvzz)vz

) (#Vyz)(zV2z)(zVay) ) (ZVyz)@V22)(zV zy)

31. Tim dang n6i r&i chinh tic cita hAm Bool theo 4 bién:

a) (zy V zt)(z V z)(zz V yt)(zt v yz)

b) zyz vV gzt V 2if[(z V y)(z V vizvz)(yve)Vv[(zvVv t)(yV z)]
c) (2zVYZV zl)eytVyz Vzt V iz

32. Mot bai thi ¢é 4 cau A, B,C,D vdi s6 didm tdi da 8.5,4.3.
Néu tra 1 ding mét cau, sinh vién duroc diém t&i da, tra loi sai dugc
0 diém. Mudn dat sinh vien phai dugc 10 diém trd len. Ta lien két
vGi cdc cau 4 bién Bool g, b,c,d va mot ham Bool f(a,b,c,d) 14y gid

tri 1 néu sinh vien dat va bAng 0 néu sinh vien khéng dat. Hay tim
dang ndi rdi chinh t4c ctia haim ¥
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33. Hay vé mang sir dung cac cdng NOT, AND, OR dé téng hop
ham Bool -

a) (ZVy)(zVy)(zZVy) b)zzVyzVvz
c) (zVvVzZ)(yVI)Z d)zVvy(zVz)

34. Hay téng hop phép todn V ma chi sit dung cdng AND va cdng
NOT

35. Hay tdng hop cdc cédng AND, OR, NOT ma chi sit dung cong
NOR

36. Viét ra bidu thitc ctia ham f tédng hop bdi mang cdc cong dudi |
day:

: (rylvz
>b—jl‘—* L;ipLUH)vilht

4 :(1 VY az A > V[((mg)vi)ﬂ%)] 2 @
37. Hay vé mot mach chi ¢é cédng NOR tong hgp ham Bool theo

4 bién f sao cho f 14y gid tri 1 khi va chi khi s8 bién 14y gia tri 1 la|
| s6 chdn. Tuong tu ddi véi cdng NAND.
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58'.‘ Tim cong thitc da thire téi tidu clia cac ham Bool ¢é bidu do
Karnaugh dudi day:

(DO I I

AL AT | OO
IO O

I I
a) b) c)

T
LD T AN T M

AT T R T Il

T I
d) e) f)

39. Tim cong thitc da thitc tdi tiéu ctia cdc ham sau:
a) Z(zg V yt) V y(zz V z2)

b) zyzt v gV 2zt v yzt

c) Y(zt VZL) V y(zT V zzt) V Z2t

d) zyztVzyVzzZVyzV zy(z Vi)

e) ZtV zyt V Tyz V 5zt V z gzt V jzt

f) @vi)(zVvz)(yvi)(yVz)

8) ¥y Vz)VE(z Vy)V zyz

h) yt(z VvV Z) v Z(FF Vv 112) V Xzt

1) YtV zyZ V Tye Vaclyrd v zyzt

g ——

40.' Tim cdc cong thite da thize tdi tidu clia ham Bool f dudi day.
Cho biét s8 céng dé thidt k& cdc mang t&i wu téng hop f

‘ a) f 12 hAm Bool 3 bidn va ldy gid tri 1 khi v chi khi cé ding 2
bi€n 14y gid tri 1

b) f 13 him Bool 3 bién va 18y gia tri 1 khi va chi khi ¢é it nhA&t
2 bién 14y gid tri 1
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L] - - ¥ lﬁ:y
1 tri i va chi khi sd bién
Bool 4 bién va lay gia tri 1 khi va chi
¢) f la ham ool ]
gia t1]'i 1 13 mot s3d le.
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Giai ddp mot s3 bai tap
Chuong 1
1. Cdc ménh de la:

a) c) f)

2. a)PAQ b)-PAQ c¢) Pv(-QA-P) d) P— -Q
E) (P.i"'\ ‘-IQ}V (*ﬁ.F'ﬂ —1Q)

3. a.)PhHh—nQ h)PﬂQﬂ'ﬂ(QﬂR) C) "r(Rﬁ'—tP)
d) -[(RVQ)A-P] e)-QA-RAP |

12. b) c) e) f)

13. a) b) d) . ) h)

14. a) Dé dang menh d& di cho lay chan tri 1, hai dang ménh dé
sau can l&y chan tri 1:

(mgVr)A—s, va-s— —p

Nghia la —s, —=r, va —¢ V 7 phai 1ay chan tri 1.
Tém lai ta phai chon: p = 1, g=0,r=0vaAs=0.

b) Do —r A p ¢6 chan tri 0 ta suy ra —s cé chan tri 0, nghia 1a s
co chén tri 1. Trong truong hop ndy ¢ va » ¢é chan tri- tuy y.

15. Dang ménh de& da cho la:

a) Mau thudn b), c) Tuy y d) Hang ding

17. a) Thay thé pV ¢ bdi s ta cin chitng minh dang menh da
1 (s =7) & (-r 5 —s) 12 hang ding. '

Do Qui t4c thay th& thit nhat, dang menh 4
| logic vdi:  dang menh de trén tuong duong

("15"»-"'?‘) 3 (':-""'n..-" —ss;'l & 1

b) Th s : X
4 ha)ng d:iu@ e bm_“ ta can ching minh dang menh d@ sau

[uV (s At)] & [{uv SN (uvi))
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Pay chinh la luat phan bé. '
22. a)Sai b) Ding, Phuong phdp phu dinh
c) Sai d) Piing, Tam doan luan
20. a),b)p=1,4=17r=15=0
30. a) Phép suy luén ¢6 dang:

(phg) =7
T - &
15
‘-!PV —q

St ci;gng Tam doan luan va Phuong phdap Pha dinh.
b) Phép suy luan cé dang:

p =g

T — 5
(sAg) — (pAL)

t — —p
_'ITV_1P

Dung phép Phan chung.
c) Phép suy luén cé dang:

P =+ 4
™ —3 8
(gvs) —t
=L .
=D NP

Dung Phuong phap Phu dinh 3 lan.

34. a) Sai b) Ding <c¢) Ding d) Ding: chon z =1

e) Sai: chon z = 0.
|

37. a) Ding: néu thay z boi phan tit thy y sao cho p(z) ding thi
=2 hayz =3. Khidé z > 0.

b) Sai: chon z = 5 thi p(5) diing va —r(5) sal.

c) Ding: chon = = 0 thi ¢(0) sai nén g(0) — 7(0) diing.

d) Diing: chon z = 0 thi p(0) sai nén p(0) — —7(0) diing.

38. a) Sai b) Diing ¢) biing d) Ding
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e) Cho y tuy ¥, chon = = y thi p(z,y) ding

f) Sai vi ¢é phu dinh ding la:Vy3z, —p(z,y). That vay cho y thy
¥, chon z = y + 1 thi -p(z,y) dung.

g) Dung h) Dung

39. a) Sai: chon z = —1 va y = 0 thi 2? > y? nhung z < y. Phi
dinh da cho dugc viét ding.
b) Ding. Phua dinh da cho duge viét diing.
c) Ding: 1.3 = 3 1a s8 1&. Phi dinh dugc viét khéng chinh xic.
Phu dinh ding la: tich cta hai sd 1é b4t ky 14 sd chéin.
~ d) Ding. Phii dinh dugc viét khong chinh xdc. Phi dinh dung la:
tdn tai s8 hitu ti cé binh phuong 14 s8 vo ti.

40. a) Tdu tai sd nguyén n sao cho z chia hét cho 2 va n 1 s&
chin.

b) Ton tai s3 nguyén chin cé binh phuong I4 s8 1é.

c) Thn tai cic sé nguyén k,m,nsaochok—-m, m—-nvak—nla
sd 1é.

d) Ton tai s8 thuc z sao cho 22 > 16 va -4 < z < 4.

e) T®n tai s8 thuc z sao cho |z — 3| < 7 trong khi z < —4 hay
z > 10.

41. a) Vz,(p(z) V 4(z)) ¢ Vz,-p(z) A ~q(z).

b) 3z, ~(p(z) A ~¢(z)) < 3z,-p(z) V q(z) < Tz, p(z) — g(z).

c) 3z, (p(z) = ¢q(=)) < Jz, = (=p(z) V q(2)) < 3z,p(z) A —g(z).

d) Vz,(p(z) V ¢(2)) A —p(z) & Vz,q(z) A -p(z).

43. a) Ju Vz, zu = z.

b)Vz 32, z 4+ 2' =0

c) Vz,(z # 0) — (3z', zz' = 15 .

d) Trong Z b) vin nhu trén trong khi dé c) phai duoc thay bdi -
vz, (lz] =1) - (32',z2' = 1).

44. a)Vz e R, ((z #0) - 2’ : z2’ = 1}
Néu R dugc hidu ngim thi ménh d® trén cé thé viét

Ve #0,3z' : zz' = 1)
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b}‘#m_ERVHERHIEER: z=zZ+Y
c)Ve 3ly: y=3z+7

45. Vz 3ly, y = —2z diing trong khi 3lyVz, y = —2z sai.

That vay ta chi cin kiém tra JyVz, y = —2z sai hay Vy3z, y #
—2z ding. Mudn vay, ta cho y = b tuy y va chon z = .,,,g, + 1 thi
b= -2z+2 % —-2z.

Vi két qua trén thi a) sai va b) ding.

46. Chon z = 0, y = 0, z = 2 thi p(z, y) va p(z, z) ding trong khi
y # z. Nhu vay Vz3ily p(z, v) sai.

Trong khi dé véi y = b tuy ¥, chon z = b+ 1 thi p(z,b) sai nén

AyVz, p(z,y) sai. Suy ra I'yVz, p(z,y) cling sai. Tir d6 ta thay ca
hai két luan a) va b) deu diing.

47. Vai tap hop vii tru i/ = {1,2} thi ménh de "3!z, = > 1” dung
trong khi v "1 &/ = {1,2,3} thi ménh dé trén sai. |
]

'49. a) Ding. Qui tac dac biet héa phé dung va Phuong phdp
khang dinh da duoc sir dung.
b) Sai. Co thé ong Binh da déng thué nhung van khong la cong
dan tot (hay vi pham luat di dudng chdng han!).
c) Sai. Cé thé Ha khong quan tam dén méi truedng nhung vin dé
riéng cdc tii nhya bd di (dé gildp ngudi dd rdc chdng han!). ,
d) Sai. Cé thé Minh khong nép bai chuwa lam xong vi khong chiu
lam bai (va do dé khéng phai la sinh vien nghiem tic)
50. a), b) hién nhién.

¢) Sit dung Qui tdc dac biet hda phd dung, Qui tdc téng qudt hda
phd dung va Phép chitng minh theo treong hop.
d) Xét 2 vi tir trén Z:
p(z): "z > Q"
@) vz <o

Khi &y “Vx,p(x) Vg(x)” dang trong khi ca “Vx,p(x)” va “Vx,q(x)”
déu sai.

54. Suy luan sai ngay trong budc qui nap diu tién: p(1) — p(2).
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55. Gid sir 3 s4 lién ti€p bat ky co téng < 38. Khi ay ta cd:
3{l+2+...+25) < 25.38
nghia la 25.39 - < 25.38: mau thuan. -

56. a) Suy ra dé dang tir nguyén ly qui nap.
b) Can ching minh bing qui nap bat ding thitc phu:
néun>2thi2n+1 < 27 i

~ ¢) Can chiing minh bang qui nap 2 bat ding thic phu:

néun >5thi6n+10 < 2n
vanéun > 6thi 3n2 4+ 3n+41 < 2

57. Gia sur

; ﬁ:—i—l 2
1424 ... 4+ k= — 2}
2
Khi dy
k4 3)? k+1+ 1)2
1+?+*--+k"i"1'::'(— 22]"1—;61‘1::_[ ——— 21_ 2)

Tuy nhién 5(1) da sai nén khéng dp dung nguyén ly qui nap duoc.
58. Coéng thitc can chitng minh la
[712+1)+(?12+2)+..-+(n+1)2=713+(n+1)3 vdin >0

Gia st cong thitc trén diing véi n = k. Ta ¢

(41 + 1)+ ((k+1)°+2) + ...+ (k+2) = .

(K + 2k 41 + 1) + (k2 +2k+142)4+ ...+ (A + 2k + 1 + 2k + 1)4

((k+1)% + 2k +2) + ((k + 1)® + 2k + 3) =

{k"+1]+(1:2+2}+..‘+{1:+1}"+{2k+1].(2k+1]+2{k+1]"‘+4k+5=
(k+1) + & +6k* + 12k + 8 = (k + 1) + (k + 2)°

Chu’dng 2

1. Bon tap hop bing nhau. Tuy nhién 3 cdch viét sau I-:'h'ﬁng hgp
l& vi c6 nhitng phian tir duoc ké 2 15n trong tap hop. '

2.a)Ding  b)Ding  ¢) Dingdoa)  d) Ding do b)
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~E] Sai. Ta phai viét {{2}} C A. f) Sai. Ta phai viét {2} € A

3.a) Sai. b), c), d) Dung.

5 10 26 50 {111111}
4. a) {0,2} b) {2,51 35" ?}‘3} 2'12' 30’ 56’ 90’ 132

5. a) b) ¢) e) ding. d) va f) sal.
7. Chi ¢é d) khdc @ vi phuong trinh tuong ng c6 nghiém.

8. a) {1,2,3,5} b) A c¢) vad) U\{2}
e) {4,8} f){1,2,3,4,5,8} g)® h) {1} i) {1,3,4,58]

9. a) c) d) Ding. b) e) f) Sai.
10.a) E b) B ¢) D d) D fyEe) A= {2n+1/n € Z}
C

12. a) Sai,chon U # @ tuy y va A = =0, B=U
b) Sai,chon ¥ #PtuyyvaA=0, B=C=U
c) Duing. Ta co:

(ANB)u(CNB) = (AUC)NB = (BUC)NB = (BNB)U(CNB) = CNB
SuyraANBCAN(CNB)=ANCNB=BNCNB=4§
Do 11.d) AC B. Tuong tutacé B C A. Nghiala A = B.

13. a) Sai. Chon A = {1}, B = {2}. b) Dung.

15.a) AN(BNA)=(ANA)NB=20

b) (ANB)U(ANBNCND)U(ANB) = B.

c) AUBU(ANBNC)=ANnBnNnC

d) Ti_ip_hql:i da chobdng ANBNCND

21. a) fog(z)=3z—1vago f(z) =3z —3

ho g(z) = h(3z) = h(z); go h(z) = 0 néu z chin

3 néu z le
fogoh(z)=3h(z)-1

b) f3(z) = z — —
hl i g:)ha :_ hzzf__fa(z) e

3; 5’2(2) = 9z, g3(z) = 27z
h. Bang qui nap A!% = h
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22. f2(A) f(Tﬂ(SUA)):Tﬁ(SU(Tﬁ(SUA}]).

(TN(SUT)N(SUA)=TN(SUA) = f(A)

23. a) f la song 4anh. Anh xa nguoc f~': R — R cho bdi
fllyy=y-7 =

b) f(1) = f(—3) = 0 nén f khong don anh.

c) Ham s6 f tahg ngat trén [4,9] nen f 1a don dnh. Mat khic
f([4,9])) C [21,96]. Hon nita véi y € (21, 96] thi phuong trinh z2 +
2z — 3 =y cé nghigm duy nh&t 1A z = —1 + /4 F 3. Do dé f 1A song
anh vdi dnh xa nguge 1a f~1(y) = —1 + Va+ .

d) f 1a song 4nh. Anh xa nguoc:

ynéuy > 0
fl(y}={ y

—néuwy < 5H
5 Yy

1}

e) flasong dnh. f~1(y)=In(y) -1,y ¢ (0, +00).

f) f 1a don 4nh nhung f khong toin dnh vi 1 ¢ f(A).

27. a) f~1(~10) = =3, £<}(0) = 7, f-1(2) = 1, £-1(6) = 5.
b) f=1([-5,-1]) = [2,6]

F7H[=2,4) = F71([=2,0)) U £-1((0,3)) U £-1([3,4]) = (—1,7]

28. a) Chu ¥ rdng f la mot song 4nh giita Z+ — 11520 .03 i

tap hop cdc sé nguyen tiyt nhign 1é, cung nhu 13 mét song dnh gira

Z-U{0} ={...,—2,—1,0} vi tap hop cdc s8 nguyén tur nhién chin.
Suy ra f la mét song anh giita Z va IN.
I e Beatian i
i u y la sd nguyen tu nhién lé
b) [~ly)=4{ 2

—— ==

> néu y 14 s8 nguyeén tu nhien chin

29. ) f(z) = 1(2) = 9(f(2)) = 9(f(s") = = = "
. b) Do g o f toan 4nh nén cho = € C tuy ¥, sé tdn tai z € 4 sao
0zX=

go f(z) = g(y) véi y = f(z) € B. Didu nay ching td g toan
anh.

c) (go f)~t=f-log!
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néu z la sd nguyén tyu nhién chan

oo | W

g(z) =14 =

L

1

néu z la sd nguyén tu nhién lé

30. a) f(r) =n=*x1 nén n va f(n) khac tinh chan le.

b) Gia st f(m) = f(n). Khi & m va n cung tinh chén lé nen
(-1)™ = (—-1)". Suyram =n: fla don anh.

) f2(n) = f(n) + (~1)/() = n 4 (~1)" = (-1)" =n, Vn € Z

Nhu vay f la song anh va f~! = f.

d) Tacé n= f~1(365) = f(365) = 365 + (—1)°%° = 364.

31. 1) Giast m +n < m'+n’. Khi ay

_ (mm(mtntd)
"z 2
(m' +n' — 1)2{1?1 + n' + 2) 2 Ui )

f(m +n)

<

Tuong tu néu m'+n' < m+n thi f(m'+n') < f(m,n). Mat khde
ntum+—+n=m'+n' va f(m,n) = f(m',n') thin=n' va m = m’,
Tém lai f 1a don dnh.

i) DPat A= f(N xN). Tacd 0= f(0,0) € A

Mat khdc, giasttk = f(m,n). Khidy k+1 = f(m —1,n+ 1) néu

m>0vak+1= f(n+1,0) néu m = 0. Suy ra f(IN x N) = N theo
Nguyén ly qui nap.

33. a) ( 150 ) — 252, b) : = 35

10 9 8
o _ » -
| 34: a) Bc’i chinh la cdc tap hop cé dang AU B véi A 1a 1.tap con
# 0 cha {2,4,6,8,10} va B C {1,3,5,7.9, 11}. Do dé theo Nguyén ly
nhan s6 tap hop nay la: (25 — 1)2¢
b) Tuong ti nhur trén, sd tap hgp con cdé dang nay la 26(26 — 1),
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B ‘¢) Tong qudt hda: néu M la 1 tap hop sé chan cé m p1h‘ﬁn tur 1.;-::
N 12 mét tap hop s8 1é ¢cé n phan tir thi s8 tap hop con ecua M U
chita it nh&t 1 s6 chén la: (2™ — 1)2"

1

35. n=20
88, Vist AUBUC ={AU B)UC rbdi ap dung 2.3.1.
 39. a) S8 nhan hiéu thoa it nhdt 2 tinh nang la:

(ANB)U(BNC)U(ANC)|=|ANB|+|BNC|+|ANC| = 4

S6 nhan hiéu thoa it nhdt 1 tinh nang la:

JAUBUC| =18—-4 = 14

Do dé s6 nhan hiéu théa ding 1 tinh nang la 10.
b) S6 nhan hiéu khéng thoa tinh nang nao 1a 15 — 14 = 1.

T 7 ?
i O 208 s e
40. a) 27 - 2 =126; 27 — 9 (1) (h) 112

B grisgaim g n

[
41 n n—nj Tln St L.
A y) = B nylny!. . . n!

44. Goi A, B,C 1a tap hop cédc sinh vien lam thi nghiem thi
nh&t, thit hai va thi¢ ba tirong ng. Daicte A oy pcs 16,

1Bl =21-7=14,|C| =21 -6 = 15. Ap dung 38. ta dugce

[AﬁBj+|BﬁC‘|+|AﬂC[ = 33

S8 sinh vién 1am {t nh4t haj thi nghiem la:

|{AﬁB)u{BﬂC)u(Ar_jC)| =33-3|ANBNC|+|4An BNC| =15
Do dd ed 21 <15 = § sinh vien chi lam dwoc 1 thi nghiém.

Gi mky tye N (di ngang) chon
N va L (di len). Do dé s& céc

45. Méi dudng di duge xac dinh b
trong moét diy gom cé m + n ky tu
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-

duong di khac nhau la
min ) [ mTR
L e TL
10+4—-1 i 13 _ 986
w (20 )=(3)
104+5—-1 4l _ 1001

b) Chia cho dita tré 1én nhét 2 hon bi, con lai chia cho 5 dira:

84+5—-1 : 12 — 495
5-—1 4

¢) Chia 5 hon bi con lai cho 5 dira:

54+5—1 = 9 — 126
b—1 4

48. a) Cho vao mdi hop 1 vat, con lai r — n vat chia cho n hop:
r—n+n-1 ki3 r—1
n—1 3 n-—1
r—1

49. a) D4y la s nghiém > 0 ctia phuong trinh y; +y2 +ya+y4 = 8

8+4-1) (11 _
(1147)+(3)-

b) Chi ¢6 1 nghitm: z) = 25 = 23 = z4 = 8
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c¢) Chinh la s6 nghiém ctia phuong trinh y; + y» -+ Y3 +y4 = 28 VJi
Vi1, Y2,Y3 E Dr 0 E Y4 E 24:

N\ . !
(3)-(3) e

o day ( g ) chi’nhlhsﬁnghiémgﬂcﬁayl+yz+y3+y4:3

50. a) Theo Nguyen 1y nhan, s3 cdc s6 hang ¢6 dang z(2y)%(32)3¢

#(2)+(5) -

Do dd he s8 ciia zy?23t 14 420 x 22 x 3% = 15120

b) S8 s8 hang ¢é dang z%1y®2zastauyas 13 58 nghiém cua phuong
trinh a1 + a3 + ag + a4 + as =7, viia; N, 1<i<5:

74+56-1.% [f11Y
(1357%) = (%)

81 - < T
53. a) (2)—23,[1) (4)-—70,(:) ( 6 ) == 28
d) Day ciing 1a s8 byte ¢S nhidu nh&t 2 bit 0-

o)+ (3)+(2)=w

15
55. .a) ( 9 ) = 105, b) ( 235 ) = 2300, ( 245 ) = 12650

56. a) [ ™ ) _n(n—1)(n-2)
3 : 6
: b) Cé n tam gidc cé chung 2 canh vdi da gidc d®u va n(n — 4). tam
gidc cé chung 1 canh véi da giac d®u. Do dé s8 tam gidc khong of

%

la:
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canh chung la:

n(n - 1)(n - 2)

e T~ nn—4)—n=—(n? —9n + 20)

| 3
o

59. a) (1 +2)" = 3n
b) (1+5':"-u""..)":1

c)ZI.(n_z}sn,Z( ) =

i=0 N ﬂ.l
b
-1) . 1
T ) T TR = —(1=1)"=0
| ; i(n—1)!  n! EJ( ) 1' n,!( )
60. Gia sir mdi cita ¢d it hon [1

i
“ bo cau. Khi dy ta cé:

n

([m m B

m < n ([—*] — 1) < n— = m: méu thuin
n n

61. a) It nhdt 7 lan: Nguyen ly chuéng bé cau.

b) Goi m la s8 lan tung. Do 60. ta cin cé: {%-‘ >3

Do do gia tri nho nhit cia m 14 13.
c) 6(n—1)+1

63. a) Ta chon 10 cira chudng bb cau: [1,2),[2,3),..., 19,10), {10}.
Do Nguyeén ly chudng bo cau cd 2 phian tir £ # y c¢é can bac 2 cling
thuéc mét tap hop, nghia la: 0 < | /z — VI <1

b) Cho trudc 1 56" nguyén k > 0. Trong n + 1 phdn tv khdc nhau
cia {1,2,...,n*}, cd it nhdl 2 phdn tit z,y sao cho: 0 < | ¥z — ¥y| <
1

64. Ve 9 tam gidc déu co cdc canh song song vdi cdc canh ciia tam
gidc deu dt"’i cho va dinh chon trong s8 3 dinh, 6 diém chia cdc canh
theo ti s8 3 va tam cua tam giac déeu. Theo Nguyén ly chudng b?ji
cau, co it nhit 2 trong s6 10 diem da cho thuéc vé cuing mot tam giac

o 1 s # 1 v 1 . I .
déu nho. Khoang cdch cia ching < B DAau = chi xay ra dé&i vdi hai
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dinh ctia m6t tam gidac déu nhoé. Tuy nhién chi cé mét dinh duy nh4t
nim bén trong tam gidc déu da cho.

Clhiuong 3

1. a) z=0,(y,2,t) € Ay x Az x A4 thy ¥: c6 4.7 = 196 bo 4
z#0tay ¥, z=0,(y,t) € Ay x A4 tity ¥: c642.7=112bo 4 3
:#Dtﬁ}'}?,yti‘ly}'r,zgég_thjr}’r,t:[}: c6 4%2.6 = 96 bo 4
Vay |[R1| =196 + 112 4+ 96 = 404
b)z#Otuy ¥, ytuy ¥, z#0thy y vat < 0 tuy y. »
Vay |R2| = 42.6.3 = 288
2. a) |A x Bi =32 = 9, b) 2lAxB| _ 99 _ 512, C) olAxA| — 512
d) DG la s6 tap hop con clia A x BA{(1,2),(1;5)} =27 = 128

9

e) Do la sG tap hop con 5 phan tir cia 4 x B: g I 126

ORORORY

3. 2MIIBl = 4096 = 212 = 3|A| =12 = |A| = 4

4. a) Quan h¢ ham: f: R R, f(z) =22+ 7

b) Quan he ham: f: R - R, f(y) = 32

c) Quan he ham: f: R — R, f(z) =3z+1hayg: R 5 R,

I =d _
9(y) = =5
d) Khoéng phai 14 quan hé ham .
e) Quan hée ham: f : [0,1] - j0,1], fle) = 1 = a2 e

i

[0,1] = [0,1}, g(v) = \/1 - 2 = f "L (y) = F(y)
. a)my(R) =[0,+), 7p(R)=R

B} wa(i) = R, mp(R) = (-1, 1]

c) Ta(R) = [-1, 1}, .7B(R) = —-1,1]

6. a) Quan hé tren A5 x Ay % As trong dé dong 2 va 3 ddng nhit | :
nén loai bét 1 va dong 5 va 6 d6ng nhit nén loai bdt 1.
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b) A; hodc Az deu cé thé dung lam khda chinh.

7. a) Quan hé chi&u len A; x A, gbm 2 cot dau va da 6 dong.
Quan he chidu len Az x A4 x As gom 3 cot cuél va du 6 dong.

b) Khong ¢é khda chinh vi mdi cot deu cé gia tri lap lai.

C) 44.; X A:, A] > Ag, Ag X Ag, Ag 4 Aﬁ, Ag X AE.

8. a) ® = {(1,1),(2,2), (3,3), (4,4), (1,2), (2, 1), (2,3),(3,2)}
b) R = {[1*1},(212)1(3,3)1(4,4),(1&),(2,1%(213)1(1,3)}
&) R = {(1,1),(2,2),(1,2), (2,1)}

9. a) Phan xa, d6i xing, bdc cau. Tuy nhién khéng phan xiung
trir truong hop C = E.

b), e), f), g) Phan xa, d8i xitng, bac cau nhung khéng phan xitng.

¢) Péi xitng nhung khéng c¢é 3 tinh chat kia.

d) Phan xa, phan xiing, bdc cau nhung khong déi xaitng.

L. AR = R.

b) R = R* khi va chi khi R déi xiung.

¢) R béc ciu, phan xitng khi va chi khi R* bac cau, phan xing.
Theo b) néu R déi xitng thi R* = R clng dd&i xung.

12. a) |A x A| = 16, |[A4| = 4 nén s8 quan hé phan xa la: PR
4096

b) Goi 7 = {(3,7)/1 i < j < 4}. V61 S C TU Ay thi SU

{(a,b)/(b,a) € 8} 14 1 quan hé d&i xitng va nguogc lai. Do dé s6 quan
he ddi xitng 14 27Y44 = 210 = 1024,

c) Mot quan hé phan xa va d&i xing xdc dinh duy nhat bdi tap
hop S C 7 nén s8 quan hé phan xa va dé&i xitng 1a 271 = 26 = 64,

d) Gid sit R phan xing, dat & = RN Ay, S = RN T va
S3 = R*NT: o rang R duge xac dinh duy nhédt boi §;, S va Ss.

6
Do d6 s6 cdc quan he phan xitng 1a: 24 Z ( E ) 26—k — 11.664.
L4 bl # k:ﬂ
e) D6 1a cdc quan he R C A4: ¢b 24 = 16 quan he.
f) Quan hé duy nhit la R = Ay4.

- 13. Ta viét A = {a,a,,...,a,}. Pat T = {(ai,a;)/i < j}. Ta
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n(n— 1)

fi'igcé.t: tap con &1, S va S3. R la téi dai khi va chi khi
S

n—1 + 1
1U$3:T,nghia!é!?2!—n( 2 }+n.-.—”(“2 )
I.r n _.._Lﬂ n.._....l.l
Hon nita s6 quan hé nhu vay chinh la 277 .

. Tuong tu nhu trén, moi quan hé phan xitng R

co |T| =
tirong @ng

v
Si — AA va

14. a) Tryc tiép tut dinh nghia.

b) (1] ={1,2} = [2], [3] = {3}.

c) (4] = {4,5} = [5] va [6] = {6}. Do do ta c6 phan hoach ciua A
thanh cac lop tuong duwong: A = {1,2} U {3} U {4,5} U {6}.

15. Ngoai dudng chéo chinh A4, R con chita cdc cap {1,2}, {2,1},
{3,4}, {4,3}.

16. Ta co (1,2) va (2,3) € R nhung (1,3) ¢ R nén R khéng phai
la quan hé tuong duong.

17. a) Hién nhién.

b) [(z,y)] = {(=,t)/t € R}. Ddy chinh 14 duting thdng song song
vdi truc tung va di qua diém (z,y).

19. a) D6 la quan hé tuong duong.

b) 0] = {0,{3}}, ({1}] = {{1}.,{1,3}}, [{2}] = {{2},{2,3}},
1{1*2}] - {{112}1{112+3}}'

c) [{1,3,5}] = {{1,3,4},{1,3,5}}. Méi 1dp tuwong duwong ddu chita
mot tap con duy nhat cda C nén sé 1dp tuong duong chinh 14 21C —
23 = 8.

21.&)%(2):10,1:](g)(1+(?)):80

6
c) (4 ) x 2=30,d) 10 4+ 80 + 30 + ( g-) = 126
22. a) Suy tryc tiép tir dinh nghia.
i b) {1~ (v)/y € £(B)).
23. R = (Al x Ay) U (A x Az) L (Az x Az) -
25. Xét P; = P({1,2,3}) va Py, — {A C E/4 € A}. Khi Ay biéu
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dd Hasse cua P; va P, la 2 hinh lap phuwong 3 chieu. N&i méi dinh
A € Py dén dinh AU {4} € P, bdi 1 cung cé hudng xuit phat tir' A.
T'ap hop cac dinh trong P; vi P, va cdc cung trong P; va Ps cung
vdi cac cung mdi thém vao nhu trén chinh 14 biéu do Hasse cua P(£).

26. a) Kiém tra truc tiép tir dinh nghia.

b) < khong nh4dt thiét 14 toan phin. Vidu A = B = {0,1} va
<4, <p la thit tir thong thuong. |

27. a) Truc tiép tit dinh nghia.

b) Vi f,g € BE tuy y. Dinh nghia anh xa h : E — B b
h(z) = f(z) Ve g(z), Ve € E. Khi &y h = sup{f,g}.

Tuong tu ta thdy inf(f,g) 14 4nh xa E — B:

inf(f,9)(z) = f(z) AB g(z), Yz € E
29. Tinh ﬁhﬁ.n xa hién nhién. Goi ¢ la chi s6 sao cho a; = by, ay —

by, . .. yi; = vai=m hoac dit1 _7;:&{.4.1 néu 1 < m. Goi j la chi so
tuong tu xac dinh tir so < s3.

*Néu j > ithitacday = ¢,...,¢; = ¢ vA i = m hoac
Ay ;ﬁb;H < ¢;41 néu 1 < m.

*Néuj<ithij<nnéntacda =cy,...,a; = C; VA @4 <
bj+1’1-zfﬂj+1~

rong ca hai truong hop ta d2u cé s, < sq vi < cd tinh bac chu.

Chi y rang trong chiing minh trén néu s; = s; thi truaong hop hai
khéng xay ra va khi d6 s; = sy, nghia la < 14 phan xing.

Xet 2 chubi khdc réng s; v sy nhu trén. Néu a;, — b; vai 1 <

t = min(m,n) thi ta c¢é s1 < 53 hay sy < s; theo Dinh nghia ctia «.

Trong trudng hop nguge lai sé ¢d chi sé i bé nhit dé a; # b;, nghia la

ay = by,...,a;_y = b;_;. Do thit tu trén A la toan phan ta cd a; b,

hay b; £ @i. N6i cach khdc s; < s hay s2 < 5;. Tém lal thar tir trén
& la toan phin.

~ 30. Thit ty C tren P({1,2}) khong toan
;mh trén P({1}) = {0, {1}} 1& toan phan.

31. Trong 3 biéu dd dau, dinh nghia tréi truwc tiép bi vi phamn.

phan nhung thi tu cam
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fres

= Sk T

—_—

|

Ngoai ra trong biéu dd thit hai tinh phan xitng cting bi vi pham. Chi
c6 biéu db cudi cuing la biéu do Hasse. |

34. aj Chi ¢é 1 chan trén gom 3 phan i {1,2 31,

4
S8 chan trén gdm 4 phan tir: ( ) ) =)

S& chan trén gom 5 phan tir: ( 2 ) = 6

.2
b)11+(;)+(4);]ﬁ

4
c) {1,2,3}, d) Mot chan dudi duy nhdt: 0, e) §

35. a) (P({1,2}),C) 12 1 dan nhung thit tw C khong toin phin.
b) Néu < toan phan thi vdi z,y € A tuy ¥ ta cé:

sup{z,y} = max(z,y) va inf{z,y} = min(z, y)

Do dé A la mét dan.

37. a)ab)ac)cd)ee)zf)eg)v

38. a) z la phan tir Ién nhdt va a la phin tit bé nhat.
b) (A, <) la mét dan.

39. Str dung cdc qui luat logic.

40. a) Vz,y, min{z, y} ton tai. Vay thi tu tSt 1a toan phin. Tuy
nhién < la thi tu toan phan trén Z nhung khong phai la thi tu tot,

b) Do dinh nghia ctia thit tir tét.

c) < la thi ty tot tren N nhung N khong ¢ phin tit 1dn nhit.
{1,2} 14 1 tap hop sdp tSt ¢S phin tit 1én nhat.

41. a), e), f) la tap hop sép tét.

b) Khong phai la tap sip tot. Mat khdc tap hop {1, l, i l, e

' % ¥ Fi r % n
khéng ¢ phin tir bé nhat nén (@, <) va (QT, <) khong phai 1a tap
sap tot. '

g) Gia sir A 1a bo méu twgom 2 chitcdia < b. Khi dy {ab, aab, aaabd,...
la mot tap con cia § khong ¢d phian tir bé nhdt nen S khong phai la
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tap sdp tot.

42. a) s(z) = min{y € A/z ?g‘:y} chinh la troi truc tiép duy nhit
clua z.

b) Gia su r;y. Khi ay s(z) < y%‘{s(y) nén s la don anh. Tuy
nhién phan tir bé nhat a cia A khong thusc s(A).

c) Dinh nghia anh xa ¢ : N — A bdi ¢(0) = a, ¢(n) = s™(a),
trong dé s"(a) duge dinh nghia bing qui nap: s™(a) = s(s™ ! (a)).
Khi dy ¢ 12 mot ddng cdu giita hai tip hop sdp thit tue (N, <) vi
(A, <).

43. a) 1 b) 22¢) 6 d) 11 e) 3.

44. a) 22.33.53.11 vi 2¢.3.52.72.112
b) USCLN = 22.3.5%2.11 = 3300 BSCNN = 24.33.53.72.112 =
320.166.000

AT a) PBH. 0L a3 02822 DL el

b) Cdc udc s6 duong cia m cé dang pi'p3?p3® vdi 0 < s; < ry,
0 < 52 <1y, 0< s3 < r3. Do dd theo Nguyén |y nhéan, sé udc sd
duong la (ry + 1)(r2 + 1)(r3 + 1).

c) Neum =pi'py?...pJr thincd (r1 +1)(ra +1)...(rn + 1) uéc
s6 duong.

d) Suyrar+1=2% nghialdir=2% -1,a4; € Z+,1<i< n.

49. a) Sinh vieén thi n lat nguge dong xu thit 200 khi va chi khi
n la udc s6 cua 200 = 23.52. Do dé s8 15n ma ddng xu thit 200 duoc
lat rgugc la 4.3 = 12.

"b) Gia sit dbng xu tht m = pg®rc ... < 200 dugc lat nguoc
(@a+1)(d+1)(c+1)... =12 Ian. Khi &y m cS thé 14y cdc gid tri sau:

25.3 = 96, 255 =160, 23.32 =72, 32.2% =108,
22.3.5 =60, 22.3.7=84, 22.3.11 =132, 22.3.13 = 156,
22.5.7 =140, 3%2.2.5=90, 32.2.7=126, 32.2.11 = 198

52. a) Gia sit (2, y) 1A mot 1o giai thi a 14 wdc cua y do Ménh de
3.6.3.: y = ka. Khi dy =z = kb.

Nguoc lai (kb, ka), k € Z 1a mot 151 giai.
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S b
b) Goi d = USCLN(a,b). Ta cé 2= = y- nen do a) cic i gidi
b . a

cé dang (ké,ka) ki

c) d=USCLN(a,b)=ma+nb, mne Z (Pinh ly 3.6.2.)
Do dé néu z,y thoéa d = za + yb thi (z — m)a = (n — y)b

b
Theo h},m—m:k?
Nghfalﬁ:=m+k§ Vhy=n—~kg

=8

n-y:kg,vﬁikez.

53. Dung thuat chia Euclide dé tim d, m, n:
a)d=2m=-1n=38;2=-148ky=3—-23k kc Z
b)d=4m=-1,n=2;2=-1+16ky=2-31k ke Z
: c)d=1,m==26,n=271;2 = —-26 + 331k, y = 271 — 3450k, k €
Z :
54. a) Gia st aa’ = 1(mod n) khi &y ta cd

r = aa’r = a'b(mod n)

Do dé a’b 14 nghiém duy nhédt trong Z, cua phuong trinh dong
dur da cho. -

b) Goi d = USCLN(a,n) > 1. Néu b khong chia hé&t cho d, thi
phitong trinh dong du la vé nghidém. Mat khdc gia sit d|b khi £y ta
dua ve viéc éiﬁ.i phuong trinh dong du mod n’ = o

7
b
3: = 5 (mod n')
Theo a) phuong trinh trén cé nghiém duy nhéat trong Z/:
b By s ot '
zEuE(mﬂdn]vmaEEI{modn)

b6 cung 1a nghigm cla phﬁdng trinh ddng du ban dau.
55. a) (3,16) = 1. Ta c6 3 x 11 = 33 = 1 (mod 16) nén

z=11% 7= 13 (mod 16)
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b) (5,23) =1. Tacé §x 14=70=1 (mod 23) nén

=14

-~

6§ —7) =9 (mod 23)

c) Phuong trinh cé dang 3z = —12 = 10(mod 11)
Ma 3 x4 =1 (mod 11) nén

r=4x10=7 (mod 11)
d) Phuong trinh cé dang 5z = —£2 = 12(mod 64)
Ma 55 x 13 =65 =1 (mod 64) nén

z =13 x 12 = 28 (mod 64)

Chuong 4

1. a) Gia st Z va z’ |lA 2 phin bl cia z. Ta ¢d:
(EAz)Vz' =0Va =2

Ma(zAz)vVe' =(Zvz)Aa(zve)=(EVe)Al=FV<z
Suyraz <zvVvaz =2 ‘ i

Tuong tu néu xét (z' Az)V z ta ciing ¢é z' < z. Nghiala z = z'
b) Kiém tra truc ti€p tit dinh nghia cia phiin b1 rdi sit dung a).

2. a) Do z < y nén y la trdi chung clia z va y. Hon nita néu z la

troi chung cta z,y thi y < z. Nhu thé y = sup{z,y} =z vy
b)Doa)z <y=>zVy=y=>2Af=4: § <37
C)zAz<z<yvaizAz<2z<L. SusrazAhz<yAt
d)jz<y<yvivaz<t<yVt. SuyrazVz<yVt

8.a) (bAc)V(cAd)=(bVd)Acnen

(bAc)V(cAd)=bvdve=(bAd)Ve

b) (bAE)V((bAa)V(aAc)) = (bAE)V((BVc)Aa)
=((bAE)V(BAE))A((BAE)V a)
= (bAE)Va
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Do dé phin bu ctia né la: (bVe) Aa

4. a) Xét moét phan tu z € B. Khl.a}.zEBva{] = AZEB,
L=£VEED
b) Cé 4 dai s6 con la A, By = {0, {a},{b,c}.{u,b,c}}, By =

—

{0, {6}, {a,}.{a,b,¢}}, By = {0, {c}, {a, b}, {a. b, c}}.

c) Véiz,y € Btuy ytacéd &,y € Bnéen VvV i3 € B. Suy ra
tAy=zVye B,

5. Do la Dai s6 Bool vdi phan tu trung hoa dai voi A la a. Hon
nuwa voi ¢ < @ thi Z Aa la phin bii c¢da 2. Tuy nhien né khong phat
la dai s6 con néu a # 1 vi khi &y nd khong chia 1

6. a) Gia s y < ¢(«), ton tai 2 sao cho ¢(z) = y. Ta cd p(z) <
p(a) nén z < a suy raz = 0 hay 2 = a, nghiala y = 0 hay y = b.
b) Truc ti€p tir dinh nghia cta dai s6 con.

8. a) Do 35 = BSCNN(5,7), 70 = BSCNN(35,2) va

= BSCNN(2,3,7) ta phai ¢d ¢(35) = {c,d}, ¢(70) = {a,c,d},
©(42) = {a, b, d}.

b) Méi dang cZu phai bién nguyen tit thanh nguyén tit nén duoc
xdc dinh hoan toan boi mét song dnh gitta {2,3,5,7} va {q,b,c, d}.
Co tat ca 4! = 24 dang cdu khdc nhau.

11. a) (e ®b)Bc = :((aqs]v(anb))ﬂc]v[(ﬁvb}n(avﬁjhc]

=[aA((bAc)V(bAQ)VIan((bAE)V (bAC))
— (ahm]v[ﬁﬂ(b@ﬂ)): a®(bdec)
anN(bdc) = (anbAT)V(anbAc)
= (@anbA(@ave))Vv({anc)na (avd))
= (aAb)@® (aAc)
Cac tinh chdt khac hién nhién.
b) Dat a @' b = (a A b) V (bA a)

{a@®b) A (aAb) = (eanaAnb)@(bAand)=anb

(aAbAE)V(@ABAEV (anb)Ac)V(GAD)AC



Su}rra aAb <a@b
Tuong tu bAhna @ <adb

Vay a®'b <adb i
Do dé (a@b) Na®'b=1 i
Mat khac !
i

(edb)Aa®'b = (an(@VbA(avd))®(bA(@aVvb)A(aVvd))

= (aAb)@®(anb)=0 _ ;

Nhethie®b=a® b=a@® b :

13. a)avVvz=b=a <0
Mat khdc giastita < b. Datz =aAnb. Ta co:

aNT=4aVi=1>
b) bAy=(bAz)V(bAG)=zV(zAE)=
bvy=bvaxzva=bVaraVa=1
¢) TacdaAb =3adAz <z < b Ngugc lai gid st a < b va
aAb<z <b.Khiay

aVb=aVv(aAnb) <aVz<aVb

Suy ra z la nghiém cua (1)

d) Né&u z 1a nghiem, do b) z c6 dang bAc vdic = zVa > a. Ngugc
lainduz =bAcvdic>athiaAz=ancAb=aAb

Nhue th€ @A b < z < b nén z 12 nghiém do c).

e) Nghiem ctia a A z = b cling la nghiégm cia aVv Z = b néen ta dua
ve (1). '

14. Do 1728 = 26.32 chia h&t cho chinh phuong nén U;728 khong
12 dai s8 Bool. Hon nita s mi 6 khéng c6 dang 2 — 1, a € Z nén
khong cé thit tu ndo trén U728 dé cho né trd thanh dan bu phan bd, !
nghia la dai s8 Bool. l

16. a) d(a) = 1 néu a la nguyeén tir. ;

b) Nhan xét ring néu a 13 nguyén tit khong tréi bdi z thiz Ve la
troi trc tiép clia z. Do dé ta cé thé chitng minh bing qui nap rang
diz) = m néu c6 ding m nguyeén tit troi boi z.-
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Suy ra d(z V y) = d(z) + d(y) — d(z A y).
17.2)0 bh)0 )0 d)1 e)1

lﬁ. a),b)y=1hayz=1¢c),d)z=1, y tuyy.
19. a) Zyzt b) zyit c) zyzt d) zyzt.

6
2

lai (28 — 15) = 49 didm, nén ¢é 242 ham Bool théa didu kién nay.
b) Cé ( E ) + ( ? ) = 7 didm & dé s8 thanh phin c¢é gid tri 1

bé hon 2, nén téng s ham Bool thoa didu kién nay 1a 27 = 128.
c) 22° = 232 y3 92° — 98 _ 956,

20. a) Cé ( ) = 15 diém c6 ding 2 thanh phin bing 1. Con

21. Ta co f(1,0) = f(0,1) nén cdc ham Bool nay déu cé dang
azyV BZGV y(zgV Zy), vdi a, B, v l1a cdc hing s8 bat ky thusc {0,1}.
22. Tacd £(1,0,0) = 5{0,9,1) =7(0,1,0)

va i 1,0)= f1,0.1) = f10.1,1)
Do d6 cdc ham Bool nay d&u cé dang:

f(z,y,2) = azyz V BZ§Z V y(zyz V zijz V Tyz)Vo(zyz V Tyz V zyz)

trong do a, 3,7, 6 A céc hang s tuy y thuoc {0,1}.

23. Ham Bool 3 bién khong thay déi gid tri khi ta hodn vi 2 bién
bat k¥ chinh 14 c4c ham Bool trong 22. '

Tuong ty mét ham Bool 4 bién khong thay déi gid tri khi ta hodn
vi 2 bién bat ky cd dang:
f(2,y,2,t) = azyzt v BzyzE v y(2§zL V Tyt V 5gzi v Fgzt)
Vﬁ{EFHVIﬁszzﬁEtUEyszEyEtVEﬁzt)vs(myszmyEtVzﬁthfyzt)
voi a, B,7,8,¢ 1A céc hang s8 tuy ¥ thusc {0,1}.

24. Xét a,b,c € {0,1}. Khi &y {t nh&t 2 trong 3 sd trén bing
nhau. Gid stt a = b. Ta c4:

f(a,b,c) = f(ba,c) = f(a, b,c) = f(a,bc) =0
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.deng tu trong cac truong hop khédc ta cung co f = 0. ' )
Néu n > 2 cung khong ton tai ham Bool n bién # 0 thoa dieu
kién tren. 1uy nhicn e o= 2 thi cae ham Bool nhu vay ¢6 dang

i

flz,y) = axyValy véi o 1 hang sé tuy ¥ thuoe {0, 1}.

25. Lap bang chan tri. Khi &y ham chan duoe xic dinh hoan toan
1 " . i z o . = Ay -_:fﬂa-]
bai -2" = 2" ! dong dau tien. Do dé s8 ham chan la 2
2 b = S - - - ’
Véi n = 2, ta duoce 4 haim chdn: zy v &y, zy v Iy, 0, 1.
B . . . 5 :E'H.-'l.
26. Tuong tu rthu trong 25, s6 ham lé n bién la 2

Véin = 2, ta duge 4 ham lé: »,&,y,y.

27. a) Hai vé bang nhau khi z; = 1 hay »; =
b) Xet anh xa F,xF, = Fan
(91,92) — f
voi f(z1,22,.. ) Bnt1) = 2191(T2,- -+, Tng1) V Z192(T25 - - - Zng)
Khi ay ta kiém duge dé dang dnh xa trén la song anh. Suy ra

i-:r:t-i-l' = |Fn| X I}—n|

Bing qui nap trén n ta suy ra |F,| = 22"
c) Bing qui nap trén n va tinh phan be.

- 28. a) Viét ham hang | theo n — p bién con lai nhu 1A téng Bool
cua 2"7P tir t6i tiéu va st dung tinh phan bé, ta viét duoc f nhu la
tong Bool chia 277 tir 161 tiéu theo n bién., '

b) fxge 3h: f=gh
Do dé g la tich cta mot s6 tir don xudt hien trong f. Suy ra c¢é
2?7 hamn Bool troi f. ‘

29. a) f = zyst Vv dyzl V2yzL v 2jzt
P) J = ZHztV Eyzt v Tyt V agziVagzt v 2yZtV ayitVeyztVeyzt
31. a) zyzt V zyzt V ayzt V 2zt V Tyzxt

] b) LYz NV ayzt V eyt V eyzl V gzt V 2§zt V egzi V Syzt V Byzt v
ryzt vV Tyzt
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c) zyztV zyZt V zgzt V oYzt V zyzt V zyzt V Tyzt V izt
32. abed V abed V abéd V abéd V abed v abed v abéd V abed

T
>—\_: zy [: zVy
ot
35. Cong NOT c6 thé dugce téng hop nhir sau:

N

Do d6 cong AND va céng OR duwoc téng hop nhd cdc cong thitc:

34. o

o e ——

y

]

va sVp=aVyg

By = 2N

=2

36. f=(mkr'yzf)v::‘hfyztZEﬁsz(r‘u’yUE}t

37. [ =zyztVzyzt vV 2jzi V 2§zt v Zyzi Vv zyst V gzt v £yzt

Ta viét zyzt = 2V gV 2Vt dé sit dung mot cong NOR c6 4 ngo
vao tong hop tir t&i tiéu nay. Tuong tu cho cdc tir tdi tidu khéc.

Mat khdc ta cé thé viét f = zyzt zyzt... dé thidt k& mang chi
dung céng NAND.

38. a) Cdc t€ bao 16n: zzf, yzi, Tyz, Tyt, yst :
Dung phuong phép bidu db Karnaugh ta dwgc 2 cong thite:
f=z2tvyztvzy:z
f=zztVvyztvyztv iyt
trong do chi cé cong thite dau 12 tdi tidu.
~ b) Cac té bao Ién: z3, zy, yzt, £zt, TYt, jzt
(:6 3 cong thitc da thitc t3i tidu:
[ =zZVayv gty yzt

SO TENV YV Ay v £z
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J =22 ‘v’ ryVEztV yzt

c) Dang nd&i roi chinh téc ciing 12 cong thitc da thite tdi tidu duy

nhat.

d) Cédc té€ bao lon: 3, zz, Zz, t

Cong thitc da thitc tdi tiéu duy nhat: f = gvivezz Vv 22
e) Cac té bao 1én: i, zt, yz, yt
Cé 2 cong thite da thite t8i tidu:

f=gtVytVyz
F=gtNytV 2t

f) Cac té bao I6n: zgt, z2f, zyz, zyt, yzt, Tyz
Cé 3 cong thitc da thite t3i tidu:

f=2zgt Vv Eyz VitV 2yt
f=2zytV EyzVayzV zyt
fzzﬁt-\!iyzvryfv yzt
39. a) f=z3V #yzV yit

va f =2z V ZyzV Fyt

A

a
b) f=ZyVazytvygitvysit
f=2yVzytveritvyzt

e} fe==alN 2t
d) f=a2Vuyz
e) D
dé6 chi c6 mét coéng thitc t&i tidu:

=zZVyzVuyt
f=ytVv zz
i) f==z2tVayzv zyz v 35t

= o1 Y

L

40. a) f = zyzV egz V Tyz

Day cling 14 cong thite da thite t8i tidu duy nh&t. Mang t&i wu sir

dung 6 céng AND vi 2 céng OR.

b) f=IyVsz::z

Day ciing 1 cong thitc da thite téi tidu duy nhdt. Mang t&i uu s
dung 3 céng_ﬁND va 2 cdng OR. '
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¢) f==zyzt VTyit Vzgzl Vv Fyzt Vayzt vV TyZtV zgzi Vv f:ﬁiit _
Day ciing la cong thite da thire téi tiéu duy nhat. Mang téi vu sit
dung 24 céng AND va 7 cong OR.
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