BO GIAO DUC VA BAO TAO
TRUONG DAI HOC NONG NGHIEP HA NOI

VU KIM THANH

TOAN ROI RAC

(Gido trinh danh cho sinh vién nganh cong nghé¢ thong tin)

Ha ndi 2008

Truong Pai hoc Nong nghiép Ha Noi — Gido trinh Gido trinh Todn RoOi rac...........c...cc.oevvevennnn... 0


www.VIETMATHS.com
www.vietmaths.com

MUC LUC

Loi néi diu >
Chwong 1. THUAT TOAN 7
1. Dinh nghia i ‘ 7

2. MO ta thuat todn bang luu do 8

3. MO ta thuat toan bang ngdn ngir phong Pascal 9

4. DJ phuc tap cua thu@t toan 14

5. Thuat toan tim kiém 18

6. Thuat toan d¢ quy . 19

7. Mot s6 thuat todn vé sb nguyén 23

BAI TAP CHUONG 1 28
Chwong 2. BAI TOAN DEM 32
1. Nguyén ly cong va nguyén ly nhéan 32

2. Chinh hgp. Hoan vi. To hop. 35

3. Nguyén ly bu trur . 42

4. Giai cac hé thirc truy hoi 44

5. Bai toan lict ké. 51

6. Bai toan ton tai 61

BAI TAP CHUONG 2 64
Chwong 3. CAC KHAI‘NI‘EM CO BAN VE DO THI ) 69
1. Cég dinh nghia Vé‘d(A) thi Vé\l’ biéu dién hinh hoc ctia do thi 69

2. Biéu dién do thi bang dai s0 79

3. Su dang cau cua cic dé‘thi 82

4. Tl’,n}} lién thong trong do thi . 84

5. S0 6n dinh trong, s6 6n dinh ngoai va nhan cua do thi 88

6. Sic s6 cua do thi 91

BAI TAP CHUONG 3 93
Chwong 4. DO THI EULER, PO THI HAMILTON, PO THI PHANG 98
1. Do thi Euler 98

2. D@ thi Ha}nilton 103

3. Do thi phang 108

BAI TAP CHUONG 4 113
Chwong 5. CAY VA MOT SO NG DUNG CUA CAY 117
1. Cay va cac tinh chat co ban cua cay 118

2. Cay nhi phan va phép duy¢t cay 122

3. Mot vai ung dung cua cay 126

Truong Dai hoc Nong nghiép Ha Ngi —

Gido trinh Gido trinh Todn Roi rac


www.VIETMATHS.com
www.vietmaths.com

4. Cay khung (cy bao trim) cta dd thi
5. Hé chu trinh d6c leflrp
6. Cay khung nho nhat

BAI TAP CHUONG 5
Chwong 6. MOT SO BAI TOAN TOI WU TREN DO THI

1. Bai todn dudng di ngan nhat trong‘dé thi
2. Tam, Ban kiqh, Puong kinh cia do thi
3. Mang va Ludng
4. Bai toan du lich

BAI TAP CHUONG 6

Chuwong 7. BAI SO BOOLE
1. Ham Boole
Biéu thuc Boole
Dinh nghia dai s6 Boole theo tién dé
Biéu dién cac ham Boole
Céc cong logic
Téi thiéu hod ham Boole
BAI TAP CHUONG 7

Lk W

Phu chuwong. DAI CUONG VE TOAN LOGIC
1. Logic ménh dé

2. Cong thuc d@){lg nhit ding va cong thirc ddng nhét bang nhau trong

légic ménh‘dé ) .
3. Diéu kién dong nhat ding trong 16gic ménh dé
4. Logic vi tu
BAI TAP PHU CHUONG

Mot s6 bai tip 1am trén may tinh
Mot s6 thuat ngir ding trong gido trinh
Tai liéu tham khao

Truong Dai hoc Nong nghiép Ha Noi — Gido trinh Gido trinh Todn ROT rgc............c.cccceveieeennn.n.

131
134
136

142

147
147
152
153
160

166

172
172
174
176
177
183
185

193

197
197

201
205
208

213

216
218
221


www.VIETMATHS.com
www.vietmaths.com

LOI1 NOI BDAU
Toan Roi rac (Discrete mathematics) 1a mon toan hoc nghié€n ctru céc ddi tuong roi
rac. N6 duoc tng dung trong nhiéu nganh khoa hoc khac nhau, dac biét 1a trong tin hoc
boi qué trinh xur ly thong tin trén mdy tinh thuc chat 1a mQt qué trinh roi rac.

Pham vi nghién ctru cua Todn Roi rac rat rong, co thé chia thanh céc mon hoc khac
nhau. Theo quy dinh ctia chuong trinh mén hoc, gido trinh nay dé cap dén céc linh vyc:
Thuét todn va bai todn dém; Ly thuyét dd thi; Pai sb Logic va dugc chia thanh 8
chuong:

- Chuong 1 dé cap dén mot trong céc van dé co ban nhit cta Thudt todn dé 1a d6
phirc tap vé thoi gian ciia thuat todn.

- Chuong 2 néi vé cdc nguyén 1y co ban ctia Bai todn dém.

- Céc chuong 3, 4, 5 va 6 trinh bay vé Ly thuyét do thi va cdc g dung. Diy 1a phan
chiém ty trong nhiéu nhat cia gido trinh. Trong d6 c6 cic chuwong vé céc khdi niém co
ban ctia d6 thi, cdc dd thi dic biét nhu db thi Euler, dd thi Hamilton, d6 thi phing, Cay
cling cic tmg dung cua cdc do thi ddc biét nay. Riéng chuong 6 danh cho mot van dé
trong 1a mot sO bai todn tdi wu trén dd thi hodc bai toan toi wu duoc giai b:%mg céach Ung
dung 1y thuyét do thi.

- Chuong 7 la céc kién thirc co ban vé Pai sé6 Boole, mot cong cu hiru hi€u trong
viéc thiét ké cdc mach dién, dién tu.

Cubi gido trinh 1a phu chwong: Nhitng khdi niém co ban vé todn Logic dé ngudi
hoc ¢6 thé ty nghién ctru thém vé Todn Logic.

Trong mdi chuong ching toi ¢ ging trinh bay cic kién thirc co ban nhit cua
chuong d6 cung cac thi du minh hoa cu thé. Vi khudn khé s tiét hoc nén ching t61
lugc bo mot sd ching minh phire tap. Cudi mdi chwong déu c6 céc bai tap dé ngudi hoc
mg dung, kiém ching céc 1y thuyét da hoc, dong thoi ciing cung cap mot s6 ddp sb cua
cac bai tap da cho.

Ciing can néi thém rang toan Roi rac khong chi duoc (mg dung trong tin hoc ma
con dugc tng dung trong nhiéu nganh khoa hoc khéc. Bdi vay gido trinh ciing ¢6 ich
cho nhiing ai can quan tdm dén cédc tng dung khic cia mén hoc nay.

Téc gia xin chan thanh cam on céc ban dong nghiép da dong vién va gép ¥ cho
viéc bién soan gido trinh nay. Pic biét ching tdi xin cam on Nha gido uu ti Nguyén
Pinh Hién di hiéu dinh va cho nhiéu y kién déng gép b ich va thiét thyc.

Vi trinh d§ c6 han va gido trinh dugc bién soan lan dau nén khong tranh khdi cac
thiéu s6t. Tdc gia rat mong nhan dugc cic ¥ kién déng gép cua cic ddng nghiép va ban
doc vé cdc khiém khuyét cta cudn sach.

TAC GIA
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CHUONGH.
THUAT TOAN

1. Dinh nghia.
2. MBb ta thuat toan bang luu do.
3. MO ta thuat toan bang ngdn ngit phong Pascal.
3.1. Cau lénh Procedure (thu tuc) hodc Function (ham).
3.2. Céau lénh gan.
3.3. Khdi ciu Iénh tuan ty.
3.4. Cau l¢nh diéu kién.
3.5. Céc cau I¢nh lap.
4. DJ phuc tap ctua thuat toan.
4.1. Khai niém do tang cua ham.
4.2. DO tang cua td hop cdc ham.
4.3. Do phuc tap cua thuat toén.
5. Thuét toan tim kiém
5.1. Thuat toan tim kiém tuyén tinh (con goi la thudt todn tim kiém tuan tu).
5.2. Thuét todn tim kiém nhi phén.
6. Thuat toan d¢ quy.
6.1. Cong thirc truy hoi.
6.2. Thuat todn dé quy.
6.3. Dé quy valap
7. Mot sb thuat todn vé sd nguyén.
7.1. Biéu dién céc sd nguyén.
7.2. Cong va nhan trong h¢ nhi phan.

1. Pinh nghia

Thuat todn (algorithm) 12 mot ddy cdc quy tic nham xdc dinh mot diy céc thao tdc
trén cdc d6i twong sao cho sau mdt sé hiru han budc thuc hién sé dat dwoc muc tiéu
dat ra.

Tu dinh nghia cua thuat toan cho théy céc dac trung (tinh chit) co ban cua thuat todn
la:
a. Yéuto vao, ra:
e Dau vao (Input): Mdi thudt todn cé mot gid tri hodc mot bo gid tri dau vao
tor mot tap xac dinh da duoc chi ro.
e Diura (Output): Tur céc gia tri dau vao, thuét todn cho ra cic gia tri can
tim goi 1 két qua ctia bai todn.
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b. Tinh dung:
Sau mdt s6 hitu han budc thao tiac thuat toan phai két thic va cho két qua .

c. Tinh xdc dinh:
Cdc thao tac phai 16 rang, cho cung mot két qua di dugc xur 1y trén cdc bd xur 1y khéc
nhau (hai b xir 1y trong cting mot diéu kién khong thé cho hai két qua khac nhau).

d. Tinh hiéu qua

Sau khi dua dir li¢u vao cho thuat todn hoat dong phai dua ra két qua nhu y mudn.

e. Tinh tong qudt

Thuat todn phai dugc dp dung cho moi bai todn cung dang chir khong phai chi cho
mot tap dac bi¢t c4c gia tri dau vao.

C6 nhiéu cich mo ta thuat toan nhu: Diing ngdn ngit ty nhién; ding luu do (so do
khoi); dung mot ngdn ngilr 1ap trinh nao d6 (trong gido trinh nay dung loai ngdn ngtr mo ta
gan nhu ngdn ngir 13p trinh Pascal va goi 1a phong Pascal); ...

2. M ta thuit toan bang luu d6

Sau khi c6 thuat todn dé giai bai todn, trudc khi chuyén sang ngon ngit 1ap trinh, ngudi
ta thuong phai the hi¢n thuat todn dudi dang so d6. So d6 d6 goi 1a luu do6 cua thuat toan.
Céc ky hi¢u quy udc dung trong luu do dugc trinh bay trong bang 1.

Bang 1. Céc ky hiéu quy wéc dung trong lvu dé thuit toan

Tén ky hi€u Ky hiéu Vai tro cua ky hi€u

Khéi mo dau Ding dé mo dau hoic két thic
hoic két thic thuat todn

Khoéi vao ra Pua dit liéu vao va in két qua

Biéu dién cédc cong thirc tinh todn
va thay doi gid tri cdc doi tugng

Khoi diéu kién Q Kiém tra cdc diéu kién phan nhdnh

Khdi tinh todn

Chuong trinh con Goi céc chuong trinh con

Hudng di cua S Huéng chuyén théng tin, lién hé
thudt todn gitra cac khoi

Thi dy: Thuat toan giai phuong trinh bac hai ax’+bx+c=0 gdm cdc budc sau:

1) Xac dinh céc hé s6 a, b, ¢ (thong tin dau vao)
2) Kiém tra h¢ so a:

- Néu a =0: Phuong trinh da cho 12 phuong trinh bac nhat, nghiém la: x= —% .

- Néu a #0: Chuyén sang budc 3.
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3) Tinh biét thic A =b" - 4ac.
4) Kiém tra dau cua biét thic A
- Néu A>0: Phuong trinh c¢6 nghiém thuc
- Néu A <0: Phuong trinh c¢6 nghiém phirc
5) In két qua

Luru d6 cua thudt todn duoc trinh bay trong hinh 1

J

Nhéap a, b, ¢
v

Sai a=0 DPung

c
X=——
b
Phan thyc = _b X, :ﬂ
2a 2a
X N-A —b+A
Phan a0 = BN
2a 2a
Thoéng béo\l/ké't qua

Hinh 1. Luu dé gidi phwong trinh bdc hai
3. Mo ta thuit toan bang ngon ngir phéng Pascal

Pé giai bai todn trén mady tinh dién tir phai viét chuong trinh theo mot ngdn ngir 13p
trinh nao d6 (Pascal, C, Basic, ...). Mbi ngon ngir 1ap trinh c6 mot quy tac cau tric riéng.
Dé thay viéc mo ta thuat todn bing 101, c6 thé mo ta thuat todn bang cdc cdu tric 1énh
twong ty nhu ngdn ngtr 1ap trinh Pascal va goi la ngdn ngir phong Pascal.

Cdc cau 1énh chinh dung dé mo ta thuét todn gdm c6: Procedure hoac Function; cau
1énh gdn; cdc cau 1énh diéu kién; cdc vong lip. Ngoai ra khi can giai thich céc ciu 1énh
bang 10, c6 thé dé céc 10i giai thich trong ddu (* ... *) hodc {...}.

Nghia [a ngébn ngir phong Pascal hoan toan tuong tu ngén ngir 1ap trinh Pascal, nhung
khong c¢6 phan khai bdo. Tuy nhién, phai néu rd dau vao (Input) va dau ra (output) ciia
thuat toan.
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3.1. Cau lénh Procedure (thi tuc) hoiac Function (ham)

Dung ngay sau cdu 1énh nay la tén cua thu tuc hoac tén ham. C4c budc thuc hién cua
thuat todn dwgc mo ta trong thu tuc (ham) dugc bat dau boi tir khéa begin va két thiic boi
tur khéa end.

Thidu 1
Function Max(a, b, ¢) (* Ham tim s6 16n nhat trong 3 sba,b,c *)
Begin
(* than ham*)
End;

Thidu 2
Procedure Giai_phuong_trinh_bac_hai (* Thu tyc giai phuong trinh bac hai *)
Begin
(* than thu tuc *)
End;
Chi y rang, khi mo ta thuat toan bang function, trudc khi két thic (end) thudt todn
phai tra vé (ghi nhan) gi4 tri cta function dé.

3.2. Cau lénh gan
Dung dé gén gia tri cho céc bién. Cach viét:
Tén bién := gid tri gén
Thidu: x = a; (*bién x duoc gan gia tri a*)
max :=b; (*bién max dugc gin gia tri b*)

3.3. Khéi cAu Iénh tuin tu
DPugc mé dau bang tir khéa begin va két thiic bang end nhu sau:
begin
Cau 1énh 1;
Cau Iénh 2;
Cau 1énh n;
end;
Céc Iénh duoc thyc hién tuan ty tir cAu 1énh thir nhat dén cau 1énh cudi ciing.

3.4. Cau lénh diéu kién
C6 hai dang: dang don gian va dang lya chon.

a. Dang don gian: Cach viét:
if <diéu kién> then cAu 1énh hodc khdi cau Iénh;
Khi thuc hién, diéu kién dugc kiém tra, néu diéu kién thoa man thi cau 1énh (khdi cau
1énh) dugc thyc hién, néu diéu kién khong thoa man thi 1énh bi bo qua.
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b. Dang lwa chon: Cich viét:
if <diéu kién> then cAu 1énh hodc khdi cau Iénh 1 else cau 1énh hodc khoi ciu 1énh 2;
Khi thuc hién, diéu kién duoc kiém tra, néu diéu kién thoa man thi cau 1énh (khdi cau
1énh) 1 duogc thyuc hién, néu diéu kién khong duoc thda man thi cau 1énh (khdi cau 1énh) 2
duoc thuc hién.

Thi du I. Thuat todn tim s6 16n nhat trong 3 ) thuc a, b, c.
- PAu tién cho max = a;
- So sdnh max voi b, néu b > max thi max = b;
- So sanh max véi c, néu ¢ > max thi max = c.
Function max(a,b,c)
Input: 3 $b thuc a,b,c;
Output: S6 16n nht trong 3 s da nhép;
Begin
X = a;
if b>x then x:=b;
if ¢>x then x:=c;
max = X;
End;

Thi du 2. Thuat todn giai phuong trinh bac hai ax” +bx +c=0
Procedure Giai_phuong_trinh_bac2;

Input: Cac hé s a, b, c;

Output: Nghi€ém cua phuong trinh;

begin
if a=0 then x :=-c/b;
if a# 0 then
begin
A:=b*— 4ac;
if A>0 then
begin
xi=(-b- ~A)2a;
X2 = (= b ++/A)2a;
end
else
begin
Phan thuc := -b/2a;
Phén 40 := (\—A )/2a;
end;
end;
end;
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3.5. Cac cau Iénh lap
C6 hai loai: Loai c6 budce lap xac dinh va loai c6 budc 1dp khdong xdc dinh.

a. Loai c6 bwée lap xac dinh: Cach viét nhu sau:

for bién diéu khién := gid tri ddu to gid tri cudi do cau 1énh hodc khéi cau 1énh;

Khi thuc hién, bién diéu khién dugc kiém tra, néu bién diéu khién nho hon hoic bang
gid tri cudi thi ciu 1énh (khdi cau 1énh) dwogc thyuc hién. Tiép d6 bién dicu khién sé& ting
thém 1 don vi va qu4 trinh dugc 13p lai cho dén khi bién diéu khién 16n hon gid tri cudi thi
vong lap ding va cho két qua. Nhu vay hét vong lap for s6 budc lap 1a gid tri cudi (cua
bién diéu khién) trir gid tri dau cong mat.

Thi dy: Tim gi4 tri 16n nhét cta day sb ay, a, ...,a,

Thuat toan: Pau tién cho gid tri 16n nhat (max) b?mg aj, sau d6 lan luot so sdanh max
véi céc sb a i=2,3,...,n), néu max < a; thi max bé‘mg a;, néu max > a; thi max khong doi.

Function max_day_so;

Input: Day $6 a, a, ... ,an;
Output: Gid tri l6n nhét (max) cta day s6 da nhap;
begin

max :=aj ;

for ;=2 to n do
if a;> max then max :=a; ;
max_day_so := max;
end;
Chii thich: Vong lap for con cch viét 1ui bién diéu khién nhu sau:
for bién dicu khién := gia tri cudi downto gia tri dau do cau 1€nh hoac khdi cau I¢nh;

Viéc thyc hién cau Iénh nay tuong tu nhu khi viét bién di€u khién tdng dan.

b. Loai ¢é buéc lip khong xac dinh: C6 hai cich viét

Cdch thir nhat: while diéukién do cau lénh hoic khoi cau 1énh;

Khi thyc hién, diéu kién dugc kiém tra, néu diéu kién dugc thoa man thi cau 1énh
(khoi cau 1€nh) dugc thuc hién. Néu diéu kién khong thoa man thi vong 1dp dung va cho
két qua.

Thi dy: Kiém tra xem s6 nguyén duong m da cho c¢6 phai 12 s6 nguyén t6 khong?

Thuat toan nhu sau: SO m 1a s6 nguyén t0 néu n6 khong chia hét cho bat cir s6 nguyén
duong khéc 1 no nho hon hodc bang vm .

That vay, néu m 12 mot hop sd (khong phai 1a s6 nguyén td), nghia 1a ton tai céc sb
nguyén duong a, b sao cho:

m=ab = a<+m hoicb< +/m

Vay, néu m 1a s6 nguyén t6 thi m khong chia hét cho moi s6 nguyén dwong i, 2< i< v/m
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Procedure nguyento(m);
Input: SO nguyén duong m;
Output: True, néu m 12 s6 nguyén t6; False, néu m khong phai 12 s6 nguyén td;

begin
1:=2;
while i <+/m do
begin
if mmodi =0 then nguyento := false
else nguyento := true;
1:=1+1;
end;
end;

Cdch thir hai: repeat cau I¢nh hoac khdi cau 1énh until diéu kién;

Khi thuc hién, cAu 1énh (khdi cAu 1énh) dugc thuc hién, sau d6 diéu kién duoc kiém

tra, néu diéu kién sai thi vong ldp dugc thyuc hién, néu diéu kién ddng thi vong 1dp dung va
cho két qua.

Thi dy: Thuat todn O-clit tim wéc sd chung 16n nhat cua hai s6 nguyén duong a, b

nhu sau: Gid st a > b va a chia cho b dugc thuong la q va s6 du 1a r, trong d6 a, b, q, r la

cac sO nguyén duong:
a=bq+r

suy ra: UCLN(a, b) = UCLN(b, 1)
va s6 du cudi ciing khic khong 1a ude s6 chung 16n nhét ciia a va b.

Thdt vay: Gia su d la udc s6 chung cta hai s6 nguyén duong a va b, khi d6: r=a—

bq chia hét cho d. Vay d 12 u6c chung ciia b var.

Nguoc lai, néu d 1a ude sd chung cua b va r, khi d6 do bq + r = a ciing chia hét cho d.

Vay d la udc s6 chung cuia a va b.

Chang han, mudn tim wéc sd chung 16n nhat ctia 111 va 201 ta 1am nhu sau:
201 =1.111+4+90

111=1.90+ 21
90=4.21+6
21=3. 6+3
6=2.3

Vay UCLN(111, 201) = 3 (3 1a s6 du cudi cuing khéc 0).

Function UCLN(a, b)
Input: a, b 12 sd nguyén duong;
Output: UCLN(a, b);
begin
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X = a;

y:=b;

repeat

begin
r:=xmody; (*rlaphan du khi chia x cho y *)
X:=y; Yyi=T;

if y#0thenuc:=y;
end;
until y = 0;
UCLN :=uc;
end ;

Chu y: Khi gidi c4c bai toan phuc tap thi thuong phai phan chia bai todn d6 thanh
céc bai todn nho hon goi 1a cic bai todn con. Khi d6 phai xdy dung cic tha tuc hodc ham dé
gidi cdc bai todn con d6, sau d6 tap hop cdc bai todn con nay dé giai bai todn ban dau da
dat ra. Thuat ngir tin hoc goi cac chuong trinh giai bai todn con dé 1a cac chuong trinh con.

Thi dy: Tim sé nguyén t6 nhé nhat 16n hon s6 nguyén duong m da cho.

Procedure So_nguyen_to_lon_hon(m);
Input:  S6 nguyén duong m;
Output: n 12 s6 nguyén t6 nho nhat 16n hon m;
begin

n:=m+1;

while nguyento(n) = false do n:=n+1;
end;

4. Do phirc tap ciia thuat toan

C6 hai ly do lam cho mot thuat todn ding cé thé khong thyc hién dugc trén mdy tinh.
D6 1a do mdy tinh khong du b nhé dé thuc hién hodc thoi gian tinh todn qud dai. Twong
ung voi hai 1y do trén nguoi ta dua ra hai khai niém:

- P§ phirc tap khong gian ciia thuat toan, d phirc tap nay gan lién voi cdc clu tric
dir lidu dugc sir dung. Van d& nay khong thudc pham vi ciia mén hoc nay.

- P phirc tap thoi gian cia thuit toan, do phic tap nay duoc thé hién qua sb luong
cdc cau 1énh vé cdc phép gdn, cdc phép tinh sb hoc, phép so sdnh, ... dugc s dung trong
thuat todn khi cic gid tri dau vao c6 kich thudc da cho.

4.1. Khai niém d¢ tang ciia ham

Trude hét xét thi du: Gia st thoi gian tinh todn ctia mgt thuat todn phu thudc vao kich
thude n cua dau vao theo cong thirc:
t(n) = 60n”* + 9n + 9
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Béng sau cho thiy khi n 16n, t(n) x4p xi s6 hang 60n” :

n t(n) = 60n” +9n + 9 60n”
10 9099 6000
100 600 909 600 000
1 000 60 009 009 60 000 000
10 000 6 000 090 009 6 000 000 000

Pinh nghia: Cho f(x) va g(x) 12 hai ham tir tp s6 nguyén hoidc tip s6 thuc vao tip
cdc s thuc. Nguoi ta ndi f(x) 1a O(g(x)) hay f(x) cé quan hé big-O v6i g(x), ky hiéu f(x) =
O(g(x)), néu ton tai hai héng s6 C va k sao cho:

If(x)| < C.lgx)l, Vx=>k

Thidul.  t(n)=60n"+9n+9 = O(n’)
That vay: Vn2>1,tacéd: | 60n”+ 9n +91 = 60n”+ 9n +9

= n2(60+2+%J
n n

< 0’ (60+9+9) = 78n’.
Vay C=78; k=1.
Tuong ty ta ¢6 thé ching minh:
P.(x) = apx" + a;x"' + ... +a,=0(x"), x € R.

Thidu2. f(n)=1+2+3+..+n <n+n+n+..+n =nn = n’.

Vay f(n) = O(n).
Thidu 3. Tacé: n!<n”, suyra: n!=0("); (C=k=1)
Thidy 4. Vn: n! <n", lgn!)<nlgn,

suyra lg(n!)=0O(nlgn); (C=k=1)
Thidy5. Tacé: lgn<n,suyra Ign=0(m); (C=k=1)

C6 thé hiéu don gian quan hé f(x) = O(g(x)) 1a f(x) va g(x) 1a "cling cap", tuy nhién
g(x) 12 ham don gian nhat c6 thé dai dién cho f(x) vé d6 16n ciing nhu tdc d6 bién thién.
4.2. Pj ting cia to hop cic ham

Pinh ly: Néu f;(x) = O(gi(x)) va fr(x) = O(g2(x))

Thi: 1) (fi + f5)(x) = O(max{gi(x), g2(x)}).

2) (fi.h)(x) = O(gi(x).g2(x))
Chung minh: Theo gia thiét, ta co: i)l < Cilgx)!l , Vx>k
| fz(X)l < Gl gz(X)) I, Vx>k
Chon k = max(k;; k) thi ca hai bat ddng thirc déu thoa man. Do dé:
D) I(f; + £)) = (X)) + B! < ()] + (%)l <
< C1|g1(X)| + C2|g2(X)| < (C1 + Cz)g(X)
o day g(x) = max{lg;(x)l, lg2(x)I}.
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2) I(fr.R)X)I = IH)LBX) S CC Igi(x)LIgx)l = CiCalgi(x)g(x)l
Hé qua: Néu fi(x) = O(g(x)), f2(x) = O(g(x)) thi (fi+H)(x) = O(g(x))

Thi dy. Cho déanh gid O cua cac ham:
1/ f(n) =2nlgn!) + (0’ + 3)lgn ,ne N.
2/ f(x)=(x+ Dlg(x*+ 1) +3x*, x € R.
Giai: 1) Taco: 1g(n!) =O(nlgn) = 2nlg(n!) = O(nzlgn)
(n3 + 3)lgn = O(n3lgn)
Vay f(n) = O(n’lgn)
2) Tacé: lg(x* +1) <1g2x* =1g2 + 2lgx < 3lgx, Vx> 1
= lgx*+1)=0(gx) = (x+ Dlg(x*+ 1) = O(xlgx)
Mat khac: 3x% = O(xz) va max{xlgx; xz} =x%
Vay f(x) = O(xd).

4.3. Do phirc tap cua thuat toan
Nhu d4 néi ¢ phan dau ctia muc 4, ching ta chi dé cap dén do phuc tap vé thoi gian
cua thuat toan. Bg phurc tap vé thoi gian cua thuat todn dugc danh gia qua sb lugng
céc phép todn ma thuat todn sir dung. Vi vay phai dém céc phép todn c6 trong thuat ton.
Céc phép todn phai dém la:
- Céc phép so sdnh céc sd nguyén hodc s6 thuyc;
- Céc phép tinh $b hoc: cdng, trir, nhan, chia;
- Céc phép gan;
- Va bat ky mot phép tinh so cap nao khac xuat hién trong qud trinh tinh todn.
Gia su s6 céc phép todn cua thudt todn la f(n), trong d6 n la kich thude dau vao, khi
d6 ngudi ta thudng quy do phire tap vé thoi gian cta thuat todn vé cdc mirc:
e Do phirc tap O(1), goi 1a do phirc tap hang sb, néu f(n) = O(1).
e D¢ phuc tap O(logan), goi 1a d phurc tap logarit, néu f(n) = O(log,n). (Diéu kién a
>1)
Do phuc tap O(n), goi la do phuc tap tuyén tinh, néu f(n) = O(n).
Do phuc tap O(nlog,n), goi 1a d§ phtic tap nlogarit néu f(n) = O(logan). (Piéu kién
a>1)
e Do phirc tap O(n®), goi 1a d6 phirc tap da thirc, néu f(n) = O(n®).
e Do phirc tap O(a"), goi 1a 6 phirc tap mii, néu f(n) = O(a"). (Piéu kién a > 1)
e Do phtic tap O(n!), goi la do phuc tap giai thura, néu f(n) = O(n!).

Thi dy 1. Tim d6 phirc tap cua thuat todn dé giai bai todn: Tim s 16n nhat trong diy n
sO nguyén ay, a, ..., a, da cho:

Procedure max(ay, ay, ..., a,);
Input: Day ) aj, ap, ..., an;
Output: S6 16n nhat (max) cta ddy s di cho;
begin
max := aj;

fori:=2to n do
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if a;>max then max := a;;
end;

M&i budc cua vong lap for phai thuc hién nhiéu nhat 3 phép toan: phép gén bién
diéu khién i, phép so sanh a; voi max va c6 thé 1a phép gan a; vao max; vong lap ¢6 (n — 1)
bude (i =2, 3, ..., n) do d6 nhiéu nhét c6 ca thay 3(n - 1) phép todn phai thyc hi¢n. Ngoai
ra thuat todn con phai thuc hién phép gan dau tién max := a;.
Vay sb phép todn nhiéu nhat ma thuat todn phai thuc hién 1a:
3n—1)+1=3n-2=0(n)
Do phc tap vé thoi gian ctia thudt todn 1a d6 phire tap tuyén tinh.

Thi du 2. D0 phtic tap cua thudt todn nhan ma tran.

Procedure nhan_matran;
Input: 2 ma trdn A = (a;j)mxp va B = (bij))pxn;
Output: ma trdn tich AB = (Cij)m xn
Begin
for i:=1to m do
for j:==1to n do
begin
Cij .= O;
for k:=1 to p do
Cij = Cjj + aikbij ;
end;
End.

S6 phép cong va sd phép nhan trong thuat toan trén la: Voi mdi phan tir cij phai thuc
hién p phép nhan va p phép cong. C6 tat ca m.n phan tir cij, vay phai thyc hién 2mnp phép
cong va phép nhan.

Dé xédc dinh do phiic tap ctia thuat todn, ta gia sir A, B 12 hai ma tran vudng cip n,
nghia 12 m = n = p. nhu vy phai can 2n’ phép cong va phép nhan. Vay do phirc tap cia
thuat toan 1a O(n3) — do phtrc tap da thtrc.

Mot diéu thd vi 13, khi nhan tir 3 ma tran trd 1én thi s6 phép tinh cong va nhan phu
thudc vao thir tuy nhin cac ma tran éy. Chéng han A, B, C la cdc ma tran c6 kich thudc
tuong ung la 30x20, 20x40, 40x10. Khi doé:

Néu thyuc hién theo thtr tw ABC =A(BC) thi tich BC 1a ma tran kich thudc 20x10 va
can thuc hién 20.40.10 = 8000 phép tinh cdng va nhan. Ma tran A(BC) c¢6 kich thude
30x10 va can thyc hién 30.20.10 = 6000 phép cong va nhan. Tir d6 suy ra can thuc hién
8000+6000 = 14000 phép tinh cong va nhan dé hoan thanh tich ABC.

Tuong tw, néu thuc hién theo thir ty ABC = (AB)C thi can thyc hién 30.20.40 phép
tinh cong va nhén dé thuc hién tich AB va 30.40.10 phép cong va nhan dé thuc hién tich
(AB)C. Do d6 sb cdc phép tinh cong va nhan phai thuc hién dé hoan thanh tich ABC 1a
24000+12000 = 36000 phép tinh.

R& rang hai cdch nhdn cho két qua vé sd lugng céc phép tinh phai thuc hién 1a khic
nhau.
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5. Thuit toan tim kiém

Bai todn tim kiém dugc phat biéu nhu sau: Tim trong day sb aj, a, ..., a, mot phén to
c6 gid tri bang s6 a cho trude va ghi lai vi tri ctia phan tir tim duoc.
Bai todn nay c6 nhiéu ng dung trong thuc té. Ching han viéc tim kiém tir trong tir
dién, viéc kiém tra 13i chinh ta cia mot doan van ban, ...
C6 hai thuat todn co ban dé giai bai todn nay: Thuat todn tim kiém tuyén tinh va thuat
toan tim kiém nhij phan. Chiing ta 1an luot xét cdc thuat todn nay.

5.1. Thuit toan tim kiém tuyén tinh (con goi 1a thuit toan tim kiém tun tu).

Pem so sanh a lan lugt véi a; (i=1, 2, ..., n) néu gdp mot gid tri a; = a thi ghi lai vi tri
cua a;, néu khong gip gid tri a; = anao (a; # a. Vi) thi trong diy khong c6 s6 nao bang a.
Procedure Tim_tuyen_tinh_phan_tu_bang_a;

Input: avaday sb ay, ay, ..., an;
Output: Vi trf phan tir cia ddy c6 gid tri bang a, hodc 1a s6 0 néu khong tim
thiy a trong day;
begin
1:=1;

while i<n anda;j#a) do i:=i+1;
if 1<n then vitri:=1 else vitri:=0;
end;

Nhu vay néu a duge tim théy O vi trf thir i ciia day (a; = a) thi cau Iénh i :=1+ 1 trong
vong lap while dugc thyc hiénilan (i =1, 2, ..., n). Néu a khong dugc tim thay, cau 1énh
phai thyc hién n 1an. Vay s6 phép toan trung binh ma thuat todn phai thyuc hién la:

I+2+...+n_ n(n+1) n+l
n  on
Viy, d6 phiic tap cta thuat todn tim kiém tuyén tinh 1a d6 phuc tap tuyén tinh.

=0(n)

5.2. Thuét toan tim kiém nhij phan.
Gia thiét rang cic phan tir cua diy duoc xép theo thtr ty ting dan. Khi d6 so sanh a
re A o em 1m A . I+n A L -3 A A ) N
vOi sO ¢ gitra day, néu a < a, vl m= - (can nhac lai rang phan nguyén cua x: [x] la

s6 nguyén nho nhit c6 trong x) thi tim a trong ddy aj, ...,an , néu a > a,, thi tim a trong day
Amsl, ..., ay. DOI v6i mdi diy con (mot nira ciia diy da cho) dugc 1am tuong tu dé chi phai
tim phan tu co g1a tri bang a & mot nira diy con d6. Qud trinh tim kiém két thic khi tim
thiy vi trf cia phan tir ¢6 gid tri bang a hodc khi day con chi con 1 phan tir.

Chéng han viéc tim s 8 trong day $b 5,6,8,9,11, 12,13, 15, 16, 17, 18, 19, 20, 22
duoc tién hanh nhu sau:
Diy di cho gdm 14 s hang, chia ddy thanh 2 diy con:
5,6,8,9,11,12,13 va 15,16,17, 18, 19, 20, 22
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Vi 8 < 13 nén tiép theo chi can tim & day dau tién. Tiép tuc chia d6i thanh 2 day: 5, 6, 8, 9
va 11, 12, 13; vi 8 <9 nén lai chi phai tim & day 35, 6, 8, 9. Lai chia d6i day nay thanh 2 day
con 5, 6 va 8, 9 thdy ngay 8 thudc vé diy con 8, 9 va qud trinh tim kiém két thic, vi tri ctia
s6 8 trong ddy di cho 1a tht ba

Procedure Tim_nhi_phan_phan_tu_bang_a;

Input: avaday $b a, a, ..., a, da xép theo thur tu tang;

Output: Vi trf phén tir cia ddy c6 gid tri bang a, hodc 1 s6 0 néu khong tim thay
trong day;

Begin

i:=1; (*1ladiém mit trdi cia khoang tim kiém*)
j:=n; (*jladiém mit phai cia khoang tim kiém*)
while i < j do

begin

m:= I+ ;
2

if a>ay, theni:=m+l1
else j :=m;
end;
if a=a; then vitri:=1 else vitr1i:=0;
end;

Do phuc tap cua thuat toan tim kiém nhi phan dugc danh gid nhu sau: Khong giam
téng quét c6 thé gia st do dai cua diy aj, ap, ..., a, lan = 2" véi k 1a sb nguyén duong.
(Néu n khong phai 12 1ity thira ciia 2, ludn tim duge s6 k sao cho 27! < n < 2" do d6 c6 thé
xem day da cho 12 mot phan cia day c6 2" phan tir). Nhu vy phai thuc hién nhiéu nhat k
14n chia doi cdc day s6 (mdi nira ddy cta 14n chia d6i thi nhat ¢6 2~ phan tir, cia 1an chia
d6i thtr hai ¢6 2° 2 phan tu, ..., va cua lan chia doi thi k 1a 25 7* = 2° = 1 phan tir). N6i
céch khéc 1 nhiéu nhat ¢6 k vong lap while dugc thyc hién trong thuat todn tim kiém nhi
phan. Trong mbi vong 1dp while phai thyc hién hai phép so sanh, va vong lap cudi ciing khi
chi con 1 phan tir phai thyc hién 1 phép so sanh dé biét khong con 1 phéan tir nao thém nira
va 1 phép so sdnh dé biét a c6 phai 1a phan tir d6 hay khong. Tir d6 thy rang thuat todn
phai thyc hién nhiéu nhét 2k + 2 = 2[log,n] + 2 = O(logn) phép so sanh.

Viy, d6 phiic tap ctia thuat toan tim kiém nhij phan 13 d6 phirc tap logarit.

6. Thuat toan dé quy
6.1. Cong thirc truy héi

Doi khi rat khé dinh nghia mot ddi tugng nao d6é mot cich tuong minh, nhung c6 thé
dinh nghia d6i twong d6 qua chinh né voi dau vao nho hon. Céch dinh nghia nhu vay goi la
cach dinh nghia bang truy hoi hodc dinh nghia bang dé quy va né cho mét coéng thirc goi 1a
cong thirc truy hoi.
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Pinh nghia: Dinh nghia bang truy hdi bao gdm cdc quy tic dé xdc dinh cdc ddi
tuong, trong d6 c6 mot s quy tic ding dé xac dinh cdc dbi twong ban dau goi 1a cic didu
kién ban dau; con céc quy tic khdc dung dé xdc dinh cdc ddi tuong tiép theo goi 1a cong
thire truy hoi.

Thi du 1. Day sb a, duoc dinh nghia bang dé quy nhu sau:

ap=3; a,=a,_; +3.
Trong d6éap=31a diéu kién ban dﬁu, con a, = a,_1 + 3 1a cong thuc truy hoi.
Thi dy 2. Dinh nghia bang d¢ quy giai thira ctia s6 ty nhién n la:
GTO)=1; GTm)=nGTnh-1).
Vi GT(n) = n! = n(n-1)(n-2)...1 = n.GT(n-1). Trong d6 GT(0) = 1 1a diéu kién ban dau, con
GT(n) = n.GT(n — 1) 12 cdng thiic truy hoi.
Thi du 3. Day sb Fy, Fi, F,, ..., F, duoc dinh ngha:
F0=0; F] = 1; Fn=Fn_1 +Fn_2.
D6 chinh 1a dinh nghia bang dé quy cia ddy s6 c¢6 tén 1a diy Fibonacci. Trong d6
Fo=0, F; = 1 1a cdc diéu kién ban dau, con F, = F, _ | + F,_, 1a cong thirc dé quy.
Dé théy mot $6 s hang dAu tién cua day la: 0; 1; 1; 2; 3; 5; 8; 13; 21; ...
6.2. Thuat toan dé quy.

Nhiéu khi viéc gidi bai todn véi dau vao xdc dinh c6 thé dua vé viée gidi bai todn d6

v6i gid tri dau vao nho hon. Chang han:
n!=n.(n-1)! hay UCLN(a, b)=UCLN(amodb,b), a>b

Pinh nghia: Mot thuat toan goi 1a d& quy néu thuat todn d6 giai bai todn bang cich
rit gon lién tiép bai todn ban dau t&i bai todn cling nhu vay nhung véi dir liéu dau vao nho
hon.

D@ thiy co s ciia thuat toan 12 cong thirc truy hoi.

Thi dy 1. Tinh giai thira ctia s6 tu nhién n bang dé quy.

Function GT(n);

Input:  S6 ty nhién n;
Output: Gid tri cua n!;
Begin
if n=0 then GT(0):=1

else GT(n) :=n*GT(n - 1);

End;

Thi dy 2. Tinh sb hang cta diy Fibonacci bang dé quy.
Function Fibonacci(n);
Input: Vi trf thtr n cua day Fibonacci;
Output: Gid tri F, cta day Fibonaci;
Begin
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if n=0 then Fibonacci(0) :=0
else if n=1 then Fibonacci(1l) :=1
else Fibonacci(n) := Fibonacci(n-1) + Fibonacci(n-2);

End;

Thi dy 3. Thuat todn d¢ quy tim UCLN(a, b).
Function UCLN(a, b);

Input: Hai s6 nguyén duong a va b;

Output: Udc s6 chung 16n nhat ctia a va b;

Begin

if b=0 then UCLN(a, b):=a
else if a>b then UCLN(a, b) := UCLN(a mod b, b)
else UCLN(a, b) := UCLN(b mod a, a);
End;

Bay gid ching ta thtr tim do phuc tap vé thoi gian cia mot vai thuat todn viét bang dé
quy. Chang han xét thuat toan dé quy tinh s6 hang ciia dy Fibonacci, dé tinh F, ta biéu
dién F,=F,_ |+ F,_», sau dé thay thé ca hai sb nay béng téng ctia hai sd Fibonacci bac
thap hon. Qud trinh tiép tuc nhu vay cho dén khi Fy va F; xuét hién thi duoc thay bang cic
gid tri cua ching trong dinh nghia.

Modi budc dé quy cho t61 khi Fy va F xuat hién, cdc sd Fibonacci duge tinh hai 1an.
Chang han gian d0 cdy ¢ hinh 2 cho ta hinh dung cich tinh Fs theo thuat todn dé quy. Tir
d6 c6 thé thay rang dé tinh F, can thyc hién F, , | — 1 phép cong.

Fs

Hinh 2. Lugc dé tinh Fs bing dé quy

Do phirc tap cta thuat toan dé quy tim udc sd chung 16n nhat cta hai sb nguyén
duong a, b (thi du 3): UCLN(a,b) = UCLN(a mod b,b), néua>b (amod b la phén du khi
chia a cho b) duoc danh gid bang céch tng dung day Fibonacci.

Trudc hét bang quy nap todn hoc ching ta chimg minh s6 hang tong quét cua diy
Fibonacci théa man:
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I 1+\/§

Fo>0 "%, Vn>3, trongdd a= 5 . (1)

That vay:
Tacd: a<2=Fs nghiala (1) ding véin = 3.
Gia st F, > o 2 ding v6i n, xét voi n+1. D& thdy o 1a mot nghiém ciia phuong trinh
x*—x—1=0 nénsuyra o’ = o+ 1. Tirdo:
o=l = (o + D

Theo gia thiét quy nap, néun >4, tacé F,_; > o~

-3 _ n

o 2ot
3

3
va F, > o~ Thay vao dinh
nghia cua day Fibonacci:
Fopi=Fa+Fp 1 >a" 240 =0
Vay F,>o'" %, Vn>3.
Cong thuce (1) duge chtirng minh.
Tro lai thuat todn dé quy tim wéc sd chung 16n nhat ctia hai s nguyén duong a, b (a

> b). Do phirc tap cua thuat toan duoc danh gid qua sé luong cic phép chia dung trong
thuat todn nay.

DPatrop=a, r; =b, ta cé: ro =T11q; + I2; 0< n<ry,
Iy =nqp + 13; 0< r3<n,,
In - 2=TIn_1Qn_1+Tn; 0< 1 <rp_i,
In-1 =In(n;

Nhu vy phai ding n phép chia dé tim r, = UCLN(a,b). Céc thuong qi qp, ..., g1 ludn
16n hon hodc bang 1, con q, > 2. T d6 suy ra:
n, =>1=F,
o1 = 2r,=2F, = F;,
22 Ih1+1, 2 F3+F=F,

rn >rn+rs > Fo1+F _2=F,
b=r>n+n>F+F_1=F..
trong d6 F, 1a s6 hang thir n trong day Fibonacci.
Vay néu n 1a sb cdc phép chia trong thuat todn O-clit tim udc s6 chung 16n nhat cta hai
$6 nguyén duong a, b thi b>F, , |, trong d6 F, 1a s6 Fibonacci thtr n.
1+2£ nén b>a" .

Do Fyii>0" ' véin>2vaa =

n—1

Tuds: Igb > (n—-1)Iga> (vi lga=0,208 > %).
Vay: n—1<5lgb = n<S5lgb+1=0(gb).
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Nghia la @6 phurc tap cua thuat toan O-clit viét theo dé quy la O(Igb).
Qua diy c6 thé thdy trong nhiéu truong hop, viéc danh gid do phirc tap ciia mot thuat
toan qua la khong dé dang.
6.3. D¢ quy valap
Hau nhu cdc bai todn giai duogc bang lap thi ciing giai dugc bang dé quy. Thong
thuong, néu diing phuong phap 1ap thi sé phép tinh s& it hon; ching ta minh hoa diéu nay
bang thi tyc tinh s6 Fibonacci bang thuat todn dé quy va thuat todn lap.
Trong thi dy 2, muc 6.2. chiing ta da tinh s6 phép cong theo thuét toan d¢ quy dé tinh
6 Fibonacci thtr n 12 F,+1— 1. Bay gio ta xét thu tuc 1ap dé tinh sd Fibonacci:
Function Lap_Fibonacci(n);
Input:  Vitri thtt n + 1 cua day Fibonacci;
Output: Gid tri f, cua day;

Begin
if n=0 then y:=0
else
begin
x:=0; y:=1
fori:=1 ton-1
begin
Z:=X+Y;
X:=y;, yi=12
end;
end;
Lap_Fibonacci := z;
End.

Thuét todn nay khoi tao x nhu 12 Fy= 0 va y nhu 1a F; = 1. Qua mdi budc lap tong clia x
va y dugc gdn cho bién phu z. Sau d6 x dugc gan gid tri cua y va y duoc gén gid tri cia z.
Vay qua vong ldp thtr nhét, ta ¢6 x = F; va y = F,. Khi qua vong lip thtn— 1 thix = F, _ 1.
Vay chi ¢6 n — 1 phép cong duoc thyc hién dé tinh F,. R6 rang s lugng cdc phép tinh nay
nho hon khi tinh bang d¢ quy.

Tuy s6 lwong cdc phép tinh khi ding dé quy nhiéu hon khi ding 13p, nhung nhiéu khi
nguodi ta van thich sit dung dé quy hon. C6 1& 1y do 1a & chd chuong trinh dé quy thuong
gon hon, mit khic c6 nhimng bai todn chi giai duwoc bang dé quy ma khong giai duoc bang
lap.

7. Mt vai thuit toan vé sé nguyén
7.1. Biéu dién céic s6 nguyén
Pinh Ij: Cho b 12 mot s nguyén duong 16n hon 1, khi d6 néu n 1a s nguyén duong
thy ¥ thi n ¢6 thé biéu dién duy nhat dudi dang:
n:ak_lbk_l+ak_2bk_2+...+a1b+ao. (1)
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trong d6 k 1a $b nguyén khong am, ay, aj, ..., ax_ la cac $b nguyén khong 4m va nho hon b
dong thoi a,_; # 0.

Chiing ta khong chting minh dinh 1y nay. Biéu dién cta sé n theo cong thirc (1) goi 1a
Kkhai trién co s6 b ciia n va dugc ky hiéu 12 (a_j ax _»...a9)y. Dic biét, néu 1a co s6 10 (hé
thap phén, b = 10), nguoi ta quy udc khdng can viét co s6 kem theo. Ngoai hé thap phan
con c6 hé nhi phan (co s6 2), hé bat phan (co s6 8) va hé thap luc phan (co s6 16) 1a hay
duoc dung trong tin hoc.

Thi dy 1: Xéc dinh khai trién thap phén ctia s6 nguyén tir cic hé co s6 khéc:
(245)3=2.8* +4.8 +5=165
(10101111),=1.2"+02°+1.2° +0.2* + 1.2° +1.2* + 1.2+ 1 = 175
H¢ thap luc phan c6 16 chir $60,1,2,3,4,5,6,7,8,9, A,B,C,D,E, F, trong d6 A, B,
C, D, E, F tuong trng v6i céac $6 10, 11,12, 13, 14, 15 trong hé¢ thap phan. chéng han:
(2AE0B);6 =2.16" + 10.16° + 14.16* + 0.16 + 11 = 175 627

Biy gid xét bai todn nguoc, xdc dinh khai trién theo co sd b clia s6 ty nhién n cho
trong hé thap phan. Trudc hét chia n cho b dugc s6 du 1a ag:
n=bqo+ay, 0<ay<b (ay=nmodb)
khi d6 ap 1a chinh 14 chit s6 cudi cling trong hé co s6 b. Tiép theo chia qo cho b duoc s6 du
a; chinh 1a s6 dimg trudc ag trong hé dém co 6 b:
qo=bqi+a;, 0<a;<b (a;=qgomodb)
Qua trinh tiép tuc cho dén khi nhéan duogc thuong béng 0.

Thi du 2: Tim khai trién co s6 8 cua 12345. Ta c6:
12345 = 8.1543 + 1
1543 = 8.192+7
192 =8.24+0
24 =8.3+0
3 =8.0+3
Vay: 12345 = (30071)s.

Thuét todn tim khai trién co s6 b ctia s6 tu nhién n nhu sau:
Procedure Khai_trien_co_so_b;
Input:  S4 ty nhién n va co sb b;
Output: Khai trién n theo co sd b (akag_1...40)b;
Begin
q:=n;
k:=0;
while q # 0 do
begin
ay := q mod b;
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7.2. Cong va nhan trong h¢ nhi phan

Cic thuat toan thyc hién cdc phép tinh véi cic s6 nguyén ¢ hé nhi phan c6 vai trd
quan trong trong tin hoc. Boi vy phan nay mo ta hai thudt todn thuc hién phép cong va
phép nhéan — hai phép todn sb hoc co ban nhat — céc s6 nguyén trong hé nhi phén.

Gia sir ¢6 hai s nguyén a va b dudi dang nhi phén:

a= (an_1 Ap_2 ... A ao)z va b= (bn_lbn_z b1 b())z .
(Néu can thiét c6 thé dat thém céc bit 0 1én phén dau cua cdc khai trién nhi phan cua a
hoac b)
a. Phép cong
bé cong a va b, trudc hét cong hai bit cudi:
ap + bo=co.2 + sp.
& day so 1a bit cudi trong khai trién nhi phan cta tong a + b va ¢ 1a s6 nhd. Sau d6 1a cong
hai bit tiép theo va s6 nhé:
aj+b;+cop=c;.2 +5s;.
& day s; 1a bit tiép theo trong khai trién nhi phan cua téng a + b va ¢; 1a s6 nhd. Tiép tuc
nhu vay cho dén:
a,_1+b,_1+cho=cCch_1.2+Sp_1.
Pat s, = ¢, _ ta dugc khai trién nhi phan cua téng a+b:
a+b=(SySn_1...51S0)>.

Thuét todn dugc md ta bang ngdn ngit phong Pascal nhu sau:

Procedure Cong_hai_so_nguyen_duong_dang_nhi_phan;
Input: Hai s6 nguyén dwong a va b dudi dang nhi phan

(@n—1...a1ap)2 va (by_1... by bp);
Output: Téng a + b dudi dang nhi phan (s, sp_1 ... S1 S0)2;
Begin
c:=0

for j:=1 ton do
begin

g aJ+bJ+C )
2 b
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sj:=aj+bj+c—2d;
c:=d;
end;
Sy I=C;
End;

C6 thé hiéu 1a phép cong trong hé nhi phan ciing dugc tién hanh nhu & hé thap phan,
nhung luu ¥ rang:
0+0=0; O0+1=1+0=1; 1+1=10
Chéng han tinh (1110), + (10111); 1a:
01110
10111
10 0101

D6 phirc tap cua thuat todn dugce ddnh gid nhu sau: Mdi bit trong khai trién nhi phan
ctia tong a + b duoc tinh bang cdch cong mot cip bit v c6 thé phai cong thém bit nhé. Nhu
vy dé c6 mdi bit cua tong can nhidu nhat 3 phép cong. Mdi khai trién nhi phan c6 n bit.
Vay phai thuc hién tdi da 3n phép cong hai s6 nguyén n bit, nghia 1a thuét toan todn c6 do
phirc tap tuyén tinh O(n).

b. Phép nhan
Theo luat phan phéi, ta co:

n-1 . n-1 .
ab=a Y b2l = Y (ab)2]
=0 =0
D& thiy:
abj = & Iléu bj =1
0 4 néu bj =0

va mdi 1an nhan mot khai trién nhi phan véi 2 1a dich chuyén khai trién d6 mot vi tri vé bén
trai bang cach thém mot sb 0 vao cudi khai trién d6. Do d6 c6 thé nhan duoc tich (abj)2j
bang céch dich khai trién nhi phan clia ab; vé bén tréi j vi trf, néi cach khac 1a thém j bit 0
vao cudi khai trién nhi phan ab;. Cubi cing nhan dugc tich ab bang cach cong n sd nguyén
duong abj2j voij=0,1,...,n—1.

Thi dy: Tim tich ciia a = (110), va b = (101),. 110
aby.2° = (110),.1.2° = (110), _tot
aby.2' = (110),.0.2! = (0000), 110
aby.2% = (110),.1.22 = (11000), + 000
va, cudi ciing ta cong (110)a, (0000), va (11000), véi nhau _ 1o
duoc ab = (11110),. 11110

D@ thiy cach thyc hién phép nhan trong hé nhi phan ciing giéng nhu trong hé thap
phéan.
Thuat todn duoc mo ta bang ngdn ngir phong Pascal mhu sau:
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Procedure Nhan_hai_so_nguyen_dang_nhi_phan;
Input: Hai s6 nguyén duong a va b dudi dang nhi phan
(@ -1...a1ap) va (by_1...br by
Output: Tich ab duéi dang nhi phén;
Begin
forj:=0 to ndo
if bj=1then ¢;:=a duoc dich sang trdi j vi tr{

else ¢; :=0;
(* co, €1, +.., Cp—1 12 cdc tich riéng phﬁn *)
p:=0;
for j:=0ton—1do p:=p+c; (*plagidtricuatichab *)
End;

Do phtc tap cta thudt todn nhan 2 sb nguyén dang nhi phin bang céch tinh s cic
phép cong bit va dich bit ctia thuat todn dugc danh gid nhu sau:
Cic tich riéng c; = ab2’ khong can dich chuyén khi b; = 0, vi khi d6 ¢; = 0 va n6 phai
dich chuyén j vi trf khi b; = 1. Vi thé véi tit ca n tich riéng c; can thuc hién t6i da:
n(n-—1)
2

0+1+2+...+(n-1)=

phép dich chd. Vay sb phép dich chd téi da 1a O(n?).

Sau khi dich chd sb nguyén ¢, | = ab, 2"~ e62n bit, theo thuat toan cong hai $b
nguyén s& c6 tdi da O(n) sé phép cong bit dé cong tat ca n céc tich riéng Cj.

Vay dg phuc tap cua thuat todn nhan 2 ) nguyén dang nhi phan la O(nz).
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BAI TAP CHUONG 1

1.1. Chting minh rang:

2

LT b) 2"+17=0(3".
x+1

1.2. Tim mot ) nguyén n nho nhét sao cho f(x) = O(x"), néu:
a) f(x)=2x" + x’Igx; b) f(x)=3x"+ (Igx)*;
4, .2 3
0 f(x):x +3x +1; d) f(x):X -ZSng.
x” +1 X +1

1.3. Chimg minh rang x* + 4x + 17 12 O(x”), nhung x> khong 12 O(x” + 4x + 17).

1.4. Hay cho mot danh gid big-O tot nhét ¢6 thé dwoc ddi voi cac ham sau:
a) (n®+8)(n+ 1); b) (nlgn + nd)(n’ + 2);
¢) (n!+ 2"’ + Ign® + 1)); d) 2"+nH@0’ +3";
e) (x> +x(Igx))(2* + x°).

1.5. Lap va mo ta thuat toan bang ngdn ngir phong Pascal cho cac bai toan sau:
a) Tinh x" v6i x 1a s0 thuc va n 13 s6 nguyén. (Goi y: trude hét 1ap thu tuc tinh x" vai
N A A 2 5 A 5 A A A — 1
n 1a s0 nguyén duong, sau d6 m¢ rong thu tuc cho n 1a s6 nguyén am x " = —

XI]

2

neN")

b) Chi ding cic 1énh gan dé bién bd ba s6 (x, y, z) thanh (y, z, x). S6 tdi thiéu cac 1énh
gan la bao nhiéu?

¢) Chén 1 s6 nguyén x vao vi tri thich hop trong diy cac sd nguyén aj, ay, ..., a, di
dugc xép theo thir ty tang dan.

d) Tim s6 nho nhat va sb 16n nhit trong ddy gom n s6 nguyén da cho.

/ ) k ’ \ A e qen X N
1.6. Xéc dinh s6 cdc phép nhan duoc dung dé tinh x2 bt du véi x rdi lién tiép binh
phuong (dé tim x?, x*, ...). Cdch nay c6 hiéu qua hon céch nhén x véi chinh né mot sb lan
thich hgp khong?

1.7. Lap va md ta thudt toan bang ngdn ngit phong Pascal cho bai toan sau: Dém céc bit 1
trong mot xau bit bang cach kiém tra tung bit cia xau xem c6 phai la bit 1 khong. Cho
danh gid big-O doi vaéi cac phép so sanh dugce dung trong thuat todn.

1.8. Thuat toan tinh gid tri cua da thirc P(x) = a,x" + a,_ 1 X"~ ' + ... + a;X + ap tai x = ¢ nhu
sau:
function Dathuc(c, ag, ay, ..., a,);
DPau vao: ¢, ag, aj, ..., a,
Pau ra: y = P(c);

begin
power :=1;
yi=ap;
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for i:=1to n do
begin
power := power *c ;
y :=y + a;j*power ;
end;
Dathuc :=y;
end;
a) Tim P(2) néu P(x) =3x* +x + 1 bang cach thyc hién timg budc thuat toan trén.
b) C6 bao nhiéu phép nhan va phép cong ding dé ting bién trong vong 1ap?

1.9. Thuat toan Horner dé tim gia tri P(c) cta da thitc P(x) = apx" + a, 1 x" '+ ... + a;x +

ap nhu sau:
function Horner(c, ay, aj, ..., ay);

DPaiu vao: C, ap, A1, ..., Ap ;
DAu ra: y =P(c);
begin

Y = an;

for i:=1to n do y:=y*c+a,_i;
Horner := y;
end;
Cac cau hoi nhu trong bai tap 1.8.
1.10. Lap thuat todn tim sd hang dau tién trong mot ddy céc s6 nguyén cho trudc sao cho
s6 hang tim thiy bang mot sé hang nao dé dimg trudc né. Tim do phic tap vé thoi gian cua
thudt todn da lap.
1.11. Lap thuat todn tim trong diy s6 nguyén duong cho trudc sé hang dau tién nho hon sb
hang dirng ngay trudc nd. Xac dinh do phuc tap cta thuat toan da 1ap.
1.12. Ma tran logic
Ma tran ma cac phﬁn tr 12 0 hodac 1 duoc goi 1a ma tran 16gic.
1) Cho hai ma tran 16gic kich thuéc mxn: A = [ajj]y, » V2 B = [bjj]m, 0, ta co:
e A v B la ma tran 16gic hop giita A va B ¢6 cdc phan tir & hang i, cot j la:
1 néu a;; =1 hodc b =1
a; v by = { ;
0 néu a;=b;j=0
e A A B 1a ma tran 16gic giao giita A va B ¢6 cdc phan tir ¢ hang i ¢t j 1a
1 néu aj = bij =1
a; Aby = { ; )
0 néu a;; =0 hodc b;=0

2) Cho hai ma trdn 16gic A = [ajj]n, p kich thuéc mxp va B = [by],, » kich
thudc pxn. Tich boole cia A véi B, ky hiéu A®B, 1a ma tran 16gic kich thudce
mxn ma phén tu G (phén tor & hang 1, cdt j) dugc x4c dinh nhu sau:

Cij = (ai1Ab1j) \4 (aiz/\sz) V...V (aip/\bpj)
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a) Viét thuat toan dang phong Pascal cho cédc phép todn cua cdc ma tran 16gic nhu céc
dinh nghia néu & trén.

b) C6 bao nhiéu phép todn bit dugc ding dé tinh A®B vdi A, B 1a cdc ma tran 16gic
vudng cap n.

¢) Chimg minh ring: A®B®C) = (A®B)®C véi gia thiét cic phép todn trong biéu
thire da cho 1a thuc hién duoc,

1.13. Tim va mo ta thuat toan d¢ quy cho cac bai todn sau:
a) Tim tong cta n s6 nguyén duong 1¢ dau tién.
b) Tim sO cuc ti€u cua tap hitu han cdc sO nguyén.

1.14. Hay dua ra thuét toan dé quy tim n! mod m, tromg d6 m, n, 1a cdc s6 nguyén duong.

n s 14
1.15. Tim thuat todn d¢é quy tinh a’ | trong d6 a la mdt s6 thuc va n 1a mdt s6 nguyén

2 n+ n 2
duong (Goi y: ding dang thirc a’ ' = (a2 ) ).
1.16. Tim thuét toan dé qui tim wdc s6 chung 16n nhat cia 2 s6 nguyén khoéng am a, b (a <
b) biét rang UCLN(a, b) = UCLN(a, b — a).

PAP SO
1.2. a) 3; b) 5; c) 1; d 0
1.4. a) O(n’); b) O(m’); ¢) Omn!); d) O®B"; e) Ox2Y.
1.5.
¢) Procedure insert (X, aj, ap, ...,a, : integer);
{day xép theo thir tu ting: a; <a, < ... <a,}
a, =X+ 1;
1:=1;
while x > a; do
1:=1+1;
forj:=0 to n-ido
an—j+1:=an-j;
;=X
{x da duogc chen vao vi tri ding}
1.7. Procedure ones (a: xau bit, a=aa ... a,);
begin
ones :=0;
for i:=1tondo
if a; = 1 then ones := ones + 1;
end; {ones la sO céc bit 1 trong xau a}
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1.10. Procedure find duplicate (a;a; ... a, : integer);
location := 0;
1:=2;
while i <n and location =0 do
begin
j=1
while j <1 and location := 0 do
if a; = a; then location :=1 else j:=j+I1
1:=1+1;
end; {location la chi s clia gid tri dau tién 1ap lai gid tri trudc trong day}
O(n?)
1.11. Procedure find decrease (a; a; ... a, nguyén duong);
location := 0;
1:=2;
while i<n and location =0 do
if aj<a;_, then location:=1 else i:=1+1;
end; {location la chi s ctia gid tri dau tién nho hon gia tri ngay trudc né}
D0 phurc tap cua thuat toan 1a O(n).
1.13.
a) Procedure sum of odds (n : nguyén duong);
if n =1 then sum of odds :=1
else sum of odds : = sum of odds(n— 1) + 2n — 1;

b) Procedure smalless (aj, ay, ..., a, : nguyén duong);
if n =1 then smalless (a;, as, ..., a,) :=
else smalless (aj, ay, ..., a,) := min(smalless (aj, as, ..., an_1), ay);

1.14. Procedure modfactorial (n, m : nguyén duong);
if n =0 then modfactorial (n, m) : =1
else modfactorial (n, m) := (n * modfactorial (n-1, m)) mod m,;
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CAU HOI ON TAP CHUONG 1

1. Phat biéu dinh nghia va cdc dic trung ciia thuat toan. Cdc phuong phap md ta thuat
toan.

2. Trinh bay quan hé big-O cta cdc ham s va khai niém d6 phuic tap vé thoi gian cia
thuat todn. Panh gid do phuc tap cta thuat todn nhan ma tran

3. MO ta céc thuét todn tim kiém va ddnh gid do phirc tap ciia chiing.

4. DPinh nghia bang dé quy 12 gi? Thé ndo 1a cong thirc truy hdi? Trinh bay thuét todn dé
quy. Méi lién hé gitra dé quy va lap.

5. M0 ta céc thudt toan lap va dé quy dé: Tim tong ctia mot ddy sd; Tim udc sé chung nho
nhét ctia hai s6 nguyén dwong; Tim s6 Fibonacci

6. Ne&u thuat toan chuyén ddi co s6 co sb cua sb tu nhién. Cach cOng va nhan céc s6
nguyén trong h¢ nhi phan?
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CHUONG 2
BAI TOAN DEM

p—

Nguyén 1y cdng va nguyén 1y nhan
1.1. Nguyén ly cOng

1.2. Nguyén ly nhan

2. Chinh hop. Hoan vi. T6 hop.

2.1.  Chinh hop
2.2.  Hoan vi
2.3. T6 hop
2.4. Chinh hop va T6 hop suy rong
3. Nguyén ly bu trur

4. Giai cac hé thic truy hoi
4.1. Phuong phap khir dé tim cong thirc truc tiép tir cong thic truy hoi
4.2. Giai cac hé thic truy hdi tuyén tinh.
5. Bai toan liét keé.
5.1. Phuong phép sinh
5.2. Thuat toan quay lui
6. Bai toan ton tai
6.1. Nguyén ly Di-ric-le (Dirichlet)
6.2. Mot vai bai toan trng dung nguyén ly Di-ric-1€.
6.3. Phuong phap phan chirng

Ly thuyét t6 hop 1a mot phan rat quan trong ctia toan rdi rac, né chuyén nghién ctru su
sap xép cac dbi tugng (phan tir clia tap hop) theo mot quy tic nao d6. Mdi két qua ciia mot
cach sip xép cac phan tir ciia mot tdp hop theo mot quy tic xac dinh da cho dugc goi 1a
mot cau hinh td hop. Pém céc phﬁn tor cua mat tap hop, hoac cac céu hinh t6 hop 1a ndi
dung cta bai toan dém. Chiing ta ciing can c6 mot quan niém rong rai vé khai niém dém,
chang han néu néi c6 100d thi d6 1a mot cach dém, nhung c6 thé thay cach néi d6 bang cach
noi ¢ 10 to 5d va 25 to 2d. Noi cach khac, liét ké cac cAu hinh td hop 1a mot cach dém.

Céc tap hop n6i dén trong chuwong nay 1a cac tap hop c6 hitu han cac phan tir. S6
luong cac phén tor cua tap hop A, ky hiéu 1a N(A), duoc goi 1a luc lugng (hay ban s6) cua
tap hop A.

1. Nguyén ly cong va nguyén ly nhan.
1.1. Nguyén ly cong
NéuAvaBla2 tap hop roi nhau (ANB = &) thi N(AUB) = N(A) + N(B).

Nguyén ly nay co thé mo rong nhu sau: Gia su Ay, Ay, ..., A, l1a céc tdp con cua mdt
tap X nao do6 thod man:

Truong Dai hoc Néng nghiép Ha Noi — Gido trinh Gido trinh Todn RO rac.....................cccceuuu... 32


www.VIETMATHS.com
www.vietmaths.com

- Céc A; d6i mét roi nhau (AiNA; =, khi i #j)
- X=AUAWL ... UA,.
(Céc tap Ay, Ay, ..., Ay thod man 2 tinh chét trén duogc goi la mot phan hoach cua tap X)
Khi do: N(X)=N(A)) + N(Ay) + ... + N(A))
Pic biét, ta cé6 N(A) = N(X) — N(A) trong d6 A 1 tap bi ctia tap A trong X.

Thi du 1: Mot khoa hoc c6 3 danh sach lua chon cac bai thuc hanh: Danh sach thu
nhat c6 10 bai; danh sach thi hai ¢6 15 bai; danh sach thir ba ¢6 25 bai. Mdi sinh vién duoc
chon 1 bai trong 3 danh sach trén dé lam thyc hanh. Héi mdi sinh vién c6 bao nhiéu cach
Iwra chon bai thuc hanh.

Giai: C6 10 cach lya chon trong danh séach thu nhét, 15 cach lya chon trong danh sach
thir hai va 25 cach lya chon trong danh sach tht ba. Vay ¢6 10 + 15 + 25 = 50 cach lya
chon cho moi sinh vién.

Thi du 2: Mot doan van dong vién cuia mét dia phuong dugce cur di thi d4u & 2 mon:
ban sing va ban cung. Trong doan c6 10 nam va s6 van dong vién ban sung 1a 14 (ké ca
nam va nit). S6 nit van dong vién ban cung b?lng s6 nam van dong vién ban sung. Hoi doan
c6 bao nhiéu nguoi.

Giai: Goi A, B tuong ung 1a cac tap van dong vién nam, van dong vién nir, ta cé
N(A) =10
A, A, tuong tmg 1a cac tap van dong vién nam ban sing, van dong vién nam ban
cung, taco N(A)) + N(Ay) =10
Bi, B, tuong tng 14 cac tdp van dong vién nit bin sung, van dong vién nit ban
cung, taco N(By)=N(A;) vaN(B;)+ N(A) =14
Tu do N(B;) + N(B,) = 14, nghia la doan c6 14 van dong vién ni.
Vay toan doan c6 10 + 14 = 24 van dong vién.
Thi du 3: Xét doan chuong trinh phong Pascal sau
k:=0;
for i;;:=1ton;do k:=k + 1;
for irp:=1tonydo k:=k+1;
for i3;:=1tonzdo k:=k + 1;
Hoi sau khi thyc hién xong doan chwong trinh trén, gia tri ctia k bang bao nhiéu?

Gidi: Gia tri ban ddu gan cho k 12 0. Khi 1énh gom 3 vong lap tuan tu, sau mdi bude lap
cua tirng vong lap gia tri cia k duoc tang thém 1, vong 1dp thiri (i = 1, 2, 3) c6 n; budc nén
sau vong lap thtr i gid tri cua k duoc ting thém n;. Do cac vong 13p 13 tudn tu nén sau ca 3
vong 1dp thi gid tri cua k 1a: k=n; +ny + n3.

1.2. Nguyén ly nhan

Néu mdi thanh phan thir i (tic 13 a;) cta bo ¢6 thir tw gdm k thanh phan (ay, a,, ... , a)
¢6 n; cdch chon (i =1, 2, ..., k) thi s6 luong cac bo k thanh phan d6 s& 1a nin,... ni (tich
ctia s6 cac cach chon ctia moi thanh phan).
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C6 thé phat biéu nguyén 1y nhan dudi dang sé phan tir ciia tich Dé-cac clia cac tap hop:
N(A; X Ay X ... X Ax) =N(A)). N(Ay) ... N(Ay)

Thi du 1: Co 4 phuong tién di tir Ha ndi vao thanh phd H6 Chi Minh 1a: O t6, Tau
hoa, Tau thuy va May bay. Cé 2 phuong tién di tir thanh phd Ho chi Minh ra Con dao 1a
May bay va Tau thuy. Hoi c6 miy cach di tir Ha ndi dén Con déo néu bat bude phai di qua
thanh phé H6 Chi Minh?

Gidi: Mbi cach di tir Ha ndi vao thanh phd H6 Chi Minh ¢6 2 cach di ra Con dao. Vay
v6i 4 cach di tir Ha nodi vao thanh phd HO Chi Minh ¢6 4 . 2 = 8 cach di tir Ha ndi qua
thanh phd HO Chi Minh rdi dén Con déo.

Thi dy 2: Mot x4u nhi phan 1a mot diy lién tiép cac chit sé 0 hodc 1 (goi 13 bit 0 va
bit 1). Do dai ctia xau 1 sb cac chit s6 0, 1 c6 mit trong xau. Hai x4u cung d6 dai duoc goi
1a khac nhau néu c6 it nhat mot vi tri tai d6 cac bit 1a khac nhau. Héi c6 bao nhiéu xau nhi
phan c6 d6 dai 8 ?

Giai: Tai moi mot trong 8 vi tri ¢6 2 céach lya chon 1a bit O hodc bit 1. Do d6 theo quy
tic nhan cho thiy c6 2° = 256 x4u nhi phan khac nhau c¢6 do dai 8.

Thi du 3: Mot bién sb xe may cua mdt dia phuong duoc ciu tao gém hai nhom.
Nhém dau g@)m 2 ky tu: dau tién 1a mot chit cai sau d6 la mot chit sb. Nhom tha 2 gém mot
day 4 chir s6 lién tiép (ké ca cac sb trung nhau). Hoi ¢ thé phat hanh bao nhiéu bién sb xe
tai dia phuong do.

Gidi: Co tat ca 24 cach chon cho vi tri chit cai dau tién. Nam vi trf tiép theo, mdi vi tri
¢6 10 cach chon. Theo quy tic nhén, sb bién s6 ding ky xe may co thé 1a:

24.10.10.10.10.10 = 24.10° = 2 400 000
Thi du 4: Gia tri ctia bién k bang bao nhiéu sau khi doan chwong trinh sau dugc thuc hién?
k:=0;
fori; :=1ton; do
fori, :=1ton, do
for iz:=1 to n3 do
k:=k+1;

Gidi: Pau tién k duoc gan gia tri bang 0. C6 3 vong lap 16ng nhau. Sau mdi lan 1ap cta
vong for trong cuing, gid tri ctia k ting thém 1. Vi mdi gia tri ctia ij, vong for thir hai thuc
hién n, 1an va v6i moi gia tri clia i, vong for thir 3 thuc hién ns lan. Vay theo nguyén ly
nhan, sau khi ca 3 vong lap két thuc thi vong 1dp trong cung (i3) thuc hién nj.n;.n3 lan,
nghia la k =nj.ny.ns.

Chu ¥ rang nhiéu bai toan dém phai giai bang cach két hop ca nguyén 1y cong va
nguyén ly nhan.

Thi dy: Tén bién trong ngdn ngir 1ap trinh Pascal 1a mot xau gém chir cai tiéng Anh
(khong phan biét chir cai thuong va chit cai hoa) va chir sb, trong d6 khong duoc bat dau
bang chit s6. Hoi c6 thé dit duoc bao nhiéu tén bién khac nhau c6 d¢ dai khong qua 2 ky
tu, biét rang c6 10 tir khoa c6 do dai 2 (chang han nhu to, do, go, if, or, in, ...)
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Gidi: Goi A 1a tap tén bién co 1 ky tu, thi N(A) = 26 (c6 26 tén bién (mg voi 26 chi
céi tién Anh)
Goi B 1a tap tén bién co 2 ky tu. Ky tu dau ¢ 26 cach lua chon, con ky tu thtr hai c6
36 cach lwa chon (26 chit cai va 10 chit sb). Vay N(B) = 26.36 = 936. Do c6 10 xau bi
“cAm” nén tong s tén bién c6 do dai khong qua 2 ky tu la:
26 + 936 - 10 =952
2. Chinh hop. Hoan vi. T6 hop.

2.1. Chinh hgp
Pinh nghia: Mot chinh hop chap k cta n phan tir 1a mot bd ¢ tha tu gdom k

phan tir ldy tir n phan tir da cho (k < n).

S6 céc chinh hop chép k cua n phin tir, ky hiéu 1a AX | duoc tinh theo cong thirc:

n!

(n—k)!

That vdy, vi cé n phan tir da cho nén ¢ n cach chon phén tir dimg dau, tiép theo co
n — 1 cach chon phan tir ding thtr hai, n — 2 phan tir ding th ba, ..., n — k + 1 cach chon
phan tir thir k. Theo nguyén 1y nhan dugc cong thirc can chiing minh.

A¥=n(n-Dn-2)...(n-k+1)=

Thi du 1. C6 10 van dong vién thi chay. Hoi c6 bao nhiéu cach du dodn cac van dong
vién v€ nhat, nhi, ba? Biét rang cac van dong vién deu c6 cung kha nang nhu nhau.
Giai: S6 cach dy doan 1a sb cach chon co thir tu 3 trong 10 van dong vién, tic la:
Al,=10.9. 8 =720 cach du doan.

Thi du 2. C6 thé 1ap dugc 9A3 = 9.9.8.7 = 4536 s nguyén co 4 chit s6 khac nhau.
Thi dy 3. C6 bao nhiéu don anh tir tap hop A c6 k phan tir vao tap hop B ¢ n phan tir
(k<n)?

Giai : Gia sir cac phan tir ctia tp hop A twong tng voi cac s6 1, 2, ..., k; khi d6 mdi
don anh chinh 1a mot bd ¢o6 thir ty cac anh cua cac phén tu cua tap hop A. Vay co Alg cac
don anh tr A vao B.

2.2. Hoan vi:
Pinh nghia: Mot hoan vi ctia n phan tir ¢ cho 1a mot cach sap xép c6 thir tw clia n
phan tir do.

D& nhén ra rang, mot hodn vi ctia n phan ttr chinh 1a mét chinh hop chép n cta n. Do d6:

S cac hoan vicluan phén to, ky hiéu Py, 1a:
P,=A;=n(n-1)...1=n!
Thi dy 1. Mdi cach xép hang (ngang hodc doc) ctia 5 ngudi 1a mot hoédn vi cua 5 phén
tir. Vay ¢ Ps = 5! = 120 cach xép hang cia 5 nguoi.
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Thi du 2. Mot nguoi phai di kiém tra 8 dia diém khac nhau theo bét ky thtr tu nao.
Hoi nguoi doé c6 bao nhiéu cach di néu bat dau tir mot trong 8 dia diém d6 sao cho mdi dia
diém déu dugc kiém tra ding mot 1an.

Giai: Nguoi do co P; =7! = 5040 cach di.

2.3. T6 hop

Pinh nghia: Mot to6 hop chap k ctia n phan tir 13 mot cach chon khong ké thu tu k
phan tir tir n phéan tir da cho (n > k).

S6 cac t6 hop chap k cta n phan tir , ky hiéu 1a Cﬁ , dugc tinh nhu sau:

Véi m(§i bo k phan tir khong sap tht ty twong tng véi k! cach sap xép co thir tu. Noi
cach khac mai t6 hop chap k ctia n twong ing véi k! chinh hop chép k cua n. Tt d6 suy ra:

k !
P o s —
k! k!(n—k)!

Thi dy 1. C6 6 d6i bong thi dau vong tron mot lugt. Hoi phai t6 chirc bao nhiéu tran dau?
Gigi: Ct2 ddi gap nhau mot tran suy ra s trdn ddu 1 CF = 15 trén
Thi du 2. Tinh s0 giao diém cuia cac duong chéo nam phia trong mot da giac 10i n canh
(n > 4). Biét rang khong c6 3 dudng chéo nao dong quy tai 1 diém o phia trong da giac do.
Gidi: Ct 4 dinh cua da gidc cho ta mot giao diém thoa mén bai toan. Vay s6 diém can
dém la:
ct - hn-Dn-2)n-3)
" 24

Thi dy 3. Cho mot ludi ¢6 m.n 6 chit nhat. Cac niit dwoc danh s6 tir 0 dén n theo
chiéu tir trai sang phai va tir 0 dén m theo chiéu tir dudi 1én trén (xem hinh v&). Hoi c6 bao
nhiéu duong di khac nhau tir nat (0,0) dén nit (n,m), biét rang moi budc di 1a su dich
chuyén hodc sang phai hodc 1én trén ctia mot & hinh chit nhat (khong dich chuyén sang trai
hoac xuéng dudi)

(0,m) (n,m)

(0,0 (n,0)

Gidi: Mot dudng di nhu vay duge xem 1a gdm n+m budce, mdi budce chi duge chon
mot trong hai gid tri 1a 0 néu di Ién va 1 néu di sang phai. Nhu vay moi duong di tuong
ung voi mot ddy nhi phan c6 d¢ dai m+n trong d6 c6 ding m gia tri 1 (va tat nhién c6 ding
n gia tri 0).

Truong Dai hoc Néng nghiép Ha Noi — Gido trinh Gido trinh Todn RO rac.....................cccceuuu... 36


www.VIETMATHS.com
www.vietmaths.com

Bai toan dan dén viéc tim xem c6 bao nhiéu day nhi phan c6 d¢ dai m+n trong do6 cé
ding m thanh phan 1. Noi cach khac 1a s6 cach chon m vi tri trong m+n vi tri dé xép so 1.

Vay s6 duong di s& 1a Ch, . (hoic Ch . .)

Thi du 4. Xét doan chuong trinh phdng Pascal sau:
fori:==1ton-1 do
for j:==1+1 ton do
if a; > a; then
begin  {d6i chd a;, a; }

t:=a;

i =35,

aj:=t;
end;

(Pay 1a mot trong cdc thuat toan dé xép day sb ay, a, ..., a, theo thir tu tang dén)
Hay dém sb phép so sanh céc a; dugc thuc hién trong doan chuong trinh trén.

Giai: Tai mdi vong ldp i = k thi vong 1ip j phai thyc hién n — k + 1 budc. Nghia 12
v6i mdi i = k phai thuc hién n —k +1 phép so sanh (k = 2, 3, ..., n). Ttr d6 theo nguyén ly
cdng, s cac phép so sanh 1a:

_nn-1)
2
Ciing c6 thé giai nhu sau: Vi moi cip aj, aj 1#]) déu phai so sanh véi nhau, do do

m-D+m-2)+...+1

tong cac phép so sanh 1a Cﬁ.
M0t vai tinh chit
Tt cong thirc tinh Cﬁ , dé dang chirng minh duoc:
) cl=ct=1;
2) Cp=Cp*;
3) Cch=ck  +Ckl;

Tinh chét 3 chinh 1a cong thirc truy hoi dé tinh CX. Ta co:

nnk 01 2 3 4 5
0 1

I 11

2 1 2 1

3 13 3 1

4 14 6 4 1
S5 15 10 10 5 1
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0

C0

Cl G

¢ G G

0 2

c® ¢ ¢z ...

Mbi s6 hang ctia hang dudi, trir s6 hang dau va s6 hang cudi bang 1, bang tong 2 s6
hang & hang trén cung ct va cdt trude cua so hang can tinh, nguoi ta thuong goi ching 1a
cac tam gidc Pascal.

Bang 1y luan t6 hop c6 thé ching minh dugc:

(x+1)" =% +Clx +C2x% +. .. +C"x".

Thét vy, hé sb ciia x* & vé phai cta cong thiic ¢6 duge bang cach nhan k sé hang x
trong k nhén tir (x + 1) véin—k s6 1 trong n —k nhén tir (x + 1) con lai ¢ vé trdi. Diéu do
tuong Ung voi s6 cach chon k nhan tir (x + 1) trong n nhan t ¢ vé trai, sb cach chon do
chinh la CE . Vay cong thurc dugce chirng minh.

Tu cong thuc trén, ta c6 cong thirc nhi thire Niu-ton:

X n n X k n Xk n
ey =y (2] =y T X - Se X - Ty
y k=0 \Y k=0 Y k=0
Chity 1. Néuchonx =y=1,taco:
Co+Cl+...+Ch =27,
Tuy nhién, Clg chinh 14 s6 céc tap con c6 k phan tir ctia tip hop cd n phan tir . Vay, tong s6
tap con (ké ca tap rong va chinh tap hop d6) ciia mot tap hop c6 n phan tir 1a 2",
Chuy 2. Néu chon x=1, y =—1,taco:
cl-cl+c2+. . +=nrch =0.
2.4. Chinh hop va T6 hop suy rong
a. Chinh hop lap

Pinh nghia: Mot bo 6 thir ty gdm k phéan tir 1dy tir n phan tir da cho, trong d6 mdi
phén tr co thé duoc léy nhiéu 1an duoc goi 1a mot chinh hop 13p chap k tu n phﬁn tor da
cho.

Chu ¥ rang do mdi phan tir c6 thé duoc 1iy nhiéu 1an nén rat c6 thé k > n.
S6 céc chinh hop 1ap chap k cua n dugce ky kiéu 1a A ﬁ va duogc tinh theo cong thuc:

Ak_ Kk
A =n
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That vy, vi ¢ n cach chon cho mdi phﬁn tr thri (1=1, 2, ..., k); nén theo quy tac
nhan dugc cong thirc can chirng minh.

Thi dy 1. Tinh s6 cac diy nhi phan c6 d6 dai n.
MJi ddy nhi phan c6 d6 dai n 1a mot bo c¢6 tht ty gdm n thanh phan duoc chon trong
tap {0, 1}. Do d6 s6 day nhi phan c6 d¢ dai n 1a 2",

Thi du 2. C6 thé 1ap duge 9. A3, = 9. 10° = 9000 s nguyén duwong c6 4 chit s6.

Thi dy 3. C6 bao nhiéu anh xa tir tap hop A c¢6 k phén tir vao tap hgp B ¢6 n phan tir ?
Ly luan twong tu nhu thi du tinh s6 don anh trong muc chinh hop; do mdi phan tr
ctia tap hop B c6 thé 1a anh ciia nhiéu phan tir thudc A nén s 4nh xa co thé co 1a n*.

Thi dy 4. Trong ngdn ngir Pascal chuan quy dinh tén bién khong qua 8 ky tu (mdi ky
tu 1a mot trong 26 chir cai tiéng Anh hodc mot trong 10 chix s0) va phai bat dau bé‘mg mot
chir cai, ky tu 1a chir khéng phan biét chit hoa va chir thudng. Hoi c6 thé dinh nghia duoc
bao nhiéu bién khéc nhau?

Gidi: Tat ca co 8 loai bién: 1 ky tu, 2 ky tu, ..., 8 ky tu. Theo quy tic nhan thi s6 bién
cokkytwla2636 ! (k=1,2,..,8). Tirdo ap dung quy tic cong dwoc sb cac bién khac
nhau trong ngdn ngir Pascal la:

26(1 +36 +36° + ... +36") =2 095 681 645 538 =~ 2. 10"
Pay 1a mot con sb rat 16n, khong thé nao duyét hét dugc ching. Hién tuong cac s to
hop ting nhu vay goi 13 hién tuong bung no to hop.

Sokytu | 1| 2 3 4 5 6 7
SO bién [26] 962 |34 658] 1247714 | 44917730 | 1 617 038 306 | 58 213 379 042

b. To6 hop lip

Pinh nghia: Mot t6 hop 1ap chap k ciia n phan tir 1a mot cach chon khong ké thir tu k
phan tr tir n phan tir di cho, trong d6 mdi phan tir ¢6 thé dugc chon nhiéu lan.

Chu y rang do mdi phan tir ¢6 thé dugc 1y nhiéu 1an nén rat c6 thé k > n.

C6 rat nhiéu bai toan dém phai str dung khai niém t6 hop ldp. Chang han, trong hop co
3 loai bi: bi d0, bi xanh va bi tring; mdi loai co it nhat 4 vién. Hoi c¢6 bao nhiéu cach 1y ra
4 vién bi tir hop d6, néu khong phan biét thir tw 14y va cac vién bi 14y ra c6 thé cung 1 loai.

Gidi: C6 thé liét ké cac cach lay nhu sau:

4 bi do 4 bi xanh 4 bi tring
3 bi do, 1 bi xanh 3bido, 1 bi xanh 3 bi xanh, 1 bi d6
3 bi xanh, 1 bi trang 3bitring, 1 bido 3 bitring, 1 bi xanh
2 bi d6, 2 bi xanh 2bido,2bitring 2 bi xanh, 2 bi tring
2 bi d6, 1 bi xanh, 2 bi xanh, 1 bi do, 2 bi trang, 1 bi do,
1 bi trang 1 bi tring 1 bi xanh

C6 tat ca 15 cach lay 4 bi tir hop da cho. Mdi cach 1ay nhu vay 1a mot t6 hop lap chap
4 tir 3 phan tir da cho.

Truong Dai hoc Nong nghiép Ha Noi — Gido trinh Gido trinh Todn RO rac...................cccceeuun... 39


www.VIETMATHS.com
www.vietmaths.com

Chung ta khong thé tinh s6 t6 hop 1dp chéap k tir n phan tir mot cach tha cong nhu vy,
boi khong phai luc nao ciing liét ké hét cac to hop do dugc.
Gia str mot hop ¢ 3 ngin dé dung 3 loai bi khac nhau:

bidd  bixanh  bitring bidd  bixanh bitring
Viéc chon 4 bi tuong ung voi viée dat 4 bi vao trong 3 ngan da cho. Lgai }rﬁ 2 vach
ngan ngoai cimg,lé cd dinh, con 2 véch ngan phfa} trong va 4 vién bi c6 thé in cho cho
nhau. Nhu vay s0 cach chon 4 bi twong rng vdi s6 cach chon 4 trong 6 vi tri dé dat 4 bi.
Noi cach khac s6 cach chon 4 bi la Cg = 15

Khéi quét c6 thé 1ap luan nhu sau: Mdi to hop ldp chap k clia n phan tir ¢6 thé xem
nhu cdch xép k ddu * vao mot hdp c6 n ngin, trong d6 cdc vach ngan hop va cdc ddu * c6
thé dich chuyén dugc trir hai vach ngin & hai dau hop 1a c6 dinh. Nhu vay mdi to hop lap
chap k cua n phén ttr chinh 1a s cach chon k vi trf trongn + k — 1 (gém k vi trf dat ddu *
van — 1 vich ngin) dé dat k ddu *. Vay, ky hiéu sd cac t6 hop lap chap k ctia n phan tir 1a

— .
C,.taco:

C Cn+k 1

Thi du 1. Mot ctra hang c6 4 loai banh hdp khéc nhau. Héi ¢6 bao nhi€u cach chon 6

hop banh?
Gidi: Theo khai niém t6 hop lip, tacé C8=CS, ., = CS = 84 cach chon.

Thi dy 2. Co bao nhiéu cach chon 5 to tién tir 7 loai tién gidy 1000d, 2000d, 5000d,
10 0004, 20 0004, 50 000d va 100 000d?

Gidi: Sb cach chonla C3=C3, =462.

Thi dy 3. Phuong trinh x +y +z = 11 c6 bao nhiéu nghiém nguyén khong &m?

Giai: Mo6i nghiém cua phuong trinh tmg v61 mot cach phan chia 11 phan tr (11 56 1)
da cho thanh ba loai, sao cho ¢6 x phan tur loai 1, y phén tir loai 2 va z phén tir loai 3. Vi
vay sO nghi¢m cua phuong trinh bang so6 t6 hop 1ap chap 11 tir tap ¢6 3 loai phan tir , nghia
la co:

Ci=C},_, =78 nghiém.

€06 thé tim duoc nghiém cua phuong trinh dé cho véi cac dicu kién rang budc cua
cac an s0. Chang han tim s6 nghiém nguyén khong am ctia phuong trinh da cho & trén thoa
man diéu kién: x > 1; y > 2; z > 3. Khi d6 mot nghiém cuia phuong trinh img voi mot cach
phén chia 11 phan tir da cho thanh 3 loai, sao cho ¢6 x phan tu loai 1,y phan ttr loai 2 va z
phan tir loai 3 trong d6 co it nhét 1 phan tir loai 1 (x d4 c6 sin mot sd 1), ¢6 it nhat 2 phan
tur loai 2 va co it nhit 3 phan tir loai 3. Vi thé trudc heg chon 1 phan tir loai 1, 2 phan tir loai
2 va 3 phan tu lorai 73; con lai 5 phan tir duoc Chia tiép cho ba loai. Do d6 s6 nghiém cua
phuong trinh 1a s6 t6 hop 1ap chap 5 tur 3 loai phan tur da cho:

C3=C3 =21 (nghiém)
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c. Hodn vi cia cac tap hop c6 cac phan tir giéng nhau
Trong céc bai todn dém, mot s phan tir ctia tp hop da cho ¢ thé gidng nhau. Khi d6
phai can than kéo ta dém chiing nhiéu hon mot lan.

Thi du:  C6 thé 1ap dugc bao nhiéu xau khac nhau bang cich sap xép lai cac chir cai
trong cum tt NHANDANANHHUNG (nhan dan anh hting)?

Giai: Trong tir da cho c6 14 chit cdi gobm 5 chit N, 3 chit H, 3 chit A va cic chit D,
U, G. L& ra c6 14! cich sap xép, nhung trong mdi c4ch sap xép néu doi chd 5 chit N (c6 5!
céch doi chd), doi chd 3 chit H (c6 3! cdch doi chd) va doi chd 3 chit A (c6 3! cich doi
chd), thi xau thu duoc 12 khong doi. Vay néu goi s6 x4u thu duoc 1a m thi theo nguyén ly
nhéan, ta co:
m.5!.31.3! = 14!
NP ST . . N 14!
Tur d6 s0 cac xau khac nhau ¢6 duocla: m= m =28180160
Bang 1y luan twong ty ta c6: SO hodn vi clia n phéan tir trong d6 ¢6 n; phan tir gidng
nhau thudc loai mot, n, phan tir giébng nhau thudc loai hai, ..., n, phan tir giébng nhau thudc
loaik (n; +ny + ... + ng <n) la:
n!
n!n,!.. . n.!

Chii y: C6 nhiéu cich dé suy ra cong thirc tinh s6 hoan vi lap. Chang han, trong n vi
tri ta chon ny vi trf dé xép cac phén tir loai mot, nhu vay c¢6 C;' cach chon; sau d6 chon n,
vi trf trong n — n; vi trf con lai dé xép céc phan tir loai hai, tic 1a c6 CEZ_HI ; vov ... Tu do
ding nguyén 1y nhan va cong thirc tinh s6 t6 hop duoc két qua nhur da biét.

d. Swu phan chia cac tap hop thanh cac tip con khac nhau

Trudc hét xét thi du: C6 bao nhiu cich chia mot cd bai 52 quin cho 4 ngudi sao cho
mot nguoi duge 10 quan, nhitng nguoi khac 1an lugt dugce 8, 8, 7 quan?

Gidi: Nguoi dau tién nhan 10 quan bai c6 Cyy cdch nhan khac nhau, con lai 42 quéan
nén nguoi tiép theo c6 Cﬁz cach nhan 8 quan bai, con lai 34 quan bai nén nguoi thtr ba co
C§4 cich nhan 8 quan bai, va nguoi cudi ciing c6 C;6 cach nhan 7 quén bai. Theo nguyén
1y nhén thi s6 cich chia cdc quan bai théa man dau bai 1a:

52! 42! 34! 26! 52!

- ~2.23.10%".
10142! 8!134! 8126! 7!19!  10!8!8!7!19!

108 ~8 ~7 _
C5,C1C34Co6 =

Tong qudt, ta c6: S6 cach phan chia mot tdp hop gdm n phan tir thanh k tap sao cho
tap con thirico n; phan tr (n; + ny + ... + nx =n) la:
n!
ny!n,!...n!
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Chi y 12 cong thirc vira 1ap dugc cho thay thir ty cdc tp con khong anh hudng dén két
qua phan chia tap hop da cho.

3. Nguyén ly bu trir.

Néu khong c6 gia thiét A, B 1a 2 tap hop roi nhau, ta co nguyén 1y cong tong quat:
N(A UB)=N(A) + N(B) - N(A n B) (1)
R rang, néu A, B roi nhau thi A N B = @ nén N(A N B) =0 va dugc nguyén 1y cong
don gian (muyc 1.1):
N(A UB)=N(A) + N(B)
Cong thire (1) con goi 1a nguyén 1y bu trir cho 2 tap hop. Téng quat hon, ta co:

Pinh ly: Giastr A}, A,, ..., A, 1a n tap hop htru han. Khi do:
NA|UA,U...UA )=

n
=Y NAD- D NA; NAD+ D NA; NA; AA)+.+ D" INA NA, NN AL)
i=1 i#] i#j#k
(2)

2 s chc tap giao

Chimg minh: Ching ta biét rang s6 cac tap giao A; N A 1aC;,
AiNANAL 1a C131 , ... Tong quat s6 cac tap giao cua r tap 1a Cp.r=1,2,..n.

Cong thire (2) duge ching minh bang cach chi ra ring, mdi phan tir ciia tip hop A; U
AU ... UA, duoc dém ding mot 1an & vé phai cua (2).

Xét phan tir tuy ¥ x cta tp hop A; U Ay U ... U A, . Gia sir x ¢6 mit trong r tp cla
A, Ay, ..., Aptrong d6 r=1,2, ..., n. Phan tir x nay dugc dém Ci lan trong téng YN(A),
dém Cf trong téng YN(AINA)), ... Boi vay téng cac 1an dém cua x & vé phai cua (2) la:

Cl-C2+C) - . +(=D'Cl=1-[1-CL+C? -C} + .+ (-D"C"]
=1-(1-1"=1
Viy x dugc dém dung mot 1an trong vé phai cua (2).

Dinh 1y dugc chirng minh.

C6 thé viét cong thirc (2) dudi dang khac: Dong nhat tap A; véi tinh chat A; cho trén
mat tap hop X nao d6 va phai dém xem c6 bao nhiéu phan tir cia X khong thoa man bt cir
tinh chat A;nao (i=1,2, ..., n)

Goi N 1a 86 can dém; N = N(X) (1a s6 phﬁn tr cua X), ta co:

N =N-NA;UAU..UA)=N-N; +No— ..+ (-)" N,,.. 3)
trong d6 Ny 12 tong cac phan tir cia X thoa man k tinh chét 14y tir n tinh chat da cho.

Thi du 1: Trong mot 16p hoc ¢6 50 sinh vién thi ¢6 30 nguoi biét tiéng Anh, 20 ngudi
biét tiéng Phép, trong s sinh vién biét ngoai ngir ¢6 10 ngudi biét ca tiéng Anh va tiéng
Phap. Hoi trong 16p c6 bao nhiéu sinh vién khong biét ca tiéng Anh va tiéng Phap?
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Gidi: Theo cong thic (1), ta ¢6 s6 sinh vién biét it nhat 1 trong 2 thtr tiéng Anh, Phap

la: 30 +20—10=40 = s6 sinh vién khong biét ca tiéng Anh va tiéng Phap 1a 10 nguoi.
Thi du 2. C6 bao nhiéu xau nhi phan c6 do dai 8 hodc bat dau bang 1 hodc két thiic
bang 00?

Gidi: Do vi tri du tién 14 cd dinh, chi c6 1 cach chon duy nhat, mdi mét trong 7 vi
tri tiép theo c6 2 cach chon (0 hodc 1), suy ra s6 xau nhi phén c6 d6 dai 8 bat dau bé‘mg 11a
2" =128 x4u. Tuong tu s xau nhi phin co do dai 8 két thiic bang 00 14 2° = 64 va s x4u
nhi phan c6 do dai 8 bit dau bang 1 va két thuc 00 1a 2° = 32.

Vaiy, s6 xau nhi phan c6 do dai 8 hodc bat dau bang 1 hoic két thuc bang 00 1a
128 + 64 —32 =160 (x4u)
Thi du 3. C6 bao nhiéu sb nguyén duong khong 16n hon 100 hodc chia hét cho 4
hoic chia hét cho 6 nhung khong dong thoi chia hét cho ca 4 va 6?

Gidi: S6 cac sb chia hét cho 4 1a: {%} =25,

S céc s6 chia hét cho 6 1a: [%} =16,

S6 cac s6 dong thoi chia hét cho ca 4 va 6 1a: {%} =8

Vay s6 can tim 1a: 25 + 16 — 8 = 33.
Thi du 4. C6 bao nhiéu s6 nguyén nho hon hodc bang 1000 khong chia hét cho bat
ctr s6 ndo trong cac $6 3, 4,52
Gidi: Goi X la cac s6 nguyén duong nhé hon hogc bang 1000 thi N(X) = 1000.
Ai={xe X | x chiahétchoi}, i=3,4,5.
Khi d6 Az WA4 U As 1a tip cac ) trong X chia hét cho it nhét mot trong cac $6 3,4, 5 va:
N(A3 UA, U A5) =N; -N>+Nj.
Taco: Ny= N(A'g) + N(A4) + N(As) =
'1000} '1000} 1000 |
+ +
3 4 5 ]
N2 = N(A3 m A4) + N(A3 M A5) + N(A4 M A5) =
1000 [1000] [1000 |
+ +
34 | | 35 ] | 45

=333 + 250 + 200 =783

=83+66+50=199

1000
N3;=NAsNAs;NAs)=|——|=16
3 =N(A;3 4 5) {3.4.5}

Tir d6 c6 dap s6 cua bai toan 1a: 1000 — Ny + N, — N3 = 400.
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Thidy 5. Baitoan bo thu

C6 n phong bi ghi san dia chi va n 1a thu viét cho n dia chi d6. Bo ngau nhién cac la
thu vao cac phong bi (mdi 14 thu cho vao 1 phong bi). Hiy tim xem c6 bao nhiéu cach bo
thu sao cho khong c6 14 thu nao dugce bd dung dia chi.

Gidi: Sb cach bo thu vao phong bi 1a n!. N6i cach khac, néu goi X 1a tat ca cac cach bo

thu vao phong bi thi N(X) =n! .

Goi A 1a tinh chat c6 k 14 thu bo ding dia chi.

Goi N" 14 sb cach bo thu sao cho khong c6 14 thu nao ding dia chi.

Theo cong thitc (3), tacd: N =n!—N;+Ny— ...+ (=1)" N,
trong d6 Ny 1a s6 tat ca cac cach bo thu sao cho ¢6 k 1a thu bo dung dia chi.

Dé tinh s6 Ny ta Iy luan nhu sau: C6 C¥ cach lay k 1a thu, mdi cach 1y k 14 thu c¢6
(n — k)! cach bo k 14 thu nay ding dia chi (vi khi d6 n — k 14 thu con lai dugc bo tuy y), do
do:

—Cm_ty=
Nk Cn(n k) Kl
Tir do: N*=n!(1—l+l_,\ L&D J
1 2! n!

S6 N” trong bai toan bo thu dugc goi la s mat thir ty, ky hiéu 1a D,. Dudi diy 1a mot
vai gid tri cua Dy:
n|2|3]4]s5]6] 7 | 8 | 9 | 10 | 1
Dy| 1| 2|9 |44]265] 1854 | 14833 | 133496 | 1334961 | 4890 741
S6 mét thir tyr D, tang rat nhanh, nguoi ta goi d6 1a hién tuong bung nd td hop.

4. Giai cac hé thirc truy hoi

Thudng cac bai toan dém phu thudc vao tham sé dau vao 1a sb tu nhién n, chang
han nhu s o hop, s6 chinh hop, s6 mat thir ty, ... Viéc biéu dién tuong minh cac két qua
nay nhu mot ham ctia sd ty nhién n goi 1a cong thire tryc tiép. Trong nhiéu truong hop viée
tim cong thirc tryc tiép nhu thé 1a kho khan. C6 mot phuong phap biéu dién két qua dém
duoc (mg véi gia tri ddu vao thdng qua cac gia tri diu vao nho hon va cong thire tinh thu
duogc goi 14 cong thic truy hoi. Cac gia tri dau tién ma ké tir d6 cong thirc truy hoi ¢6 hidu
luc goi 1a gid tri ban dAu ciia cong thiic truy hoi (xem lai dinh nghia trong 6.1. chwong 1).

Thi du: C6 thé tinh s6 to hop Cﬁ nhu sau: Chon mot phan tir a cd dinh trong n

phén tor dang xét. Khi do, néu a dugc chon vao to hop thi phai chon thém k — 1 phén tr

nira tir n — 1 phan tir con lai, sb cach chon trong truong hop nay 1a Cﬁ:} . con néu a khong
duoc chon vao t6 hop thi phai chon ca k phan tir trong n — 1 phan tir con lai, s6 cach chon
trong trrong hop nay la Cﬁ . Theo quy tic cong ta co:
k k-1, ~k
Ch=Ci +Chy
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d6 14 cong thirc truy hoi tinh s6 CX. Céc gia tri ban dau cia cong thirc nay 1a C) =C} =1.
Duéi ddy chiing ta xét mot sd phuong phap dua cong thire truy hoi vé cong thirc
truc tiep.

4.1. Phwong phap khir dé tim cong thic truc tiép tir cong thire truy hoi

Phuong phap nay dugc xét qua mot s6 thi du sau:

Thi dy 1: Bai toan chia mit phang.

Trén mit phang, ké n duong thang sao cho khong ¢ 2 dudng nio song song va khong
¢6 qua 2 duong thang dong quy tai mot diém. Hoi mat phang duge chia thanh bao nhiéu
phan?

Gidi: Goi sb phan cua mit phang duoc chia boi n duong thang nhu vay 13 S,. Gia sir
da ké dugc n — 1 dudng thang, ké thém dudng thang thtr n thi s6 phan dugc thém s& bang
s0 giao diém dugc thém cong 1. S6 giao diém duoc thém 1a sb giao diém ma dudng thang
vira ké cat n — 1 duong thang ké trudc do, nghia 1a bang n — 1. Tir d6 nhan dugc cong thirc
truy hoi:

Sh=S,_1+n; n=1; Sp=1.
(So 1a gia tri ban dau)
Tu cong thuc trén, dé dang tinh duogc:
Si=1+1=2, S, =2+2=4, S;3=4+3=7
Sa=7+4=11,Ss=11+5=16, S¢=16+6=22, ...

Pé tim cong thirc tryc tiép, ta co:

So=1
S]ZSO+1
Sz=sl+2
S3=S,+3
Sn:Sn_1+n

Cong veé vadi ve cua cac dang thuc trén dugc:
n(n—1) _ n’+n+2

Sh=Sog+1+2+3+...+n=1+
2 2

Thiduy 2: Bai toan lai kép.

Mot nguoi giri tiét kiém 10 triéu dong véi 13i suat hang nam 1a 10%. Hét mot nam giri
tién, néu khong rat tién ra nguéi d6 dugc cong s 13i vao gdc dé tinh 13i cho nam tiép theo
(1i kép). Hoi sau 20 nam giri khong rit ra 1an nao thi s6 tién ctia nguoi d6 1a bao nhiéu?

Gidi: Goi P, 1a s6 tién cia nguoi d6 sau n nam giri, khi d6 sb tién ctia nguoi d6 bang
sO tién ctia nam thir n— 1 cdng voi 1ai suat ctia nam tht n. Nhu vay:

P,=P,_1 +0,1P,_; =1,1 P,_;.

D6 1a cong thirc truy hdi tinh s6 tién sau n ndm guri ctia nguoi do. Gia tri ban dau cia

bai toan 1a Py = 10 (triéu).
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Thé 1an luot P,_;=1,1P,_, vaoP,, Py_,=1,1P,_3 vao P,_,; ... Cudi cung ta co:
P,=1,1"P,.
Sau 20 ndm s tién ciia ngudi d6 1a: Py = 1,17.10 = 6,7275. 10 = 67,275 triéu dong.

Thi du 3: Bai toan thap Ha noi.

Tuong truyén rang, tai mot ngdi chiia & Ha ndi c6 mot tim dé bang dong, trén d6 6 3
cai coc bé‘mg kim cuong. Luc khai thién 1ap dia, trén mot trong 3 cai coc d6 Puc Phat da dé
64 chiéc dia bang vang v6i duong kinh nho dan (hinh 1). Ngay dém cac nha su phai dich
chuyén dia sang mot coc khéac theo nguyén tic: mdi lan chi dugc chuyén 1 dia tir coc nay
sang coc khac bét ky nhung khong dugc dat mot chiéc dia to 1én trén mot chiéc dia khac
nho hon. Hoi phai mét bao 1au cdc nha su méi chuyén hét sb dia sang mot coc khac, biét
rang mdi lan chuyén 1 dia hét 1 giay?

Hinh 1. Trang thai ban du Hinh 2. Trang thai sau H,,_; 14n chuyén

Giai: Goi H, la sb 1an dich chuyén dia néu coc ban dau co n dia.

Gia st ltc dau n dia & trén coc 1 (hinh 1). Sau H, _ 1an dich chuyén cac nha su da
chuyén dugc n — 1 dia sang coc 3 (hinh 2). Tir ddy phai ¢6 1 lan chuyén chiéc dia 16n nhét
tor coc 1 sang coc 2 va Hj, _ lan dich chuyén n — 1 chiéc dia tir coc 3 sang coc 2. Nhu vay,
ta co:

H, =2H,_; +1
d6 1a cong thirc truy hoi dé tinh s6 1an dich chuyén n dia tir coc niy sang coc khac. D& thay
gia tri ban dau 1a H; = 1 (coc chi co 1 dia).

Chting ta tim cong thic tryc tiép tinh Hy. Ta co:

Hy=2H, ; +1 =2QH, 2+ D +1 = 2°H, ,+2+1=
=2°QH,_ 3+ D) +2+1 =2H, 3+2°+2+1=

=2""H +2" 24+ +2+1=
=2"-1.
Véi 64 chiéc dia da cho, cac nha su phai dich chuyén:
Hes = 2% — 1 = 18,4467.10"® (hon 18 ty ty 14n)
Néu mbdi 1an dich chuyén hét 1 gidy, cac nha su can khoang 580 ty nim moi hoan thanh
viéc chuyén 64 dia tir coc ndy sang coc khac.
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Thi du 4: Lap cong thic truy hdi tinh s6 mét tha ty D,,.

Gidi: Panh sb thu va phong bi tir 1 dén n, thu thtr i ding véi dia chi phong bi i . Mot
cach bo thu déng nhat véi mot hoan vi (ay, ay, ..., a,) cua (1, 2, ..., n). Mot cach mat thir tu
la mot hoan vi (ay, ao, ..., a,) sao cho a; # i, Vi. Thanh phﬁn a; cua hoan vi co thé nhan n —
1 gi tri ngoai s6 1. Voi mdi gia tri k ctia a; (k # 1) ¢6 thé xay ra 2 truong hop:

1) ac=1, khi d6 cac thanh ph?ln con lai duoc xac dinh nhu s6 cach méat thir tu
clia n— 2 phan tir, s6 ndy chinh 1A D, _».

2) ag# 1, khi d6 cac thanh phén con lai duoc xac dinh nhu s6 cach mét thu tu
ctia n— 1 phan tir (xem gia tri 1 nhu 1a gié tri k), s6 nay chinh 1a D, _ .

Tir d6 c6 cong thirc truy hoi:
D, = (n—-1)(Dy_2 +Dy_1), n=3.
Céc gia tri ban dau co thé tinh truc tiép tir dinh nghia va duoc D, =0, D, = 1.
Néu coi Dy = 1 thi céng thuc truy hoi trén dung Vn > 2.

Ta co: D;=@-1D)0+1)=2, Ds=@-1)(1+2)=9,
Ds=(5-1)2+9)=44, Dg=(6-1)9 +44) =265, ..

C6 thé dua cong thirc truy hoi trén vé cong thie tryc tiép nhu sau:
Dh=(m—-1)Dy-2 +Dy-1) & Dy—nDy_y=—-[Dh_1 —(n—-1)Dy_2]
bat I,= D,-nD,_; . Taco:

Dp-nDy =T ==Ly =k o =..=1)"""I=(1"

Chia ca 2 vé cho n!, duoc:

Dn Dn—l =(_1)n vn > 2

b

n! _(n—l)! n!

Cong ve voi ve cua hé thic trén dugc :

n n
&:1—l+£+...+( D = Dn:n!{l—%+i+...+( D J

n! 1 2! n! 2! n!
Cong thirc thu dugc 1a cong thirc da da biét trong thi du 5, muc 3 (Nguyén 1y bu trir).
4.2. Giai cac hé thirc truy hdi tuyén tinh.

Trong phan nay xét cach tim cong thic tryc tiép tir cong thire truy hdi co dang dic biét
goi 1a dang tuyén tinh.
a. Cac khai niém
Pinh nghia: Cong thiic truy hdi tuyén tinh thuan nhat bac k ¢6 hé s hang s6 1a cong
thirc truy hoi ¢6 dang:
a,=C1a,-1 +Cray_o2 +...+Ckay_x (1)

trong do6 cy, ¢y, ..., ¢k 1a cac s6 thuc (hang s6) va ci # 0.
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S& di c¢6 thuat ngit “cong thirc truy hdi bac k” vi s6 hang a, dugc tinh qua k sd hang
trude no. Cac gia tri ban dau ctia cong thirc truy hoi trén gdm k gia tri: ag, aj, ..., a1 .

C6 thé tim cong thirc tryc tiép tinh a, dudi dang:
a, =r". (2)
Trong doé r 1a mat s6 thue can xéc dinh.
Day { a, } xac dinh theo (2) s€ thoa man (1) néurla nghi¢m cua phuong trinh:
= e 2+ .+ k,
hay: "—c "' —or o gt k=0, 3)
Phuong trinh (3) goi 1a phuong trinh ddc trung cta cong thie (1), va nghiém cua (3)
goi 1a nghiém dac trung.
Trude hét xét véi k = 2, tirc 1a cong thire truy hoi tuyén tinh bac hai:
a, = Ci1ap_1 +Crap_».
Phuong trinh dic trung ciia céng thic truy hoi tuyén tinh bac hai 1a:
—c 1 r—c, =0

b. Giai cong thirc truy hoi tuyén tinh bac hai khi phwong trinh diic trung cé 2
nghiém phan biét.

Pinh 1y 1: Cho ¢y, ¢, 14 hai s6 thyc. Néu phwong trinh dic trung 1> — ¢; r — ¢, = 0 ¢6
hai nghiém thyc phan biét ry, r, thi diéu kién can va du dé day s6 {a, } 1a nghiém ctia cong
thirc truy hoi:

a = Crap_1 +Can 2
1a: a, = o +opn', n=1,2, ..
trong d6 o, 0 la cac s6 thuc c6 thé xac dinh duge nho cac didu kién ban du cia cong
thirc truy hoi.

Chung minh:
Piéu kién can: Néury, r 1a 2 nghiém ciia phuong trinh dic trung, ta phai chirg minh
a, = 04 I'1n+ Ol I'zn .
vOoi 04, O la cac héng 6 thoa man cong thirc truy hdia, = cra, | +Cray o .
That vay: Ta co: r12 —crp—-¢c =0 wva r22—01 rn—-c =0
hay: r12: CII+C va r22:C1 I+ Co
Tu do: A, = Ciap_1 +Cray_2 = C](OC] I'1n_1 + Ol I'zn_ ! ) + Cz(OC] I'1n_2 + Ol I'zn_z) =
=" e+ ) + 0" e+ o) =
oy 0 4 o =
=0 1‘1n + O I‘zn .
Diéu kién dhi:
Gia st { a, } 1a mot ddy bat ky thoa man hé thic truy hdi ay=c; a,_+cra,_». Ta
phai chimg minh ring s& chon duoc cac sd o , o sao cho a, = oy 1" + 0 1" .
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That vay, gia sir ag va a; 1a 2 gia tri ban dau ctia hé thirc truy hoi. Ta cé:
ag = 04 + (05)
a; =01 + 052 &)
DAy 1 hé phuong trinh tuyén tinh 2 4n Cramer, né ¢6 nghiém duy nhat:
a;—na agl —a
o, =—1—2% . o, =014
h—n n—-n
Vay a, = oy 1"+ o 1" duoc xac dinh.
Thi dy: Day Fibonacci, nhu di biét dugc xac dinh béi cong thirc truy hoi:
Fo=F,_1 +F,_»; Fy=0; F=1
Do 1a cong thirc truy hdi tuyén tinh bac hai co hé s6 khong doi. Ta di tim cong thirc
truc tiép tinh F,,.
Giai: Phuong trinh déac trung cua cong thuc la:

1+45

2
Tu do, theo dinh 1y 1, ta co:
n n
F'n:(‘l,l(l-'-z\/gJ +(12(1—2\/§J

Thay céc diéu kién ban diu Fy=0, F; =1 vao dugc h¢ phuong trinh:

r2—r—1=0 = r,=

o+ o, =0
1+45 1445
> o+ > 0]

Giai hé phuong trinh nay duoc nghiém: o, = %; a, = - €L

5
Viy: - ;(ﬂ}“ L(ﬂ}

=1

"5 2 N

c. Giai cong thirc truy hoi tuyén tinh bac hai khi phwong trinh dic trung cé

nghiém kép
Pinh 1y 2: Cho ¢y, ¢, 12 hai s thuc. Néu phuong trinh déc trung 1* — ¢ r — ¢, = 0 ¢o
nghiém kép r, thi diéu kién can va dii dé day s {a, } 12 nghiém ctia cong thirc truy hoi:
ah = Cian-1 +C2ap-2

la: a, = oo +0pnry’, n=1,2,..
trong do o, o la céac s6 thuc c6 thé xac dinh dugc nho cac diéu kién ban dau cua cong
thire truy hoi.
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Viéc chirng minh dinh 1y 2 twong ty chirng minh dinh 1y 1.

Thi du: Tim nghiém ctia céng thic truy hoi:
a,=6a,_1—9a,_2;, ap=1, a;=6.
Gidi: Phuong trinh dic trung r* — 6r + 9 =0 c6 nghiém kép r = 3.

Vay a, co0 dang: a, = o 3"+ o n 3"

Thay n=0,n=1, taco:
o =ag =1

! 0 = a; =0, =1
3(11 +3(12 =a =6
Vay: a, = 3"+n3" = (n+ 1)3".
d. Cha thich

C6 thé mo rong dinh 1y 1 cho hé thirc truy hdi tuyén tinh bac k nhu sau:
Cho ¢y, o, ..., ¢ 12 céc sd thuc. Gia st phuong trinh dac trung:

1
— o= Ck_1I—=c, =0

- Ci ™
¢6 k nghiém phén biét 1y, o, ..., 1 . Khi d6 diéu kién can va du dé day {a,} 12 nghiém cua
cong thirc truy hoi:

Ay =Ciap.1 +Crap-2+ ...+ Ckan -k
la: A =0y 1"+ 01" + ...+ Oy 1"
trong d6é o, O, ..., O la cic $6 thuc c6 thé x4c dinh duogc nho cac diéu kién ban dau cua
cong thirc truy hoi di cho.

Thi dy: Tim nghiém cta cong thirc truy hoi:
a,=6a,_1—1la,_»+6a,_3; ap=2, aj=5, ap=15.
Gidi: Phuong trinh dic trung cua cong thire truy hoi di cho 1a:
-6+ 1lr—-6=0

Cdc nghiém cta phuong trinh ddc trung 1a: r = 1, r = 2, r = 3. Vy cong thirc truc tiép

tinh a, c6 dang:
ap =0y 1"+ o 2" + a3 3",

Thayn=0,n=1,n=2,n=3 vao cong thic tinh a,, dugc hé phuong trinh tuyén tinh

theo o, O, Ol3:

o + 0o, + o3 = 2
o + 20, + 303 = 5
o + 4o, + 903 = 15

Gidi h¢ phuong trinh dugc nghiém: oy = 1, o = —1, o3 = 2. Vay dang hién cua cong thirc
truy hdi di cho 1a:
a,=1-2"+2.3"
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5. Bai toan liét ké.

C6 nhitng bai toan dém céc ciu hinh cua to hop, ngoai viéc dém sb lugng cac cdu hinh
thoa mén con phai liét ké tat ca cac cdu hinh can dém. D6 1a cac bai toan phai tim cic cau
hinh t6 hop thod man thém mdt hodc mot s6 diéu kién nao d6. Thi du nhu phai tim céc tap
con clia mot tap hop c6 5 s sao cho tong clia cic phan tir ciia tp con d6 bang 50, khi do
phai kiém tra tdng cac sb trong mdi tap cua 2° = 32 tip con cua tap da cho dé tim céc tip
thoa man diéu kién da néu. Mudn vay, phai liét ké cac phan tir ciia mdi tap trong 32 tip con
do.

Viéc liét ké cac cdu hinh phai thoa man cac nguyén tic sau:
- Khong dugc 13p lai mot cau hinh da dém.
- Khong duoc dé s6t mot cau hinh.
Sau day chiing ta tim hiéu mot s6 thuat toan liét ké thuong gap.

S.1. Phwong phap sinh

Dé thyc hién phuong phap nay, bai toan can thoa mén 2 diéu kién:
1-  C6 thé xac dinh dwoc mot tht ty trén tap cac cau hinh can dém. Tir d6 co thé
xéc dinh duoc cau hinh dau tién va cau hinh cudi cung theo thir tu da xéac dinh.
2- Xay dung duoc thuit toan dé tir mot cAu hinh chua phai 1a cudi cing dang c6 co
thé dua ra mot cau hinh ké tiép theo thir tu da xac dinh.
Dit tén thuét toan theo diéu kién 2 1a thuat toan Sinh_ké_tiép. C6 thé mo phong thuat
toan sinh nhu sau:
Agorithm: Tong quat vé thuat toan sinh.
Procedue Phuong phdp sinh;
Begin
< XAy dyng ciu hinh ban dau >
stop := false;
while not stop do
begin
< dua ra cAu hinh dang c6 >
Sinh_ké_tiép ;
end;
End;
Bién stop 12 mot bién Boole dung dé dimg chuong trinh, khi dén cdu hinh cubi cung thi
stop nhan gia tri true va chuong trinh dung.
Sinh_ké_tiép 1a mot thu tuc con nham xay dyung cau hinh ké tiép cta cau hinh dang co.
Chuy ré‘mg tht tu cac cu hinh xac dinh trong diéu kién 1 can lya chon sao cho c6
thé xdy dung duoc thuat toan sinh_ké_tiép.
Xét 3 bai toan cu thé sir dung phuong phap sinh.
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a. Liét ké cac xau nhi phan c6 d¢ dai n

MBJi xau nhi phian b=b,_b,_5... by, trong do b; € {0, 1} co thé xem 1a biéu dién
nhi phin ctia 1 s nguyén P(b) nao dé. Vay co thé ldy tht ty ting cia sd nguyén dé xac
dinh thur ty cac xau nhi phan.

Xau nhi phan b=b,_; b,_» . by dugc goi la di trudc xdu a=a,_;a,_ ... ap, (hay a
ké tiép b) néu P(b) < P(a), ky hiéu 1a b < a. Cach xéc dinh thi ty nhu vay goi 1a thir ty tu
nhién hay con goi 1a thir nir tir dién.

Chéng han v&i n = 3, ¢6 thir ty tir dién ctia cac xau nhu sau:
Thirtweoaxau | 0 | 1 | 2 | 3 | 4 | 5 | 6 | 7
Xau cy the | 000 | 001 | 010 | O11 | 100 | 101 | 110 | 111
Nhu vay x4u dau tién 1a gdm toan s6 0 va xau cudi cting gdm toan s6 1. Tir d6 suy ra
quy tac sinh xau nhi phan ké tiép nhu sau:

e Xau dau tién gdm toan s6 0: 00 ... 0

e (Gid st dang co xau b, _ ;1 b, _» ... by, khi do:

- Tim tir phai sang, tirc 13 tlr by, by,... dén khi gp bit 0 du tién, chang han d6 13 b;,
-Thay bi=1vab;=0Vj<i xau méi thu dugc 14 xau ké tiép cua xau dang co.

Thi dy: Tim xau ké tiép cua xau 1 000 100 111 (n =10).
Di tir bén phai sang, bit ddu tién bang 0 1a bit tht 4, tic 1a by = 0. Vay thay bs=1, by =
b; = by = 0 dwoc xau ké tiép cuia xau di cho 1a 1 000 101 000.
(RG rang 1a: 1000 100 111 = 2%+ 2°+ 2°42'42° = 541
va 1000101 000 = 2%+ 2°+ 2° = 542)

Thuat toan vira trinh bay c6 thé md ta nhu sau:
Algorithm:  Sinh x4u nhi phén ké tiép.
Procedure Xau nhi phan ké tiép;

Input:  Xau nhi phan b,_;b,_»... by, Ib; =0;
Output: Xau nhi phan ké tiép a,_1a5_2... ap;

Begin

1 :=0;

while b;=1 do
begin
bi = O;

1:=1+1;

end;

bi = 1;

End;

b. Liét ké cac t6 hop chap k ciia mét tap hop ¢é n phin tir

Xét bai toan liét ké tat ca cac to hop chap k cua tap hop X = {1, 2, ..., n}
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Vi mdi t6 hop chap k ciia n phan tir da cho 1a mot tip con gdm k phan tir 14y tir n phan
tir d6 nén phai xép thr tu cac tap con d6. Trude hét biéu didn mdi tap con k phan tir thanh
mot bo co thur tu:

a=(ay,ay, ...,ax); l1<aj<ap<..<a<n
va dinh nghia: Tap con a = (aj, ay, ...,ax) goi la di trudc tdp con a’ = (a’y, a’y, ...,a’x) theo
thu tu tir dién, ky hi¢u ao<a’, néu tim dugc mot chiséi (1 <i<k) sao cho:
ag=a’';, aa=asy,.., a_1=a5_1, a,<a’;.

Thi du: Cho X ={1,2,3,4,5}.Cactd hop chap 3 cua X duoc liét ké theo thir ty tir
dién la:

{1,2,3} = {1,2,4} = {1,2,5} =

{1,3,4} = {1,3,5} = {1,4,5} =

{2,3,4} = {2,3,5} = {2,4,5} =1{3,4,5}
Nhu vay tap con dau tién 1a {1, 2, ..., k} va tap con cudi cung 14 {n — k+1, n—k+2, ..., n}.

Tir d6 suy ra quy téc sinh tap con ké tiép nhu sau:

e Tim tir phai qua tri cua ddy phan tr ddu tién thoaman a; #n -k +1,

e Thay a bé‘mg a+1,

e Thayajbanga;+j—i,véi j=i+1,i+2, ..,k

Thi du: Tim t6 hop chap 4 tirtap {1,2,3,4, 5,6} ké tiép to hop {1, 2, 5, 6}
Giai: Lui tir phai sang trai thiy a, = 2 1a s6 hang dau tién thoa man:
p=2#6-4+2=4.
Nhu vay to hop ké tiép la:
a=l,aa=2+1=3,a3=3+3-2 =4, a4=3+4-2 =5,
tuc la tap {1, 3, 4, 5}

Algorithm: Sinh t6 hop ké tiép.

Procedure T6 hop ké tiép;
Input: To6 hop {aj, ay, ...,ax} khong trung véi {n—k + 1, ..., n};
Output: T6 hop ké tiép {a’1,a’, ...,.a'x} ;

Begin

1:=k;

while a;=n—k +1 do

1i=1-1;

aj:=a;+1;

for j:=i+1tokdo aj=aj+j—1;
End;

c¢. Liét ké cac hoan vi ciia tip hop c6 n phan tir

Bai toan dat ra 1a: Liét ké tat ca cac hoan vi cua tap hop X = {1, 2, ..., n}
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Mbi hoén vi ciia X ¢ thé biéu dién boi bo ¢ thir ty n thanh phan
a=(a;, a, ...,ap); aj#a; khi 1#]
Dinh nghia thtr tu tu dién cta cac hoan vi nhu sau: Hoan vi a = (aj, ay, ....a,) goi la di
trude hoan vi b = (by, by, ...,by), k¥ hidu a o< b, néu tim dugc mot chi s6 k (1< k<n) sao cho:
a;=by, a2=b2,...,ak_1=bk_1,ak<bk. i
Thi du: Cac hoan vicua {1, 2, 3} duoc liét ké theo thir tu tir dién la:
123 132213 231 3B312 321

Nhu vay hoan vi dau tién 1a (1, 2, ..., n) va hoan vi cubi cing 1a (n,n—1, ...,1).
Tur d6 ¢6 thé chi ra quy tdc sinh hoan Vi ké tiép hoan vi a=(ajy, as, ...,a,) # (n, n—1,..., 1)
nhu sau:
e Tim tir phai qua trai ctia hoan vi dang xét ¢6 chi s6 i du tién thoa man a; < a; , 1.
e Tim a & bén phai a; (tirc 12 k > i) theo diéu kién ay 13 s6 nho nhit trong cac sd duoc
chon sao cho ag > a;, d6i chd a;, ay.
e Lat nguoc doan tir a; 4 | dén a, (Xép lai cac sb tir a; 4 | dén a, theo thu tu tang dﬁn)
Thi du: Tim hoan vi ké tiép cta hoan vi (3, 6, 2, 5, 4, 1)
S6 dau tién tinh tir cudi 1én ma nho hon sd sau nd laaz =2 < as = 5.
S6 nho nhat trong cac $6 dirng sau a3 =2 ma 16n hon a3 la as = 4.
D6i chd a3 = 2 va as = 4 ta dugce (3, 6, 4, 5,2, 1).
Lat nguoc (as, as, ag) = (5, 2, 1) duoc hoan vi ké tiép 1a (3, 6, 4, 1, 2, 5).
Thuat toan dugc mo6 phong nhu sau:
Algorithm Sinh hoan vi ké tiép.
Procedure Hoan vi ké tiép;
Input: Hoénvi (aj, as, ...,an) #(n,n—1, ..., 1);
Output: Hoan vi ké tiép (by, bo, ...,by);
Begin
(* Tim chi séj 16n nhat thoa man aj < aj, ™)
ji=n-1;
while a;>a;,; doji=j—1;
(* Tim ay 12 s6 nho nhat con 16n hon a; & bén phai a;*)
k :=n;
while a;>a, do k:=k-1;
D6i chd (aj,ax ) (* Doi chd aj voi ay *)
(*Lat nguoc doan tir a4 | dén a, *)

r:=n;

S =kl

while r>s do
begin
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ddi chd (ay, ay);

r:=r—1;
s:=s+1;
end;
End;

(* Poichd (x, y) 1a thu tuc con nham ddi chd x véi y: Z:=X; X:=y; y:=z2%)

N6i chung, phuong phéap sinh c¢6 nhiéu han ché vi khong phai cdu hinh nao ciing sinh
dugc cau hinh ké tiép mot cach don gian. Mt khac, ngay ca cau hinh dau tién ciing nhu
céu hinh cubi cung ciing khong dé xac dinh duoc. Dé giai bai toan liét ké cac céu hinh to
hop, ngudi ta thuong dung thuat toan quay lui dudi day.

5.2. Thuait toan quay lui

Noi dung cia thuat toan 1a tim dan céc thanh phan cta cu hinh bang cach thir tat
ca cac kha nang cé thé dugc. Cu thé nhu sau:

Gia str can tim cu hinh dugc biéu dién bang mot bo n thanh phan (x1, Xa, ..., X,) va da
tim duoc k — 1 thanh phén clia cAu hinh d6 1a X1, X2, ..., Xk _ 1. Khi d6 thanh phﬁn Xy cla cAu
hinh duoc xac dinh theo cach sau:

Goi Ty 1a tap hop tét ca cac thanh phan ma x, c6 thé nhan duoc. Tap Ty 14 hiru han. Gia
st N(Ty) = ny, do d6 1an luot duyét tat ca cac phén tir (thanh ph?ln) cia Ty. Dé viée duyét
dugc thudn loi, can danh s cho cac phan tir ciia Ty. V6i mbi kha ning j, tirc 1a chon phan
tr x; (1 <j <ny) phai thir xem x; ¢ chap nhan duoc khong. Khi d6 xay ra 2 tinh hubng:

e Néu X; chip nhan dugc thi dua Xj vao céu hinh dang xét, ttc 1a thanh phan x, ctia cdu

hinh 1 x;. Néu k = n thi cAu hinh can liét k& dugc xac dinh, néu k < n thi tién hanh
xéc dinh thanh phan xy , 1.
e Néu x; khong chap nhan dugc thi quay lai budc trude dé xac dinh lai x.

Thu tuc dé quy cho thuat toan quay lui nhw sau:
Algorithm Thuat toan quay lui.
Procedure Thu (k: integer);
var j: integer;
Begin
for j:=1 to n do
if <chdp nhan j > then
begin
< Xac dinh x theo j >;
if k=n then < ghi nhdn mot cdu hinh >
else Thua (k + 1);
end;
End;
Diéu can quan tim trong thu tuc trén 1a:
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1) Lam thé nao dé xéc dinh duoc tap Tx la tap tat ca cac thanh phén ma xi ¢ thé nhan.

2) Xaéc dinh gid tri biéu thire logic < chép nhén j >. Gid tri nay ngoai vi¢c phu thudc
vao j con phu thudc vao cac thanh phén da chon tai k — 1 budc trude. Nhu vay can
ghi nh¢ trang thai ct sau 101 goi Thu(k+1). Cac trang thai nay dugc ghi nhan nho
mot bién logic (bién Boole) va goi la bién trang thai.

Thuét todn quay lui c6 thé mo ta bang cay tim kiém nhu sau:

Goc
Kha nang chon x;

Kha nang chon x,
vo1 X da chon

Kha nang chon x;
vOi X1, X da chon

Hinh 3. Cay liét ké 16i giai theo thuit toan quay lui

Ngoai thu tuc d¢ quy Thir(k), chuong trinh can ¢c6 thém céac thi tuc Khoi tao va In két
qud. Chuong trinh chinh gidi bai toan liét ké c6 dang:
Begin
Khoi_tao;
Thu;
End.
Thi du 1: Liét ké tat ca cac hoan vi cta n s6 tu nhién duong déu tién.

MGdi hoan vi ¢ thé dugc biéu dién dudi dang x[1], X[2], ..., X[n] trong ¢6 x[i] nhan
gia tri tur 1 dén n va x[i] # x[j]. Céac gid tri tur 1 dén n 1an luot dé cur cho x[k], trong do gia
tri j dugc chép nhén néu né chua duge dung. Noi cach khac,tacé T;=N={1,2, ..., n} va
néu da xac dinh duge x[1], x[2], ..., x[k — 1] thi T =N\ {x[1], x[2], ..., x[k—1]}. Vi thé
can phai ghi nhd xem gid tri j 3 dugc dung hay chua. Piéu nay dugc thuc hién nhd mot
day bién logic b[j], trong d6 b[j] 1a true néu j chua dugc ding. Do dé chung dugc gan gia
tri true cho moi b[j] trong thu tuc khoi tao va sau khi gan gia tri j cho xi thi b[j] nhan gia tri
false, cudi cung lai phai gan true cho b[j] sau khi thuc hién xong budc in két qua hay thuc
hién xong thu tuc thu(k+1) dé su dung cho budc sau.

Program Liet_ke_hoan_vi;
uses crt;
var n: integer;
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x: array[1..20] of integer;
b: array[1..20] of boolean;
dem: word;
Procedure khoitao;
var i: integer;
begin
write (" So phan tu n ="); readln(n);
for i:=1 to n do b[i] := true;
dem :=0;
end;
Procedure in_kq;
var i: integer;
begin
dem :=dem+1;
write (' Hoan vi thu',dem:3,":");
for i:=1 to n do write(x[i]:4);
writeln;
end;
Procedure thu(k: integer);
var j: integer;
begin
for j:=1 ton do
if b[j] then
begin
x[k] :=]; 7
b[j] :=false; {chuyén trang thai md&i}
if k=n then in_kq
else thu(k+1);
b[j] :=true; {tra lai trang thai cii}
end;
end;
BEGIN {main}
clrscr;
khoitao;
thu(1);
readln;
END.
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Thi du 2: Liét ké tat ca cac chudi nhi phan c6 do dai n

Mbi chudi nhi phan do dai n c6 dang x[1] x[2] ... x[n] véi x[i] € B; B = {0, 1}. Gia
su da xéc dinh dugc x[1] x[2] ... x[k—1], khi d6 x[k] dugc chon mdt trong 2 phz‘in tr cua B.
Vay co chuong trinh nhu sau:

Program Lietke_Day_Nhiphan;
uses crt;
var n: integer;
b: array[1..20] of O..1;
dem: word;
Procedure Khoi_tao;

begin
write (' Do dai cua chuoi la: n ="); readln(n);
dem :=0;

end;

Procedure In_kq;
var 1: integer;
begin
dem := dem+1;
if dem mod 20 = 0 then readln;
write ( 'Chuoi thu',dem:5,"");
for i:=1 to n do write(b[i]:2);
writeln;
end;
Procedure Thu(k:integer);
var j: integer;
begin
forj:=0 to 1 do
begin
blk] :=j;
if k = n then In_kq else Thu(k+1);
end;
end;
BEGIN
clrscr;
Khoi_tao;
Thu(1);
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write(' Tong so co', dem:4,'chuoi nhi phan');
readln;
END.

Thi dy 3: Bai toan xép hau.

Liét ké tt ca cac cach xép n con hau trén ban cd nxn sao cho chiung khong in dugc
nhau. Ttc 1a khong c6 2 con hau nao cung hang, cung cot, cung duong chéo chinh hoac
duong chéo phu.

Giai: Gia st n hang, n cft cia ban co dugc danh s6 tir 1 dén n. Chuiing ta st dung chi
s0 k dé chi hang va chi s6 j dé chi cot (1 <k, j <n). Quy wdc x[k] = j dé chi vi tri con hau &
hang k, cot j. Mdi hang dugce xép ding mot con hiu, van dé con lai 1a xem mdi con hau
duogc xép vao cot ndo.

Dé thdy T, =N = {1, 2, ..., n}.

Gia st da x4c dinh duoc x[1], x[2], ..., x[k—1], can phai xép tiép x[k] thoa min yéu cu
bai toan.

Viéc kiém soat theo chiéu ngang 14 khong can thiét vi mdi hang duoc xép dung mot
con hau. Viéc kiém soat theo chiéu doc duge thuc hién nho day bién logic a[j] voi quy udc
a[j] bang true néu cot j con tréng

Ban co ¢6 2 duong chéo: duong chéo chinh va cac duong song song duong chéo
chinh ¢6 k — j vi tri (1-n < k—j < n—1) duoc kiém soat nhod diy bién logic c[j]. Pudng chéo
phu co k + j vi trf (2 < k+j < 2n) duogc kiém soat nho day bién logic b[j]. Ciing nhu bién
a[jl, cac bién b[j] va c[j] s& bang true néu & twong Gng con trong. Cac bién trang thai a[j],
b[jl, c[j] dugc khoi gan gid tri true trong thu tuc khéi tao. Nhu vay gia tri j duoc chép nhan
khi va chi khi ca 3 bién a[j], b{k+j] va c[k—j] c6 gia tri true, cac bién nay can duoc gan lai
false khi xép xong quan hau thir j va tra lai true sau khi goi thu(i+1) hay sau khi in két qua.

Program Xep_hau;
uses Crt;
var n:integer;
x: array[ 1..20] of integer;
a: array[1..20] of boolean;
b: array[2..40] of boolean;
c: array[-19..19] of boolean;
dem: word;
Procedure Khoi_tao;
var i: integer;
begin
write(' Kich thuoc ban co, n ="); readln(n);
for 1:=1 to n do a[i] := true;
for 1:=2 to 2*n do bJ[i] := true;
for i:=1-n to n-1 do c[i] := true;
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dem :=0;

end;

Procedure In_kq;

var i: integer;

begin
dem :=dem+1;
if dem mod 20 = O then readln;
write(' Phuong an', dem:3,' :");

fori:=1 ton do write(x[i]:4);
writeln;
end;

Procedure Thu(k: integer);
var j: integer;
begin
for j:=1 ton do
if a[j] and b[k+j] and c[k—j] then

begin
x[k] :=j;
a[j] := false;

b[k+j] := false;
c[k—j] := false;
if k=n then in_kq else thu(k+1);

a[j] := true;
b[k+j] := true;
c[k—j] := true;
end;
end;
BEGIN

clrscr;

Khoi_tao;

Thu(1);

readln;

write(' Tong so co:',dem:3,' phuong an');
readln;
END.
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6. Bai toan ton tai

Trong cac bai toan trén ching ta dd dua ra cac thuat toan dém cac cau hinh t6 hop.
Trong céac bai toan do, su tdn tai cta cac cau hinh 1a co that va chuing ta chi viéc dém
chang. Tuy nhién, c6 nhiing bai toan ngay ca viéc chi ra sy ton tai ctia cau hinh thoa mén
diéu kién da cho ciing 1a mot khé khin. Nhu vay xuat hién bai toan: Khang dinh co hay
khong c6 it ra 1 mot cu hinh thoa méan céc diéu kién da cho. Céc bai toan nhu vay dugc
goi 14 bai toan ton tai.

6.1. Nguyén ly Di-ric-le (Dirichlet)

a. Pinh Iy 1. Nguyén ly 16ng chim bd ciu

Néu cé nhiéu hon n doi twong can xép vao n cdi hdp thi cé it nhdt mét hop cé chira
nhiéu hon 1 doi twong.

Nguyén 1y nay xut phat tir bai toan: C6 mot dan chim bo cAu bay vé to cia chiing, néu
s6 ngan chudng it hon sé chim thi it nhit c6 mot ngan cé nhiéu hon 1 con chim.

Dinh 1y duoc chirg minh bang phan chimg. Gia sit khong c6 mot hop nao cd nhidu
hon mot d6i tugng, khi dé tong sé dbi twong duge xép trong cac hop khong vuot qué sb
hop, nghia 1a s6 d6i twong 1a it hon s6 hop. Didu bay trai véi gia thiét sb ddi tugng nhidu
hon s6 hop.

Thi du: 1. Trong s6 367 ngudi khac nhau luén ludn tim duoc 2 ngudi co cling ngay
sinh. (Vi 1 nam chi c6 nhiéu nhat 13 366 ngay)

2. Trong ky thi hoc sinh giéi, thang diém cho 1 tir 0 dén 20, va diém thi dugc
lam tron dén 0,5 diém. Hoi phai c6 it nhat bao nhiéu hoc sinh dy thi dé chac chin c6 it nhat
2 hoc sinh ¢6 cung diém sb.

Gidi: C6 41 loai diém s6 khac nhau. VAy can phai c6 it nhat 42 hoc sinh dy thi.

b. Pinh Iy 2. Nguyén Iy Di-ric-le tong quat

Néu xép n dbi tuong vao k cai hop, thi luén ludn tim dugc mot hdp cé khodng it hon

{%} +1 dbi twong.

Chitng minh: Gia sir khong c6 hop nao trong k hop c6 chira nhiéu hon [ﬂ dbi tuong.

Khi d6 tong s6 ddi tugng duoc chira trong k cai hop nhiéu nhat 1a:
k[2] < k2 = n
k k

Thi du 1: Trong mot tap thé 100 nguoi c6 it nhat [%} +1=9 nguoi c6 cung thang

Diéu nay tréi vai gia thiét.

sinh.
Thi dy 2: Bién s xe may gom 8 ky tu: XX-XXXX-NX. Trong d6 2 ky ty du 1a ma
dia danh, 4 ky tu tiép theo 1a s6 xe va 2 ky tu cudi 1a ma dang ky. Mdi ky tu X 1a mot trong
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10 chit s6, mdi ky tu N 1a 1 trong 26 chi céi tiéng Anh. Hoi dé dang ky 3 triéu xe can phai
¢6 bao nhiéu ma dia danh?
Gidi: V&i mdi mé dia danh c6 thé dang ky duge 10, 26. 10 = 26.10° xe
30

6
Viy can it nhat 3.10 5 +1:{—}+1: 2 ma dia danh.
26.10 26

6.2. Bai bai toan irng dung nguyén ly Di-ric-1é.

Viéc ing dung nguyén 1y Di-ric-1é can phai van dung dé lya chon ddi twong va hop cho
phu hop.

Bai toan 1. Trong sd n ngudi dy hoi nghi, mdi nguoi quen it nhat mot nguoi khéc.
Hay chung to rang trong phong hop c¢6 it nhat 2 ngudi c6 s6 ngudi quen nhu nhau.

Gidi: Chia sd nguoi dy hop thanh cac nhém, moi nguoi trong ciing mot nhém co sb
ngudi quen 1 bang nhau. Nhu vay c6 nhiéu nhat 1a n — 1 nhém. Do ¢6 n ngudi xép vao (n
— 1) nhém nén phai c6 it nhat 1 nhom c6 2 nguoi, nghia 1a it nhat ¢ 2 ngudi ¢6 sd nguoi
quen bang nhau.

C6 thé phét biéu bai toan nay dudi dang hinh hoc: C6 n diém phan biét, biét rang
mdi diém dugc ndi véi it nhat mot diém khac bang mot doan thang va khong ¢ diém nao
duoc ndi véi moi diém con lai. Khi d6 sé& co it nhat 2 diém tai d6 c6 cung sb canh xuét phat
dé ndi véi cac diém khéc.

Bdi todn 2. Trong mot thang c6 30 ngay, mot doi bong chuyén phai thi dau it nhat
mot ngdy mot tran. Tong s trin ma doi phai choi 1a 45 tran. Hay ching to rang c6 mot sd
ngay lién tiép trong thang d6 doi phai choi dung 14 tran.

Gidi: Goi a; 1a s6 tran doi phai choi tir ngdy thtr nhat dén ngay tha i. Ta thay a,, a,, ...,
azp la day cac $6 nguyén duong tang (a; < ajy;) va 1 < a; < 45. Tu d6 suy ra day s a;+14,
a+14,..., azp+14 cling la day $b nguyén duong, khong gidm va 15 < a;+14 < 59.

Tat ca co 60 sb nguyén duong aj, ap, ..., azo , ai+14, ... , azp+14 luén luén nho hon
hodc bang 59. Theo nguyén 1y Di-ric-1& phai c6 it nhét 2 trong s6 60 s6 ndy bang nhau. Do
a; # a; , a;+14 # a;+14, nén phai tim duoc 2 chi $6 k va n sao cho a, = ay+14.

Diéu nay c6 nghia la tir ngdy k+1 dén ngay n doi phai choi dang 14 tran.

Bai toan 3. Trong mit phang cho 6 diém ndi véi nhau ting ddi bai cac cung mau
d6 hodc mau xanh. Chimg minh rang luén ludn tim dugc 3 diém sao cho cac cung ndi giira
ching c6 cling mau (ngudi ta ndi rang 3 diém d6 tao thanh mot tam giac xanh hay tam gidc
do).

Gidi: Chon diém P tuy y trong 6 diém. Tir P ¢6 5 cung ndi voi 5 diém con lai. Theo
nguyén 1y Di-ric-1& phai c6 3 trong s6 5 cung d6 cting mau, chang han mau xanh. Gia sir 6
1a cac cung PA, PB, PC, néu mot hodc hai trong 3 cung AB, AC, BC ¢6 mau xanh thi nd
cung véi 2 trong 3 cung PA, PB, PC tao thanh tam gidc xanh. Trong truong hop nguoc lai
dugc tam giac do.
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6.3. Phuong phap phan ching.

Mot trong cic phuong phap khac dé giai bai toan ton tai la ding lap luan phan
chung. Thuc ra viéc chirng minh nguyén ly Di-ric-I€ l1a da dung phéan ching, sau day ching
ta xét thém mot s thi du khéc.

Thi du 1. Cho 7 doan thang c6 d dai 16n hon 10 va nho hon 100. Chimg minh rang
1udn ludn tim dugc 3 doan dé c6 thé ghép thanh mot tam gidc.

Gidi: Goi d6 dai cac doan thing theo thir ti ting dan:

ap, as, ...,a7; a;<ap, 10<a; <100, Vi.

Dé chiing minh ¢ 3 doan ghép thanh mot tam giac thi can va du 1a trong 3 s6 lién tiép ciia
day sb da xép & trén c6 tong 2 doan dau 16n hon doan thir ba. Gia sir diéu d6 khong xay ra,
nghia la:

a;+a<as;

pt+ay<ag;

az+ag < as;

as+as S ag;

as+ag<ay;

Vi a;>10,aa>10 = a3>20 = a4>30 = as>50 = ag>80 = a;>130.

Diéu nay trai véi gia thiét ciia bai todn. Vay bai toan dwgc ching minh.

Thi du 2. Céac dinh ciia mot thap giac 16i duoc gan cac sb6 nguyén 0, 1, 2, ..., 9 mot
cich ngiu nhién; mdi dinh 1a mot sé khac nhau. Ching minh rang ludn luén tim duoc 3
dinh lién tiép sao cho tong cac sé duoc gan 16n hon 13.

Gidi: Goi X1, Xa, ..., X10 1 cc s0 dugc gan cho cac dinh tht nhat, thi hai, ..., th muoi
ctia thap giac. Gia sir khong tim duge 3 dinh lién tiép nao c6 tong cac s6 gan 16n hon 13,
nghia la:

ki=xi+x+x3513;
kn=x+x3+x4<13;
ko=%X9+X10+x; <13
kKip=x10+x1 +x2 <13
Suy ra: ki +ko+ ... + ki< 130.
Mat khéc:  ki+ko+...+kio=3x1+X2+... +X10) =30+ 1+ ... +9) =135
Tuwdocod:  135=ki+ky+...+ki0<130. Vo ly.
Vay phai ton tai 3 dinh lién tiép dé tong cac s6 dugc gan 13 16n hon 13.
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BAI TAP CHUONG 2

T6 hop, Chinh hop, Ho4n vi
2.1. Mot nhom sinh vién gdm n nam va n nit. C6 bao nhiéu cach xép thanh mot hang
ngang sao cho nam nir ding xen k& nhau?
2.2. Mot tap hop c6 10 phan tir c6 bao nhiéu tap con véi sd phan tir 16?
2.3. Mot to ¢6 13 nguoi.
a) C6 bao nhiéu cach chon 10 nguoi di lam mot cong viéc dinh san? Biét rang moi
nguoi déu lam dugc cong viéc do.
b) Co6 bao nhiéu cach chon 10 nguoi dé [am 10 viéc khac nhau? Biét rang moi
nguoi déu lam dugc moi viéc nhu nhau.
¢) C6 bao nhiéu cach chon 10 ngudi sao cho ¢ it nhat 1 nir? Biét trong t6 c¢6 3 nit.
2.4. C6 bao nhiéu x4u nhi phan c6 do dai 10 néu trong xau cé:
a) DPing3sb 0.
b) Itnhat3so 1.
¢) S0 cac so 0 bang so cac so 1.
d) Co itnhat 3 s6 0 va it nhat 3 s6 1.
2.5. C6 bao nhiéu bién dang ky xe. Biét mdi bién gdm 3 chit cai tiéng Anh khac nhau va
tiep dén 1a 3 chir s6 khac nhau?
2.6. Chung minh rang (Pang thirc Van-dec-non)

T T
a) C§n+n = chk-cﬁ 5 b) chr;k = C¥1+r+1

Goi y:  a) Xét 2 tap hop co6 twong tng m, n phan tir. Lay tir 2 tip hop d6 ra r phan tir
theo hai cach: Cach I 14 tron 13n 2 tip hop vai nhau; Cach II 13 1y & tap hop nay k phén tu,
con tap hop kia r—k phantar (k=0, 1,2, ..., 1)

b) Chung minh bing quy nap theo r , xuét phat tr C%, =C% .= 1.
2.7. C6 bao nhiéu cach phan cong 3 cong viéc cho 5 nguoi lam, néu 1 nguoi c6 thé lam
duoc ca 3 viéc.
2.8. Mot “con lon tiét kiém” c6 50 déng xu. C6 thé ¢ bao nhiéu td hop khac nhau céac
dong xu: 200d, 5004, 1000d, 2000d, 50004 trong d6?

2.9. C6 100 vién bi hoan toan giéng nhau. C6 bao nhiéu cach dé xép cac vién bi vao 3 céi
hop? biét moi cai hop déu co thé chira dén 100 vién bi.
2.10. Phuong trinh: X; + X2 + X3 + X4 = 17 ¢6 bao nhiéu nghiém nguyén khong am?
2.11. Phuong trinh:  X; + X2 + X3 + X4 + X5 = 21 c¢6 bao nhiéu nghiém nguyén khong am
sao cho:

a) x3 =21 ; b) xi 22 v611=1,2,3,4,5

c) 0<x,<£10; d 0<x;<3va 1<x,<54 va x32>15
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2.12. Co bao nhiéu xau co du cac chir cai trong tr MISSISSIPPI ?

2.13. C6 bao nhiéu xau khac nhau c6 7 hodc nhiéu hon cac ky tu c6 thé lap duoc tir cac
chir céi cua tir NONGNGHIEP ?
2.14. C6 bao nhiéu x4u nhi phan khac nhau gdm 6 chir s6 0 va 8 chir s6 1?2
2.15. Mot dé thi ¢6 10 ciu hoi. C6 bao nhiéu cdch gan diém cho céc cAu hoi néu tong sb
diém 1 100 va mdi cau dugc it nhat 5 diém?
2.16. Bit phuong trinh: X, + X» + x3 < 11 ¢6 bao nhiéu nghiém nguyén khéng am?
Goi y: Bb sung thém bién phu x4 sao cho: X; + X2 + X3+ x4 = 11.

2.17. Trong khéng gian Oxyz mot con bo di chuyén bang céch nhay ting budc, mdi budc
1 don vi theo hudng hoac truc Ox, hodc truc Oy, hodc truc Oz va khong duoc nhay giat lui.
Tinh sb céch dé con bo d6 c6 thé di chuyén tu géc toa do (0, 0, 0) dén diém (4, 3, 5).
Nguyén ly bu trir
2.18. Hay tim $b phﬁn tr cia AUBUC néu moi tap A, B, C déu ¢6 100 ph?ln tr va néu cdc
tap hop A, B, C thoa man:

a) P61 mot roi nhau.

b) C6 50 phﬁn ttr chung ctia mdi cap tap va khdng cé ph?ln tir nao chung cua ca 3 tap hop.

¢) C6 50 phan tir chung ctia mdi cip tap va 25 ¢6 phan tir chung ctia ca ba tap hop.

2.19. Kiém tra 270 sinh vién méi tot nghiép ciia mot truong dai hoc. Két qua cho thiy c6
64 sinh vién thanh thao tiéng Anh, 94 sinh vién thanh thao tiéng Phap, 108 sinh vién thanh
thao vi tinh van phong, 26 sinh vién vira thanh thao tiéng Phap vira thanh thao vi tinh, 28
sinh vién vira thanh thao tiéng Anh vira thanh thao vi tinh, 22 sinh vién viura thanh thao
tiéng Phap vira thanh thao tiéng Anh va 11 sinh vién thanh thao ca 3 tht (tiéng Anh, tiéng
Phap va vi tinh). Hoi trong s 270 sinh vién d6 c6 bao nhidu ngudi khong biét ca 3 tha ké
trén?

2.20. C6 bao nhiéu x4u nhi phan c6 do dai 8 va khong chtra 6 s6 0 lién tiép?
2.21. C6 bao nhiéu s6 nguyén duong khong vuot qua 100 va hoic 1a sé 1é hodc 1a sé chinh
phuong.
2.22. C6 bao nhiéu hoan vi ctia 10 chit s6 nguyén duong dau tién hodc 14 bat dau bang ba
50 987, hoic 1a chira cac s6 45 ¢ vi tri thir 5 va tha 6, hodc 1a két thuc bang 3 s6 123.
Giai cac hé thirc truy hoi.
2.23. S6 lugng mot loai sinh vat sé& tang gap ba sau mdi gid.

a) Lap cong thirc truy hoi tinh sb luong vi sinh vat d6 sau n gio.

b) Néu lic dau c¢6 100 con thi sau 10 gio s& c6 bao nhiéu con?
2.24. a) Tim hé thac truy hoi tinh sé cach di 1én n bac cau thang ctia mot ngudi. Biét
ngudi d6 cé thé bude mdi lan mot hoic hai bac.

b) C6 bao nhidu cach dé ngudi d6 di 1én mot cau thang c6 8 bac?
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2.25. Chimg minh ring cac s Fibonacci thoa man h¢ thirc truy hoi:
fn:5fn_4 +3fn_5, HZS; f():(), f1: 1, f2: 1, f3:2, f4:3.
Dung hé thtrc nay chirng minh r’fmg fs, chiahét cho5véi n=1,2,3, ...
2.26. Tim hé thirc truy hoi tinh s6 xau nhi phan c6 do dai n va:
a) Khong c6 2 s6 0 lién tiép.
b) C6 2560 lién tiép.
Tinh cy thé s6 xau nhj phan thoa man diéu kién a hodc b néun =5
2.27. Mot nguoi dau tu 100 triéu d@)ng vao mot co s& san xuét. Sau 1 nim nguoi do dugc
hai khoan 1ai: Khoan thir nhat 1 20% tong s6 tién trong nam cudi; Khoan thr hai 1a 13%
ctia tong s6 tién co trong nim trude do.
a) Tim cong thic truy hoi tinh {P,}, trong d6 P, la téng sb tién ¢6 vao cudi nam thi n.
b) Tim cong thirc truc tiép tinh P,,.
Gia thiét rang nguoi d6 khong rat bat clr khoan tién nao trong ca n nim do.
2.28. Véi cac tam lat kich thudc 1x2 va 2x2 c6 thé 1at mot bang 2xn bang bao nhidu cach?

2.29. Giai cac hé thic truy hoi sau:
a) a,=5a,_1—-6a,_,, n=2; ay=1, a;=0.
b) a,=4a,_;—-4a,_,, n=>2; ay=6, a; =8.

a _
c) a =22 pn>2; ay=1, a;=0.
n 4

d) a,= 7a,_,+6a,_3, ap=9, a; =10, a, =32.
e) a,=2a,_1+5a,_,—-6a,_3,a =7, a=-4, a,=8.

01
2.30. Xét ma tran A:(l J

. F
a) Chang minh rang: A" :( ;_1

n n+l

n

J, trong d6 F, 14 s6 hang thir n cia day
Fibonacci.
b) Tinh det(A". tir d6 suy ra cong thire: F, ., Fy_ 1 — (F)? = (=1)".
Bai toan ton tai.

2.31. Cho n l1a mot s6 nguyén duong. Chirng minh rang trong moi tap hop ¢ n sd nguyén
duong lién tiép cd ding mat so chia hét cho n.

2.32. Cho (xi, yi, zi), 1= 1, 2, ..., 9 1a mot tap hop gém 9 diém khac nhau c6 toa d nguyén
trong khong gian Oxyz. Chiing minh rang cac diém gilta cua dudong nodi cua 2 trong 9 diem
d6 c6 it nhat mot diém co toa do nguyén.

2.33. Trong mot hop kin ¢6 10 vién bi mau dé va 10 bi mau xanh. Mot ngudi liy ngiu
nhién cac vién bi trong bong t6i. Hoi ngudi do can lay it nhat bao nhiéu vién bi dé chac

chan lay duoc it nhat 2 vién bi cuing mau.
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2.34. Chimg t6 rang trong 5 s chon tir 8 s6 nguyén duong dau tién chic chin c6 mot cip
co tong bang 9.

2.35. a) Trong phong c¢6 6 mdy tinh. Mdi may duoc ndi tryc tiép hoic khong ndi voi céc
mdy khdc. Hay chimg to rang c6 it nhat hai mdy c¢6 cung sd két ndi véi cic may khéc hodc
c6 it nhat hai may khong dugc ndi v6i may khéc.

b) Mot mang mdy tinh c6 6 mdy. Mdi may dugc ndi truc tiép v6i it nhat mot may
khac. Hay chting to rang c6 it nhat hai may c6 ciing s6 két nbi voi cdc may khéc.
2.36. C6 12 cau thi béng dd mic 40 mang sb tir 1 dén 12 dung thanh mot vong tron giira
san. Chimg minh rang luén lu6n tim duoc 3 ngudi dimg lién tiép nhau cé tong cic sb trén
4o it nhat bang 20.

PAP SO
2.1. 2%
22. 2%
2.3. a) 286; b) 1716; ) 1037 836 800.
24. a) 120; b) 968; c) 252; d) 912.
2.5. 12232 000.
2.7.  60.
2.8. 316251.
29. 5151,
2.10. 1 140.
2.11. a) 10 626; b) 1365; c) 11 649; d) 106.
2.12. 34 650.
2.13. 838 320.
2.14. 3003.
2.15. 12565671 261.
2.16. 364.
2.17. 27 720.
2.18. a) 300; b) 150; ) 175.
2.19. 69.
2.20. 248.
2.21. 55.
2.22. 50 138.
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2.23. a) a,=3a,_1, ap=100; b) 5904 900.
224, a) a,=a,_1+a,_», ap=1,a;=1; b) 34.
2.26. a) ap=a,_1+a,_», a1 =2, a=3; = as=13;
b) ap=a, 1+a, 2+2""% a=0, aa=1; = as=19.
2.27. a) P,=12P,_, +0,13P,_>, Py=100; P, =120.

b) P, = %(13.(1,3)3 +(=0,)") = 92,857(1,3)" +7,143(~0,1)"

228, ap=a,_1+2a,2, ay=1, &a=3; a, :%(2“+l +(—1)“).

1 n+l 1 n+l
2.29. a) a,= 32"-2. 3n; b) a,=(6- 211)2“; c) a, = (E) _(_ Ej
d) a,=8(-1)"-3(-2)"+4.3"; d) a,=5+3(-2)"-3"

2.33. 11.

CAU HOI ON TAP CHUONG 2
1. Phét biéu cdc nguyén 1y co ban ciia phép dém: Nguyén 1y cong; Nguyén 1y nhan; Cho
cac thi du minh hoa.
2. Néu su khdc nhau gitra t6 hop va chinh hop chap k tir n phan tir. Mbi quan hé giita to
hop va chinh hgp? Méi quan hé gitta chinh hop va hodn vi?
3. Hay giai thich cac tim cong thic tinh s6 cach chon c6 1ap k phan tir tir n phan tir d4 cho?
Gii thich tai sao c¢6 thé ding t6 1ap dé tinh s6 nghiém nguyén khéng Am ciia phuong trinh
X + X2 + ... + X, = k, trong d6 k 12 s6 nguyén duong.
4. Hay lap cong thic tinh s hodn vi ctia céc tp hop 6 cdc phan tir gidng nhau va sd cich
phéan chia mot tdp hop c6 n phﬁn tr thanh k tap con. Cho thi du minh hoa.
5. Phit biéu nguyén 1y b trir. Ung dung nguyén 1y bir trir tim s6 nghiém nguyén khong
am cua phuong trinh x; + X, + X3 + x4 = 20 thod man x; <7, X, < 5 va x3 < 4.
7. Trinh bay céc phuong phdp dé giai cic hé thirc truy hdi. Cho thi du minh hoa
8. Phat biéu nguyén 1y Di-ric-1&. Ung dung nguyén 1y Di-ric-1é chimg minh rang trong bét
ky 91 s6 nguyén nao ciing c6 it nhat 10 s6 c6 ciing chir s6 cudi ciing.
9. Trinh bay thuat todn quay lui dé giai bai toan liét ké. Cho thi du minh hoa.
10. Cho mét vai thi du giai bai todn ton tai bang phan chtng.
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CHUONG 3.
CAC KHAI NIEM CO BAN VE PO THI

1. Céc dinh nghia vé d6 thi va biéu dién hinh hoc cta do thi
1.1. Céc dinh nghia va céc loai dd thi
1.2. Béc clia dinh cta do thi
1.3. Mot sb dang d6 thi dac biét
1.4. Mot vai tng dung cua céc dd thi dic biét
2. Biéu dién db thi bang dai sd
2.1. Danh sdch ké
2.2. Danh sach canh
2.3. Ma tran ké
2.4. Ma tran lién thuoc
3. Su dang cdu cua cédc dd thi
4. Tinh lién thong trong do thi
4.1. Duong di, chu trinh
4.2. PO thi lién thong
5. S6 6n dinh trong, s6 6n dinh ngoai va nhan cua do thi.
5.1. S6 6n dinh trong
5.2. S6 6n dinh ngoai
5.3. Nhan ctia d thi
6. Sic so ciia d thi
6.1. Dinh nghia
6.2. Mot s6 dinh ly vé sic sd
6.3. Vai thi du ing dung sic sd

Ly thuyét do thi ra doi tir thé ky 18 boi nha todn hoc Leonhard Euler (1707 — 1783)
gbc Thuy si nhung chi yéu séng va 1am viéc & Nga va Dtrc. N6 duoc ing dung dé giai cac
bai toan trong nhiéu linh vyuc khac nhau, chang han 1y thuyét mang dién, mang giao thong,
céu trac hod hoc, ..., va dic biét trong 1y thuyét thong tin va diéu khién hoc.

1. Cac dinh nghia vé d6 thi va biéu dién hinh hoc ciia d6 thi

Do thi 12 mot ciu tric roi rac gém cdc dinh va céc canh ndi cdc dinh. Nguoi ta phan

loai dd thi theo dac tinh va s céc canh ndi gitra cdc dinh.
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1.1. Cac dinh nghia va cic loai db thi
a. Pinh nghia db thi

Pinh nghia: Cho X 1a mét tap hop khong rdng cac ddi tuong nao d6 va U c X°. B)
G = (X, U) duoc goi 1a mot d6 thi. Néu X 1a tap hitu han thi goi 1a d thi hitu han. Néu X 1a
tap vo han thi goi la dd thi vo han.

Giéo trinh nay chi xét dd thi hiru han va go1 tat 1a do thi.

Mbi phﬁn tor xe X dugc goi 1a mot dinh ctua dd thi. Tap X goi 1a tap cac dinh cta dd thi.

Néu mdi phan tir u = (x, y)e U 1a khong phén biét thir ty thi do thi dugc goi 1a do thi
v hwéng. Moi phﬁn tor ue U goi 1a mdt canh cua dd thi. Tap U goi la tap cac canh cua dd
thi.

Néu moi phﬁn tru = (x, y)eU cua dd thi duge sép thtr tu (x trude, y sau) thi dd thi
duoc goi 1a d0 thi ¢6 hwéng. MJi phan tir ue U cua dd thi c6 hudng dugc goi 1a mot cung
hay mot canh c¢6 huéng. Tap U duoc goi 1 tap cdc cung cia dd thi.

Db thi vira ¢6 canh vira c6 cung duoc goi 1a dd thi hén hop.

Néu canh (cung) u = (x, x) thi u goi 1a mot khuyén va dinh x goi 1a dinh c6 khuyén.

Néu u = (x, y) thi canh (cung) u goi 12 ké hay thudc dinh x va dinh y, déng thoi ciing
né6i dinh x ké hay thudc canh (cung) u, dinh y ké hay thugc canh (cung) u.

Hai dinh x, y duogc goi la ké nhau néu chung thudc cung mot canh (cung).

Hai canh (cung) u, v dugc goi la ké nhau néu chung c6 chung dinh.

Mot cach tryc quan nhét 12 biéu dién dd thi béng hinh vé&:

Cho db thi G = (X, U). Tap dinh X dugc biéu dién bang cic diém trong mit phang hoic
trong khong gian. Mdi dinh c6 thé dit mot tén goi twong Gng, chang han x, X, X, ...hay y,
V1, ¥2, ... hay a, b, c, ...

Tap canh U dugc biéu dién nhu sau:

e Néuu=(x,y) € Ulacanh vé huéng, thi 2 dinh x, y duoc ndi véi nhau bang
mot doan thang hay cung cong.

e Néuu=(x, y) € U la canh ¢6 hudng, thi 2 dinh x, y duogc ndi véi nhau béng mot
doan thang hay cung cong c6 miii tén chi huéng tir dinh ddu x dén dinh cudi y.

e Néuu = (x, x) ld mot khuyén thi a dugc biéu dién bang mot vong xuyén tir x dén
chinh no.

O—O " 0 @ Q

Xe—eY Xe Y

Hinh 1. Biéu dién dinh, canh, cung va khuyén ciia db thi

Thi dy 1: Giira ba thanh phé Ha Noi, Hai Phong va Ha Long c6 cac dudng giao thong
nhu sau: Ha Noi - Hai Phong c6 duong bo va duong sit; Hai Phong - Ha Long c6 duong
bd va duong thuy; Ha Noi - Ha Long c6 duong bo.
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Goi x; 1a Ha Noi, x, 1a Hai Phong, x3 1a Ha Long 1a cic dinh va biéu dién mdi duong
giao thong bang mot canh dugc do thi vo hudéng ¢ hinh 2.

q. @
P
() (9 —D
Hinh 2 Mang giao thong Hinh 3. Thi d4u vong tron

Thi dy 2: M6 hinh d6 thi thi dau vong tron. Thi dau vong tron giita cac doi bong 1a mdi
doi déu thi ddu voi tat ca cac doi con lai. Gia str c6 5 doi thi dau vong tron, khi d6 co thé
biéu dién két qua thi dau theo so dd nhu hinh 3. Trong so d6 d6 A, B, C, D, E 1a tén cac
d6i bong va miii tén chi doi & gdc miii tén thing doi ¢ ngon miii tén. D 1a mot do thi co
huéng gom 5 dinh

b. Phan loai d thi

Ngoai cdch phén chia thanh d6 thi vé hudng va dd thi c6 hudng, nguoi ta con phan
loai do thi dya trén sé canh (cung) ké voi cac cap dinh. Dé tién viéc phén biét céc loai dd
thi, chiing ta nghién ctru chiing qua cic thi du vé mang mdy tinh.

Gia st cac may chu cua mdt cong ty cung cép dich vu internet (ISP) duoc dat & cac
thanh phd 16n: Ha Noi (x;), Hai Phong (x,), Ha Long (x3), Vinh (x4), Hué (x4), Pa Nang
(X6), Nha Trang (x;), Bién Hoa (xg), Thanh phd HO Chi Minh (x¢), va Can Tho (xjo). Cac
méy nay dugc ndi véi nhau bang cac duong cdp quang theo so d6 ¢ hinh 4, trong dé céc
duong cdp nay truyén dir lidu theo ca hai chiéu. Mang mdy tinh nay cé thé mo hinh bang
mot dd thi goi 12 dom dd thi c6 10 dinh (hinh 4)

Dinh nghia 1: Mot don do thi 12 mot dd thi ma moi cip dinh dugc nbi v6i nhau
nhiéu nhéit 1a mot canh (cung) va khong c6 khuyén.
Hinh 3 12 mot thi du vé don d6 thi c6 hudng. Hinh 4 12 mot don d6 thi v6 hudng.

(Ha Long) @'@ (Hai Phong) (Nha Trang @‘@ (Bién Hoa)

(HaNo6i)  (Vinh)  (Hué) (PaNéng) (Tp H6 Chi Minh) (Céan Tho)

Hinh 4. Mang may tinh don

Ciing trong mang mdy tinh néi trén, do yéu cau cia viéc truyén dit lidu, c6 thé c6 mot
s6 mdy chii duoc ndi voi nhau bang hon 1 duong cép quang. Chang han giita Ha noi (x;)
va Hai phong (x2) ¢6 3 duong truyén, Ha noi va Da ning (xe), Ha ndi va thanh phd HO6 Chi
Minh ¢6 thém dudng truyén truc tiép, ...(Hinh 5). D6 1a mot mo hinh da @b thi.
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Hinh 5. Mang may tinh da kénh

Pinh nghia 2: Mot da d6 thi 12 mot do thi trong d6 c6 it nhat mot cap dinh duge ndi
v6i nhau nhiéu hon mot canh (cung) va khdng cé khuyén. Cac cdp dinh c6 nhiéu canh thi
cac canh tuong tng goi 1a cac canh bdi hay cdac canh song song.

Hinh 2 va hinh 5 1a c4c thi du vé da db thi.

C6 thé trong mang mdy tinh c6 nhitng may c6 duong truyén voi chinh né, khi dé6 tai
dinh twong Ung ciia md hinh dd thi s& ton tai mot khuyén. Nhirng dd thi nhu vay duoc goi
1a gia dd thi. Gia d thi 1a dang d0 thi tong quét nhat.

Hinh 6. Mang mady tinh c6 cic dwdng truyén ndi bd

Pinh nghia 3: Gia d thi 12 do thi (don hodc da do thi) c6 khuyén.
¢. Mot vai mé hinh dé thi khac

Thi du 1: D6 thi canh tranh trong sinh thdi hoc 1a mot md hinh d6 thi biéu hién sy
canh tranh cua cédc loai trong mdt hé sinh théi nao do. Moi loai vat dugc biéu dién béng
mot dinh. Mdi canh v6 hudng ndi hai dinh néu hai loai dugc biéu dién bang hai dinh nay
¢6 su canh tranh véi nhau (chang han chiing cting chung nguén thirc an hoic cling chung
chd 6).

Hinh 7 1a md hinh h¢ sinh théi rung. Ta théy Géu va Cu, Séc va Qua, ... canh tranh

nhau; cdon Géu va Chim g6 kién, Séc va Cu, ... 1a khong canh tranh nhau.

Thi dy 2: D6 thi anh hwong. Khi nghién ctu tinh cich cia mot nhém nguoi thi thdy
mot s6 ngudi nay c6 thé anh huong 1én suy nghi ciia mot sé nguoi khic. C6 thé dung mot
do thi c6 hudng dé biéu dién didu d6, trong d6 mdi nguoi 1a mot dinh cua do thi va néu
nguoi A anh huong dén ngudi B thi c6 mot cung di tir A dén B. Hinh 8 cho thay, chang
han Ciic ¢6 anh huong dén Hong, Lan va Nhai ... Khong c¢6 ai anh huong téi Ciic. Nhai va
Maén anh hudng 13n nhau.
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Thu ¢6 tdi

Géu Chuot tru Cic Hong
Chudt Man
. e d
Cu Qua Chim g0 kién Lan Nhai

Hinh 7. Db thi l4n t§ Hinh 8. Do thj anh huong

Thi dy 3: D6 thi wu tién trde sau. Céc chuong trinh mdy tinh ¢ thé chay nhanh hon
bang céch thyc hién dong thoi mot sb ciu 1énh nao d6. Tuy nhién khong duoc thyc hién
cau lénh A néu A doi hoi két qua cua cau I¢nh B khi B chua duogc thyc hi¢n. Sy phu thudc
gitra c4c cau Iénh c6 thé duoc biéu dién béng mot dd thi c6 hudéng. Trong dd thi d6 céc
dinh 1a céc cAu 1énh va c6 cung mdi tir dinh B dén dinh A néu ciu 1énh A chua thyc hién
duoc khi cau 1énh B chua dugc thuc hién. Db thi nay goi la dd thi wu tién trude sau. Hinh 9
thé hién mot doan chwong trinh va d6 thi tuong ing voi doan chuong trinh d6. Ta thiy cau
Iénh Ss khong thé thuc hién trudc khi cdc cau 1énh Sy, S; va Sy duoc thuc hién. Cling vay,
Se chua thé thuc hién néu chua thuc hién S;, Sy, S3 va S,

+1 @

)

Hinh 9. D6 thi vu tién truéc sau
1.2. Bic ciia dinh ciia dd thi
a. Dinh nghia

S6 canh thudc dinh x ctia do thi vo hudng goi 13 bac cua dinh x, ky hiéu 1a deg(x).

S6 cung di ra tir dinh x cta do thi co hudng goi 1a ban béc ra cua dinh x, ky hiéu 1a
deg'(x).

S6 cung di vao dinh x cta d6 thi c6 hudng goi 1a ban bac vao cua dinh x, ky hiéu 1a
deg™ (x).

Céc dinh c6 bac (hodc tong bac ddi voi dd thi c6 hudng) bang 0 goi 1a dinh bigt 1ap
hay dinh ¢6 14p; con néu bang 1 goi la dinh treo, khi d6 cac canh (cung) tuong ung goi la
canh (cung) treo.

Truong Pai hoc Nong nghiép Ha Noi — Gido trinh Gido trinh Todn Roi rgc............c..cccoeeveiunannn. 73


www.VIETMATHS.com
www.vietmaths.com

Thi dy Xem hinh 10 va hinh 11

X2 X3 X6 X2 X3
— /\»0
X1 X1
X4
X5 X4
Hinh 10 Hinh 11

deg(x;)=4; deg(xy) =2 deg"(x1) = 0; deg'(x;) =2

deg(x3) =4; deg(x4) =3 deg"(x2) = 2; deg(x) =1

deg(xs) =2; deg(xe) =1 deg"(x3) = 1; deg(x3) =1
deg"(x4) = 2; deg(xq) =1

b. Tinh chit
Tinh chat 1: Trong dd thi vo huong G = (X, U) téng s6 bac cua cac dinh 1a gép doi
s6 canh:

D deg(x) = 2N(U);
xeX

con trong dd thi co huong G = (X, U) thi: Zdeg'(x) = Zdeg+(x) =N(U)
xeX xeX
Chitng minh: Hién nhién.
Thi dy: C6 bao nhiéu canh trong mot d6 thi ¢6 10 dinh, mdi dinh déu c6 bac bang 6?
Gidi: Tong sd bac ciia d6 thi 12 10.6 = 60. Do d6 2N(U) = 60, suy ra s canh cua do
thi 1a N(U) = 30.

Tinh chdt 2: Trong d6 thi vd hudng, s6 dinh bac 1¢é 1a mot sé chin (dinh bac 1¢ 1a dinh
6 bac 1a s0 1¢).
Chung minh: Goi L va C tuong Ung 1a tdp cac dinh bac 1¢é va tdp cac dinh bac chan,
khi d6 " deg(x) 1a mot s6 chdn vi no 1a tong cac s6 chin. Mit khac theo tinh chét 1, ta co:
xeC

D deg(x)+ Y deg(x) = Y deg(x)=2N(U) la mt s6 chén

xeC xeL xeX

Suy ra Zdeg(x) 1a s6 chin, do moi s6 hang cua Zdeg(x) 1a 1& nén tong nay phai co

xelL xelL

mot s6 chin cac sd hang, nghia 1a N(L) 1a mot sb chén.
Tinh chat 3: Trong mdt don dd thi vo hudng ludn ludn tdn tai it nhat hai dinh cuing bac.

Chitng minh: Gia str d6 thi G = (X, U) ¢6 n dinh (N(X) = n, n > 2).
Néu d6 thi ¢6 dinh bac 0, khi d6 db thi khong c6 dinh nao ké véi tat ca cdc dinh con lai.
Do d6 méi dinh cta db thi c¢6 bac 1a mot trong n — 1 sé nguyén 0, 1,2, ...,n—2.
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Néu db thi ¢6 dinh bac n — 1 thi do thi khong c¢6 dinh nao c6 bac 0. Do d6 bac ciia mdi
dinh ctia dd thi 1a mét trong n — 1 sé nguyén 1,2, ..., n— 1.

Vay, trong moi truong hop, véi n dinh chi ¢é n — 1 loai bac dinh. Béi vay, theo nguyén
1y Di-ric-1& phai c6 it nhét hai dinh ¢6 ciing bac.
1.3. Mot s6 dang do thi dic biét

a. Po thi ddy di: D) thi day du n dinh, ky hiéu Ky, 12 d6 thi ma moi cip dinh bat ky
ludn ludn ké nhau.

canh va moi dinh déu cé bacn— 1.

D& thy db thi ddy di K, ¢6 “(nz_ D

Hinh 12 1a cdc d0 thi K, Ky, K3, Ky, K.
[ J
o —0
K, K3 K4
Ks
Hinh 12. Cac do thi dﬁy da Kl, Kz, K3, K4, Ks.
b. Do thi vong: DO thi vong n dinh (n > 3), ky hiéu Cy, 12 d6 thi ¢6 cdc dinh x;, Xo, ...,

X, va cac canh (X1, X2), (X2, X3), ..., (Xu-1, Xn), (Xn, X1). Xem hinh 13
Do thi vong C, ¢6 n canh, va deg(x) =2, Vi=1,2, ...n.

X1 X1 X2 1 X1 X2
A !:I . . X“
X2 X3 X3 X4
Cs Cy X4 X5 X5 X6
Cs Cs

Hinh 13. Cac d6 thi vong Cs, Cy4, Cs, C.

c. Dé thi bdanh xe: Khi thém mot dinh vao d6 thi vong Cy, va ndi dinh nay véi tat ca
céc dinh cua C, duoc mot dd thi méi goi la dd thi banh xe, ky hiéu W,, (hinh 14).
D0 thi banh xe W, ¢6 n + 1 dinh, 2n canh, mot dinh bac n va n dinh bac 3.

o Bl
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d. Po thi lap phu"ong Db thi 1ap phuong duoc ky hiéu Q,, 1a d6 thi ¢6 2" dinh va
mdi dinh dugc ky hiéu bang mot xau nhi phan c6 do dai n. Hai dinh ciia Q, 1a ké nhau khi
va chi khi cdc xau nhi phan tuong ing khac nhau ding mét bit (Hinh 15).

10 11 110 111
100
(P — |
Qi 00 01 011
Q o A

Qs
Hinh 15. Céc dd thij 1ap phuong Qy, Q2, Qs.

D@ thiy cic dmh do th1 lap phuong Q, déu c6 bac n, va do d6 né c6 n.2"™ ' canh (vi s6
canh bang mot nira tong sb bac clia tat ca cic dmh)

e. Do thi phdn doi ( do thi hai phia): Pon dd thi G = (X, U) duoc goi la dd thi phan
ddi néu tap cac dinh X dugc phan chia thanh hai tap khong rSng, roi nhau X, X, (XjuX; = X,
X, # D, X, # D va X;nX, = @) sao cho mdi canh cua do thi ndi mot dinh cua X; voi mot
dinh cua X,.

Db thi phan d6i G = (X;UXa, U) ¢6 IX;l = m, [X,l = n duoc goi 1a dd thi phan do6i day

du, ky hiéu Ky, , néu mdi dinh cua X; déu duoc nbi véi moi dinh trong Xo.

Ks, 3 Ks 4 K> 4

Hinh 16. Mot s6 d6 thi phan déi day da
C6 thé 4p dung thuat toan sau dé nhan biét d6 thi G = (X,U) ¢6 1a d6 thi phan doi hay
khong.
Pat: 1/ X;={x|xe X, xlay tuy y}
2/ X,={yl ye X, yké véi cdc dinh ciia X, }
3/ T ={zlze X,z kévéi cic dinh cta X»}
-Néu T N X, # @ thi G khong phai 12 do thi phan doi.
—NéuTﬁX2=®VéX1 U X, < X thi 1ap lai cac bude 1/ -3/ vo1 X, =X, U T.
-NéuT N X, =@ va X; U X, = X thi da phin hoach dugce X va G 1a d thi phan doi.
Sau mot s6 hitu han budc, hoic 1a ching minh dugc G khong phai 1a d6 thi phan
d6i, hogc 1a phan hoach duoc tap dinh X néu G 1a do thi phan doi.

Thi du 1: Xét dd thi trén hinh 17. Chon X; = {a}, taco X, = {b, d, e}, tr d6 T = {a,
c}, ro rang TNX, = J vacd X; = {a}u{a, c} = {a, c}. Tiép theo ta c6 X, = {b,d,e,f}, tr dé
T = {a,c.f}. R rang TNX, # &. Vay d0 thi da cho khong phai 1 do thi phan doi.
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Thi du 2: Xét do thi trén hinh 18a. Chon X; = {x1}, taco X, = {X2, X4, X5}, t0r d6 T =
{x1,x3}. Rorang TN X, = J, va c6 X; = X; U T = {xy, x3}. Dé nhan th'éiy XiNnX, =
va X;UX, = X. Vay db thi d cho 1a d0 thi phan ddi. V& lai dd thi & dang phan d6i dugc
hinh 18b.

b C X X3 X1 X3
a d X1 X4
f e X5 X2 X4 X5
Hinh 17 Hinh 18a Hinh 18b

1.4. Mot vai img dung ciia cac do thi dic biét:

a. Cdc mang cuc bé (LAN): Mot s6 mang cuc bo ding cdu tric hinh sao, trong d6
tat ca céc thiét bi dugc ndi véi thiét bi diéu khién trung tim. Mang cuc bd kiéu nay c6 thé
biéu dién bang mot d6 thi phan doi dy di K, ,. Cac thong bdo giri tir thiét bi nay toi thiét
bi khéc déu phai qua thiét bi diéu khién trung tdm (hinh 19a).

Mang cuc bd ciing c6 thé c6 cdu triic vong tron, trong d6 mdi thiét bi ndi voi ding
hai thiét bj khac. Mang cuc bo kiéu nay c6 thé biéu dién bang mot do thi vong C,. Thong
bdo gui tir thiét bi nay t6i thiét bi khdc duogc truyén di theo vong tron cho t6i khi dén noi
nhan (hinh 19b).

Cudi cung, mot s6 mang cuc by dung cAu tric hén hop cua hai ciu trdc trén. Céc
thong bdo dugc truyén vong quanh theo vong tron hodc ¢é thé qua thiét bi trung tim. Su
du thira nay ¢6 thé 1am cho mang ddng tin ciy hon. Mang cuc bd kiéu nay c6 thé biéu dién
bang mot d6 thi banh xe W, (hinh 19¢).

a. Mang hinh sao b. Mang vong tron c. Mang hdn hop

Hinh 19. Céc ciu tric mang cuc bd

b. Xur ly song song: Céc thuat todn dé giai cdc bai todn c6 thé duoc thiét ké dé thuc
hién céc phép todn mot cach tuan ty, d6 1a thuat todn ndi tiép. Tuy nhién cé nhiéu bai toan
v6i s0 lugng tinh todn rét 16n nhu bai todn md phong thoi tiét, hay phan tich mat ma, v.v.
khong thé giai dugc trong mot khoang thoi gian hop 1y neu dung thuat todn n01 tlep ngay ca
khi diing céc siéu mdy tinh. Ngoai ra, do nhitng giéi han vé mat vat Iy dbi véi téc do thuc hién
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cac phép toan co so, nén thuong gap cac bai toan khong thé gidi trong khoang thoi gian hop 1y
bang céc thao tic ndi tlep Vi vay, nguoi ta phai nghi dén kiéu xur 1y song song.

Khi xir 1y song song, ngudi ta ding cdc mdy tinh c6 nhiéu bo xir 1y riéng biét, mdi bo
xtr 1y ¢6 bd nho riéng, nho d6 ¢ thé khiac phuc duge nhitng han ché cua cic mdy nbi tiép.
Céc thuat toan song song phan chia bai toan chinh thanh mot sb bai toan con sao cho ¢6 thé
giai déng thoi duge. Do vay, bang céc thuat todn song song va nhd viéc st dung cic may
tinh c6 bd da xtr 1y, nguoi ta hy vong c¢6 thé giai nhanh cdc bai toan phtc tap. Trong thuat
toan song song cé mot day cac chi thi theo ddi viéc thyc hién thudt todn, glri cdc bai toan con
t6i céc b xir 1y khéc nhau, truyén cdc thong tin vao, thong tin ra tdi cac b xir Iy thich hop.

Khi diing céch xtr 1y song song, mdi bd xir 1y ¢6 thé can céc thong tin ra ciia cdc bo xir
1y khic. Do d6 chiing can phai dugc két ndi v6i nhau. C6 thé dung loai do thi thich hop dé
biéu dién mang két ndi cdc bo xtr 1y trong mot mdy tinh c6 nhiéu bo xur Iy. Kiéu mang két
ndi dung dé thuc hién mot thuat todn song song cu thé phu thudc vao nhirng yéu cau voi
viéc trao doi dir liéu gitra cac b xur 1y, phu thudc vao toe do mong mudn va tat nhién vao
phan ctng hién c6.

Mang két nbi cic bo xtr 1y song song don gian nhat va ciing dat nhat 1a ¢6 cac lién két
hai chiéu giita mdi cap bd xur ly. Cdc mang nay cé thé md hinh bang d6 thi day du K,
trong d6 n 1a s6 bo xir 1y. Tuy nhién, cdc mang lién két kiéu nay c6 s6 két nbi qua nhiéu ma
trong thuc té s6 két ndi can phai c6 gidi han.

Cic bo xir 1y ¢6 thé két ndi don gian 1a sip xép ching theo mot mang mét chiéu. Uu
diém ciia mang mot chiéu 1a mdi bd xir 1y ¢6 nhiéu nhat 2 dudong ndi tryc tiép voi cic bd
xtr 1y khéc. Nhuge diém 1a nhiéu khi can c6 rat nhiéu cic két ndi trung gian dé céc bo xir Iy
trao ddi théng tin v6i nhau. Hinh 20 12 mang mot chidu véi 6 b sir 1y.

Hinh 20. Ming mét chiéu két ndi 6 bd xir Iy

Hinh 21. Mang kiéu luéi c6 16 bd xir 1y

Truong Dai hoc Nong nghiép Ha Noi — Gido trinh Gido trinh Todn ROT rgc............c.cccceveieeennn.n. 78


www.VIETMATHS.com
www.vietmaths.com

Mang kiéu lwéi (hodc mang hai chiéu) rat hay dugc dung cho cdc mang lién Kkét.
Trong mot mang nhu thé, sb cdc bo xir 1y 1a mot s6 chinh phuong, n = m?. Céc bd xir ly
dugc gan nhan P(i, j), 0 < i, j < m—1. Céc két n6i hai chidu s& ndi by xtr 1y P(i,j) v6i bon bd
xu 1y bén canh, tuc 1a voi P(i, j £1) va P(i £1, j) ching nao cac bo xir Iy con & trong ludi
(Hinh 21).

Mang két ndi quan trong nhét 1a mang kiéu siéu khéi. Véi cdc mang loai nay sb cic
bo xir 1y 12 luy thira ciia 2, n = 2™. C4c bd xir Iy duoc gin nhan 1a Py, Py, ..., P, _ 1. Mdi bd
xtr 1y ¢6 lién két hai chiéu v6i m bo xir 1y khic. Bo xir 1y P; ndi v6i bo xir 1y ¢6 chi sb biéu
dién bang day nhi phan khac voi ddy nhi phan biéu dién P; diing mot bit. Mang kiéu siéu
khdi can bang s6 cic két ndi tryc tiép ciia mdi bo xir Iy va sd cdc két ndi gian tiép sao cho
céc bo xir 1y ¢6 thé truyén thong dugc. Nhiéu mdy tinh da ché tao theo mang kiéu siéu kh6i
va nhiéu thuét toan di dugc thiét ké dé str dung mang kiéu siéu khéi. D6 thi 1ap phuong Q,
biéu dién mang kiéu siéu khéi c6 2™ bo xtr ly. Mang siéu khoi c6 8 bo vi sir Iy duoc mé ta
trong hinh 22 n6 ciing la cich vé khac cua Q3 so voi hinh 15.

Hinh 22. Mang kiéu siéu khéi

2. Biéu dién d6 thi bang dai so.

Trong phan trén d thi duoc biéu dién bang hinh v&, d6 1a cach biéu dién rat tryc quan
nhung ciing ¢6 nhiéu bét tién, ddc biét khi sir 1y do thi trén mdy tinh. Phan nay trinh bay
céc céch biéu dién d0 thi khong can hinh v&, diéu d6 dic biét thuan loi khi sir 1y do thi trén
mady tinh.

2.1. Danh sich ké.
Vi mdi x € X cta dd thi G = (X, U) khong c6 canh boi, dat:
G ={yl yeX, (xy)eU}
Nghia 1a G(x) la tap dinh ké v6i x néu G 1a do thi vo hudng, hodac G(x) la tap dinh c6 cung
di tir x dén cic dinh d6.

Tap hop {G(xi) | x; € X } goi la danh sach ké cua do thi.

Danh séch ké chinh 12 su liét ké cdc canh (cung) cua dd thi.

Thi dy 1: Xét d6 thi & hinh 23, ta c6:

G(x1) = {x2, X3, X4} ; G(x2) = {x1, X4};

G(x3) = {x1, X4}; G(x4) = {x1, X2, X3, X4}

Thi dy 2: Vi @6 thi c6 hudng trong hinh 24, ta c6:
G(a)={b,d, e} G(b) ={ b, d}
G(c)={c,a, e} Gd) =9 G(e) = {b, c}
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Q a’

Hinh 23 IMinh 21

2.2. Danh sach canh
La danh séch liét ké cdc canh cua do thi bing mot bang chi rd cac dinh ké cua tung
canh c6 trong dd thi da cho. Chéng han danh sdch canh cua céc dd thi trong hinh 23, 24 la:

Danh sich canh cua Danh sich canh cua
db thi hinh 23 db thi hinh 24
Dinh dau Dinh cudi DPinh dau Dinh cudi
X1 X5 a b
X1 X3 a d
X1 X4 a €
X2 X4 b b
X3 X4 b d
X4 X4 C C
C a
C e
e b
e C

Viéc biéu dién do thi bang danh sich k& hodc danh sich canh, trong nhiéu truong hop
dan dén viéc thyuc hién mot sd thuét toan khé céng kénh nhung s€ 1a don gian hon néu dung
dang biéu dién d6 thi bang ma trdn. C6 hai kiéu biéu dién do thi bang ma tran, d6 12 ma
tran ké va ma tran lién thudc.

2.3. Ma tran ké

Pinh nghia 1: ChoG=(X,U) la do thi vd hudng voi X = {xy, X, ..., Xp}. Khi d6 c6
thé biéu dién dd thi G béng mot ma tran vuodng A = (a;) cép n, trong do:

a.. =

{ d néu Xi noi voi Xj bﬁng d canh
9 .
1

0 , néukhong c6 canh ndi gitta x; va X;

Ma trin A goi 12 ma tran ké cta d6 thi G.
Chd y rang ma tran ké cia mdt do thi tuy thudc vao thir tu liét ké cic dinh. Biéu dé
c6 nghia la voi mgt do thi n dinh ¢6 thé viét dugc n! ma tran ké tuong Uing.
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Thi dy 1: Véi dd thi trong hinh 25, ta c6:

X; X, X3 X4

X1 X2
01 1 1) x
A—1001X2
10 0 0 x, %3 X4
1 1.00) x4 Tl 25

Thi du 2: Ma tran ké cta d6 thi & hinh 26 viét theo tht tu céc dinh X, Xa, X3, X4 12:

1 X1 X2
2 0 01
A=
2 0 00
1 1 01 X3 X4
Hinh 26

Mt vai tinh chit ciia ma trin ké ciia do thi vo huéng:

e Li ma tran ddi xtng, phan tir trén dudng chéo chinh 12 khac 0 khi va chi khi tai
dinh tuong tng c6 khuyén.

¢ L3 ma tran ma tran khong — mgt (ma tran co cac phﬁn tir 1a 0 hoac 1) khi va chi khi
G la don do6 thi.

e Téng cac phﬁn tor cua mot hang (cot) béng bac cua dinh tuong ting véi hang (cot)
do.

Dinh nghia 2: Néu G = (X, U) 1a do thi c6 hudng véi X = {Xy, Xp, ..., X} thi ma trdn

ke cling 1a ma tran vudng A = (a;j) cap n, trong do:
a; = { d . néucéd cung di tur x; dén Xj
néu khong ¢6 cung nao di tir x; dén Xj

Thi du:  Ma tran ké ctia d thj hinh 27 theo

X X
thtr tu cdc dinh x; Xp, x3 la: ~E Z.Q
A= /
X3

Hinh 27

o O O
[N R G
S O N

Ma tran ké ciia dd thi c6 huéng cé tinh chit sau:

e Lama tran khong d6i xtmg, phan tr trén dudng chéo chinh 1a khac 0 khi va chi khi
tai dinh tuwong tng c6 khuyén. La ma tran khong — mot néu G 1a don d6 thi.

° Téng cac phﬁn tor cua mQt hang (cot) béng bén bac ra (ban bac vao) cua dinh tuong
ung voi hang (cot) do.
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2.4. Ma tran lién thudc
ChoG=(X,U)la dd thi vd hudéng véi X = {xy, Xp, ..., Xp} va U = {a;, ay, ..., an}.
Khi d6 c6 thé biéu dién G bang ma tran M = (mjj), x m trong do:

1 néu dinh x; thudc canh a;
b
m;;

0 , néu dinh x; khong thudc canh a

Ma tran M goi 1a ma trén li€n thudc cﬁ‘a dd thi G.
Thi du 1: Ma tréan lién thudc ung véi do thi trong hinh 28 1a:

a, a, a; a, a5 ag X2 a X5
10000 0) x 2
X1 de
1 1011 0] x,
M=|011 00 0| x4 X3 a3 X4
0 01 1 0 1] x4 Hinh 28
00001 1) x5
Thi dy 2: Ma tran lién thudc cta d6 thi hinh 29 1a: 4
al 32 a3 a4 35 X1 &y 2
1 1 1 0 0) x4 a3 as
1 1 0 0 X2
M =
0 01 1 0] x3 X3 a X4
000 0 1) x4 Hinh 29

Nhu vdy ma tran li€n thudc 1a ma tran khong — mot. Néu mot canh la khuyén thi cot tuong
ung c6 ding mot s6 1. Néu co canh bdi thi cac cot tuong Ung cua cac canh nay giéng hét
nhau.

3. Swding ciu cia cac d thi

V6i mbi cdch biéu dién mot do thi da cho ludn ludn ton tai nhidu dang khéc nhau, ké
ca cch biéu dién bang hinh v&. Nhiing dang biéu dién khic nhau cta mot d6 thi dé lam
cho ta 1am tuong d6 1a cdc dd thi khac nhau. Trong phan nay dé cap dén cich nhan biét
mot do thi voi céc dang biéu dién khdc nhau.

Trong nhiéu truong hop can phai xem xét hai do thi da vé c6 phai 1a mot hay khong?
Ching han, cdc hop chét trong héa hoc ¢6 thé cing mot cong thirc phan tir nhung ciu tric
héa hoc ¢cé thé khdc nhau; vi thé khi tim ra mot chét can phai vé ciu tric hoa hoc (tuac 1a dd
thi) cia né dé xem chat d6 c6 trung véi cdc chit da tim ra truéc né hay khong. Van dé
duoc giai quyét nhd khdi niém dang cu cua db thi.

Dinh nghia: Hai db thi G, = (X;, E)) va G, = (Xy, E») duogc goi 1a ding cau voi
nhau néu tdn tai mQt song anh f : X; — X, sao cho cdc dinh x va y la ké nhau trong G; khi
va chi khi f(x) va f(y) 1a ké nhau trong G,.
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Thi dy 1: Hai d0 thi trong hinh 30 12 dang ciu qua song dnh:
f(A) = 1; f(B) = 2;f(C)=3;f(D)=4;f(E)= 5
A

1
B C 23
5

D E
Hinh 30. Hai d6 thj ding ciu

Viéc xdc dinh xem hai dd thi ¢6 phai 1a dang cdu hay khong 1a mot viéc 1am réat khé
khan. Vi v6i hai do thi n dinh ching c6 t6i n! phép tuong Gmg 1-1 khéc nhau gitra hai tap
dinh, do d6 s& mat rat nhiéu thoi gian dé tim dugc mot phép tuong (mg bao toan tinh lién
ké cua céc dinh.

Viéc xé4c dinh hai don dd thi 1a khong déng cdu don gian hon viéc xdac dinh ching la
dang cau, vi khi d6 chi can chi ra hai do thi d6 khong ¢6 chung mét tinh chit nao dé ma hai
d6 thi dang ciu phai c6 nhu: Cung s6 dinh; ciing s6 dinh bac k (véi moi k nguyén khong
am); cung s6 canh; v.v...

Thi du 2: Hai d6 thi G, G, trong hinh 31 1a khong ding cdu vi G, ¢6 mot dinh bac 4
con G, thi khong c6 dinh bac 4 nao.
A B 1 2
C 3

G] GZ
Hinh 31

Thi du 3: Hai d0 thi H, va H, trong hinh 32 cling khong dang cdu vi H; ¢6 3 dinh
bac ba (céc dinh 2, 6, 8), moi dinh bac 3 nay déu ké Vg'yi mot dinh bac 4; nhung trong 3
dinh béc ba ctia H; (céc dinh C, E, H) ¢6 dinh E khdng ké vai dinh bac 4 nao ca.

<o (KA

H] H2
Hinh 32
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D& thdy 12 hai dd thi dang cAu thi hai ma tran ké (theo mot thir ty ndo d6 cua céc dinh)
twong Ung la bang nhau.
4. Tinh lién thong trong do thi
4.1. Puwong di, chu trinh

Pinh nghia 1: Puong di tir dinh xo dén dinh x, ctia d6 thi G = (X, U) (G c6 thé 1a d6
thi vd hudng, c6 hudng hoac do thi hon hop) 1a day cac dinh x¢x; ...x, trong do (X, Xi+1),
1=0, 1,..., k-1, 1a cac canh hay cung cua do thi, nghia la (x;, xi+1)e U.

Dinh x¢ goi la dinh dau, dinh x, goi la dinh cudi cuia duong di.
S6 cac canh c6 trong mot dudng di goi 12 do dai ctia dudng di do.

Pinh nghia 2: Pudng di c¢6 dinh dau tring véi dinh cudi goi 1a chu trinh.
Puong di hay chu trinh goi 1a don néu n6 khong di qua canh nao qua mot lan.
Pudng di hay chu trinh goi 14 so cdp néu n6 khong di qua dinh nao qua mot lan.
Ciing c6 thé biéu dién duong di tir dinh x¢ dén dinh xy bé‘mg day cac canh: (xo, x1), (X1,
X2)s +ees (Xk—1, Xk)-

Thi du 1: Xét @6 thi trong hinh 33, ta c6: X

X] X2 X4 X5 1a mdt duong di don tr x dén x5 o
d6 dai bang 3.

X X4 Xs 12 mot duong di don tir x; dén x5 c6 do X2 X4 Xs
dai bang 2. X3

X4 X1 X2 X4 X1 X5 la mOt du’img di tur x4 dél’l X5 €O
do dai 5 nhung khong phai 1a duong di don vi cung Hinh 33
(x4,x1) di qua 2 lan.

X] X4 X3 X2 X4 X5 X1 12 chu trinh ¢6 d¢ dai 6 (khong phai 1a chu trinh so cép).

Thidu 2: X1
X1 X2 X4Xs 12 mot dudng di don tir x; dén x5 c6 dd
dai bang 3. X5 ® Xs
X] X2 X3 X| la mdt chu trinh don c6 d6 dai 3. X4
X1 X2 X3 X1 X5 la mot dufyng di don tir x4 dén X2 nhung ° X3
khong so cap.
Hinh 34

X] X2 X3 X4 khong phdi 1a mot duong di vi (x3 ,X4)
khong phai 1a mot cung.
Pinh nghia 3: Hai dinh x va y cta dd thi G = (X,U) duoc goi la lién thong v6i nhau
néu ton tai it nhat mot duong di tir x dén y hodc tr y dén x.

Pinh Iy 1: Trong mot do thi vo huéng G = (X, U) ¢6 n dinh (n > 3), néu moi dinh
déu c6 bac khong nhé hon 2 (deg(x) > 2, Vx € X) thi trong G ludén ludn ton tai mot chu
trinh don.

Chitng minh: Xét tat ca cac duong di don c6 trong G. Vi sb dinh cua G 13 hitu han nén
s0 dudng di don co trong G cling 1a hiru han. Xét duong di p c6 do dai 16n nhat, chang han
P=XpXg ... Xp -
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Vi deg(x¢) > 2 nén ngoai canh (X, xl) con c6 it nhat 1a mot canh nira thude xo, goi canh do
1a (X0, y). Néu y khong tring véi bat ky dinh nao trong p thi duong di p; =y xox; . .. Xp €O
d6 dai 16n hon p vi c6 thém canh (y, Xo), dicu nay trai véi gia thiét p c6 do dai lo’n nhat.
Vay y phai tring véi mot dinh nao d6 cta p, chang han y = xi. Khi d6 xo X; ... X Xo 1a mot
chu trinh don.

Dinh 1y dugc chirng minh.

Bai todn vung dung: Trong mot hdi nghl coOn ngum (n >3), moi ngum deu quen voi it
nhét 2 nguoi khac Chu’ng to rang ¢6 thé chon ra mot s6 nguoi dé khi xép ngdi quanh mot
ban tron thi mdi nguoi déu ngdi giira 2 ngudi quen.

Gidi: Coi mdi ngudi 1a mot dinh ctia do thi, 2 nguoi quen nhau dwoc nbi voi nhau
bé‘mg mot canh dugc mot dd thi vo hudng thoa man dinh 1y trén.

Pinh 1y 2: Trong dd thi vd hudng cé n dinh (n> 4), néu moi dinh déu c6 bac khong
nho hon 3 thi trong dd thi 1udn ludn c6 chu trinh don ¢6 do dai chén.

Dinh 1y dugc chirng minh tuong tu dinh 1y 1.

Pinh Iy 3: Cho G 1a mot d6 thi lién thong c6 ma tran ké 1a A theo tht ty cac dinh x;,
X2, ..., Xn (VG cac canh vO hudng, c6 hudng hay canh boi, c6 thé co khuyén). S6 cac duong
di c6 d6 dai k tir x; dén xj (k 1a s0 nguyén duong) bang gia tri ciia phan tir (i,j) trong ma
tran Ak,

Chiing ta thira nhan, khong chirng minh dinh 1y nay va minh hoa bang thi du sau:

X1 X2
n
X3 X4
Hinh 35
Ta co:
01 10 2 2 21 4 6 7 3
1 0 2 0 22512 364143
A= = A= = A=
1 2 0 1 21 6 1 7 14 5 7
0 0 1 1 1 21 2 3 3 7 3

Nhu vy c6 3 dudng di ¢ d6 dai 3 tir x; dén x4, d6 1a:
X1 X2 M X3 X4, X1 X2 1 X3 X4, X1 X3 X4 X4.
Co6 6 duong di c6 d6 dai 3 tir x; dén x,, ...
4.2. PO thi lién thong
a-) Do thi con, do thi bd phin
Pinh nghia: Cho d6 thi G = (X, U).
Néu bd di mot so6 dinh cung véi cac canh (cung) xuat phat tir cdc dinh bd di do thi
dugc do thi méi goi 1a do thi con cua do thi G.
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Néu gilt nguyén cac dinh va bo di mot $6 canh thi duogc dd thi méi goi la dd thi bd
phan ciia d6 thi G.
Noi cach khac:
Db thi con cua dd thi G = (X, U) 1a dd thi H = (A, E), trongd6 Ac XvaEcU.
Do thi bd phan ciia d6 thi G = (X, U) 1a do thi K = (X, F), trong d6 F < U.

Thi du: Néu G la mang giao théng trong toan qudc véi ba phuong tién: May bay,
Tau hoa, O t6. Khi ay néu chi xét mang giao thong & mién Béc vé6i ca 3 phuong tién thi ¢6
mot d6 thi con. Con néu xét mang giao thong trén toan qubc véi 2 trong 3 phuong tién da
néu thi c6 mot do thi bo phan.

b-) P thi vé hwong lién thong

Pinh nghia: DO thi vo6 hudng G = (X, U) duoc goi 13 lién thong, néu ludn ludn tim
dugc mot duong di giira 2 dinh bt ky cua do thi.

Néu d6 thi vé huéng G = (X, U) khong lién théng, nhung ¢ do thi con lién thong thi
db thi con d6 goi 1a thanh phan lién théng cua db thi G.

D& thiy d6 thi G 1a lién thong khi va chi khi n6 chi ¢c6 mot thanh phan lién thong duy
nhét.

Thi du:

X1 X]
X X6 X X6
X3 X4 5 X3 X4 X5
X7 X7e———o X8

Hinh 36. P thi vé huwéng Hinh 37. D6 thi vo huéng c6 2 thanh phin
lién thong lién thong

Pinh Iy 1: Néu bac ctia moi dinh ciia d6 thi v huéng G = (X, U) khong nho hon mot
ntra s6 dinh thi do thi d6 lién thong. (Néu deg(x) = g , VxeX thi G = (X,U) lién
thong).

Chitng minh: Dung phan ching dé chtrng minh dinh 1y.

Gia str do thi G thoa mén diéu kién cta dinh 1y nhung khong lién thong. Khi d6 G
phai co it nhét hai thanh phén lién thong. Goi G; = (X;, U)) va G; = (Xy, Uy) 1a hai thanh
phan lién thong ctia d6 thi. Khi do:

X ﬂX2=®; XiuXocX = N(X1)+N(X2)S N(X)
Tu d6: hodc N(X,) <N(TX), hoic N(X,) < @

Khong gidm téng quat, gia su réng N(X)) < @
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Suy ra Vye X; deg(y) < g —1 (Vi moi dinh ctia G, chi ¢6 thé néi nhiéu nhat

N(X)

voi -1 dinh con lai).

Dicéu nay trai véi gia thiét deg(x) = ¥ , Vxe X. Vay G phai lién thong.

Pinh Iy 2: DO thi vé hudng c6 tong bac cua hai dinh tity y khéng nhé hon s6 dinh 1a
d6 thi lién thong.

Chirng minh: Ching minh dinh 1y bang phan ching.
Gia sir d6 thi G ¢6 n dinh va x, y 12 hai dinh tiy ¥ ctia G ¢6 deg(x) + deg(y) > n nhung
X, y khong lién théng. Khi d6 G c6 it nhat hai thanh phan lién thong. Goi G, 1a thanh phan
lién thong chira x va G, la thanh phﬁn lién thong chtra y. Gid su G, ¢6 n; dinh va G, c6 n,
dinh, ta cé:
n; +nm<nvadeg(x)+deg(y)<(nj—1)+(m—1)=n;+n,-2<n
Diéu d6 mau thuan véi gia thiét. Vay x, y phai lién thong, nghia 12 G lién thong,

¢-) Pinh cit va chu

Pinh nghia: Mot dinh ctia d6 thi duwoc goi 1a dinh cit hay diém khép néu khi x6a
dinh d6 va tat ca cdc canh lién thudc véi né thi nhan duoc do thi con ¢6 sé thanh phan lién
thong nhiéu hon so véi d6 thi da cho.

Mbt canh cua dd thi duge goi la canh cit hay cu néu khi loai canh d6 ra khoi dd thi
da cho thi nhan dugc d6 thi bo phan c6 sé thanh phan lién théng nhiéu hon do thi xuat
phit.

R6 rang viéc x6a dinh cit hay cau khoi mot do thi lién thong thi d6 thi nhan duoc 1a
khong lién thong

Thi dy: Xét d6 thi trén hinh 38, céc dinh x, u, v 12 cdc dinh cat. Cac canh (u,x), (v,w)

1a cdc cAu (canh cét).
e

@ W @) W)

Hinh 38

d-) Do thi c6 hwéng lién thong

Pinh nghia 1: D0 thi c6 huéng G = (X, U) goi 14 lién théng manh néu ludn ludn tim
dugc dudng di gitra 2 dinh bat ky cta no.

Pinh nghia 2: D6 thi ¢6 huéng G = (X, U) goi 1a lién théng yéu néu do thi vo hudng
twong tng (tirc do thi da cho dugc thay cung bang canh) véi n6 1a db thi lién thong.
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Thi du:

X1 ° X2 Xle >@ X2
X3 / X3
X5 X4 X5 X4
Hinh 39. D6 thi c6 huéng Hinh 40. Db thi ¢6 huéng
lién thong manh lién thong yéu

Tur mot do thi vé hudng, néu dinh huéng cho cac canh duoc d6 thi c6 hudng. Mot dd
thi vo hudng lién thong, c¢6 theé dinh hudng dugc thanh do thi lién thong manh goi 1a d6 thi
dinh hudng duogc.

Pinh ly: DO thi vo hudng lién théng 1a dinh hudng duge khi va chi khi mdi canh
cua no nam trén it nhat mot chu trinh.

Churng minh:

Diéu kién can: Gia st (x, y) 1a mot canh ctia d6 thi. Tir sy ton tai mot dudng di c6
huéng tir x dén y va nguoc lai suy ra (x, y) phai nam trén mot chu trinh.
Piéu kién dii:  Tién hanh gin hudng cho cac canh theo nguyén tic sau:

Gia str C 1a mot chu trinh nao d6 trong dd thi vo huéng G ¢6 mdi canh nam trén it
nhat mot chu trinh, tién hanh dinh hudng cac canh cta C theo hu’(’mg di cua chu trinh nay.
Néu moi canh ctia G dugc dinh hudng, bai todn du:Oc giai quyét xong. Néu con mot canh
nao d6 chua dugc dinh hudng thi canh nay phai nim trén mot chu trinh C’ nao do tiép tuc
dinh hudng cho cac canh cua C’ (trir cac canh da dugc dinh hudng trong C, néu co). Lap
lai qua trinh trén néu con canh chua dugc dinh hudng. Vi s6 chu trinh cua G 1a hitu han
nén vi¢c dinh hudéng cac canh sé két thac sau mot sd hiru han budc va duoc mot dd thi cd
hudng lién thong manh.

5. S6 6n dinh trong, s6 6n dinh ngoai va nhén ciia dd thi.
Trong phan nay chiing ta xét dd thi vo huéng hoic ¢6 huéng G = (X,U).

5.1. S6 6n dinh trong
Dinh nghia 1:
Tap con A cua X (A c X) dugc goi la tap 6n dinh trong cua G néu 2 dinh tuy y cua
A 12 khong ké nhau.
D@ thay, néu A 1 tap 6n dinh trong ctia mot do thi thi khi bt di mot s6 dinh ciia A
duoc tap moi van la tap 6n dinh trong cua dd thi do.

Thi dy: Bai toan vé 8 quan hau: Can xép 8 quan hau trén ban co vua sao cho ching
khong an dugc nhau.

Biéu dién 64 6 clia ban cd bang 64 dinh ctia mot do thi, hai dinh x va y s& ¢6 canh ndi
v6i nhau néu d6 1a 2 vi tri ma 2 quan hau c6 thé n 1an nhau. Cac vi tri can tim chinh 14 tap
dinh 6n dinh trong c6 8 dinh cua dd thi.
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Pinh nghia 2: Tap A < X goi la tap 6n dinh trong cuc dai ctia G néu n6 thoa man:
e A latap 6n dinh trong.
e Néu thém vao A mdt dinh tuy y duoc tip méi mat tinh 6n dinh trong.

Pinh nghia 3: Goi L 14 ho tat ca cac tap on dinh trong cua G. Khi 4y s6:
o(G) = max { N(A)l Ae L}
goi la s6 6n dinh trong cua dd thi G.

5.2. S6 6n dinh ngoai

a. Cac dinh nghia.

Pinh nghia 1: Téap con B cua X (B < X) duoc goi la tap 6n dinh ngoai cua G néu véi
mdi dinh ye X\B déu c6 mot dinh xe B sao cho (y,x) € U, nghia la c6 canh ndi gifta x
va y hodc (y,x) 1a mot cung cua dd thi.

Tuong tu tap 6n dinh trong, néu thém vao tip 6n dinh ngoai mot s6 dinh bat ky thi
tdp mai van 1a tap 6n dinh ngoai.

Thi dy: Cén xép 5 quan hau trén ban co vua sao cho chung kiém soat duogc toan bd
ban co.

Biéu dién ban co nhu thi du trong 5.1. Vi tri can tim chinh 1a mot tap on dinh ngoai
gdm 5 dinh.

Pinh nghia 2: Tap B < X goi la tap 6n dinh ngoai cuc tiéu cia G néu né thoa man:
e B la tap 6n dinh ngoai.
e Néu b6t di mot dinh bat ky ciia B dugc tdp mdi mat tinh on dinh ngoai.

Pinh nghia 3: Goi M 1a ho tit ca cac tdp on dinh ngoai ciia G. Khi ay so:
B(G) = min { N(B)| Be M }
goi la s6 6n dinh ngoai cua dd thi G.
b. Thuit toan tim s6 6n dinh ngoai
Thuit toan sau day cho phép tim cac tdp 6n dinh ngoai c6 sd phan tir it nhat cta do thi
G = (X, U). Thuat toan co6 tén la thuat todn tim vi tri dat vong gac.
Budc 1. Xay dung anh xa A: X — X theo céach sau:
Véi mdi xie X thi A(xj) < X, trong do6 ye A(x;) néu:
e y=x; hoic y ké vdi x;, néu G 1a d thi vo hudng.
e y=x;hoic ycé cung di dén x;, néu G 1a d6 thi c6 hudng.
Buodc 2. Xét cac tap A(xy), A(X2), ..., A(X,) da dugc xac dinh trong budce 1. Tur do tim )
it nhat céc tap A(x;) sao cho:
Ax; ) UA(X;,) ) U VAKX ) =X

khi ay B= {Xi1 Xy s e X } 1a tdp on dinh ngoai cuc ti€u cua do thi va s6 6n dinh ngoai la

P(G) =N(B).
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Thi dy: Tim sb 6n dinh ngoai cua dd thi trong hinh 41.
Taco X = {xy, X2, X3, X4, Xs, X, X7}

Budc 1. Xac dinh 4nh xa A: X1 X4
A(x1) = {X1, X2, X3, X4 };
A(x2) = {X1, X2, X3}; X5 %
A(X3) = {X1, X2, X3, X4};
A(x4) = {X1, X3, Xa}; Xs X6
A(xs) = {Xs, X6} ® X7
A(x6) = {Xs, X6} Hinh 41
A(x7) = {x7}.

Budc 2. Tu cac tap A(x;) trén, ta co:

A(x1) VA(xs) VA(x7) = X; A(x1) VA(xe) UA(X7) = X;

A(x3) UA(Xs) UA(X7) = X; A(x3)U A(xe)U A(x7) = X

Vay c6 4 tap hop:

B ={x1, X5, X7}; B2={X1, X6, X7}; B3 ={X3, x5, x7}; Ba = {x3, X, X7}
la cac tap on dinh ngoai c6 sb phan tir it nhat. Tir d6 ¢6 s6 6n dinh ngoai la B(G) = 3.

5.3. Nhan ciia do thi

Pinh nghia: Tap con C cic dinh ctia d6 thi G = (X, U) duoc goi 1 nhan cta G néu C
vira 1a tap 6n dinh trong vira 14 tip on dinh ngoai ctia d thi G.

Trong d thi ngudi ta quan tim dén cac nhan ¢6 sb phan tir it nhat.

Thi dy 1: Trd lai thi du trong 5.2.b. D& thiy céc tap hop:
B = {x1, x5, x7}; Ba={X1, X6, X7}; B3 ={X3, X5, X7}; Ba={X3, X6, X7}

ciing 1a c4c tap on dinh trong.

Vay do thi ¢6 4 nhan c6 $sb phﬁn ttr it nhat 12 céc tap By, By, B3, Ba.

Db thi c6 cic tap on dinh trong c6 4 phan tir 1a:

Ao = {X2, X4, X5, X7}; Aqr = {X2, X4, X6, X7}

va khong c6 tap 6n dinh trong c6 trén 4 phan tir.

Vay s6 6n dinh trong la a(G) =4.

\ X6 X1
Thi du 2: DO thi trong hinh 42 c¢6 tap dinh la: / N\
X5@ ® X2

X = {X1, X2, X3, X4, X5, X¢}

Taco:  A(xy) ={x1}; w

A(X2) ={X1, X2, X3}; X4 X3
A(x3) ={x3};
A(xq) ={X4}; Finh 42

A(X5) ={Xa2, X3, X4, X5, X6 };
A(xe) ={X1, X6}
T dé co6: A(X)) U AXs) = X, AX) UARXs) =X, A(Xs5) UAEXg) =X
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Vay cac tap on dinh ngoai c6 $b phﬁn ttr it nhat 1a B, = {x1, X5}, Bo = {X2, X5} va B3 =
{Xs, X6} va s6 6n dinh ngoai cua d6 thi 1a B(G) =2.

Tap B, ciing 12 tap 6n dinh trong, do d6 né ciing 1a nhan c6 it phan tir nhit ciia do thi.

Céc tap on dinh trong cuc dai c6: A| = {x1, X3, Xa}; A1 = {X2, X4, X6} do d6 sb6 On dinh
trong cua dd thi 1a ou(G) = 3.

Chi y rang khong phai d thi nao ciing ¢6 nhan, /
chang han d0 thi trong hinh 43 c6 ba tap 6n dinh trong \
déu c6 1 dinh va ba tap 6n dinh ngoai déu c6 2 dinh nén
d6 thi khong c6 nhén. Hinh 43

o ———>

6. Sic sb ciia do thi
6.1. Dinh nghia

Séc s6 ciia d0 thi 1a s6 mau t6i thiéu can ding dé t6 mau cic dinh ctia d thi sao cho 2
dinh k& nhau c6 mau khac nhau.

Séc s6 cua dd thi G dugc ky hiéu 1a A(G).

Hién nay chua c6 mdt thuat toan hiru hi¢u nao dé tim séc sd cua mot do thi. Nguoi ta
moi chi ching minh dugc mot s6 dinh 1y sau.

6.2. Mot so dinh Iy vé sic sb
Pinh ly 1: Ddi voi db thi ddy du, sic s6 ludn ludn bang sd dinh ctia d6 thi.
Chitng minh: Dinh 1y duoc chirmg minh bang qui nap theo s dinh cta db thi.
Véi K, — d0 thi day du co 1 dinh, dinh 1y hién nhién dang.
Gia str dinh 1y dtng véi d6 thi day du n dinh K, nghia 1a M(K,) = n.
Xét d6 thi day du K, , 1 , bot di 1 dinh bat ky cing cac canh lién thudc véi nd duoc
K, ¢6 M(K,) = n. Thém dinh bi loai va cac canh bi loai thi dinh méi khong thé to b?mg n
mau da c6 nén phai thém mdt mau. Vay MK, 1) =n+ 1.
DPinh 1y dugc chirng minh .

Pinh ly 2: Do thi vo hudng G = (X, U) ¢6 MG) = 2 khi va chi khi trong G khong co6
chu trinh c6 do6 dai 1é.
Chung ta thtra nhan, khong chirng minh dinh 1y nay.

N X1 X1
Thi dy: Xét 2 @6 thi G, va G, & X3
hinh 44. %5 X4 X3
Trong G, khér}g co chu trinh C(’)qd(f) X5
dai 1¢, co thé t6 x; bang mot mau (d6 chang  x, X4
han), khi d6 x»,, X3 vduqc to béng cung mé} G, G,
mau khac (xanh chang han) va x4, x5 c6 thé
t0 tr& lai mau do. Nghia 1a MGy) = 2. Hinh 44
Trong G, ¢6 mdt chu trinh ¢6 do dai 1& (x; X3 X4). Néu to x3 bang mau d6 thi x;, x4
khong thé t6 bang cing mot mau (khac mau do), nghia 1a A(G,) > 2 (D& thay M(G,) = 3).

Pinh ly 3: Trong dd thi v6 hudng G véi n dinh ludn ludn ¢6 A(G)ou(G) > n. Trong d6
a(G) 1a s6 6n dinh trong va A(G) 14 sic sb ctia d6 thi.
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Chitng minh: Gia st MG) = k (k < n), nhu vy cac dinh cta d6 thi dugc to bang k
mau. Goi Xj la tap dinh dugc t6 b?lng mau i, ta co X; N Xj = khi i # j. Mat khac X,0X>
U...UX = X . Theo nguyén 1y cong ta co:

N(X) =N(X)) + N(Xp) + ... + N(Xy) =n (1)
Do 2 dinh tuy y trong X; (i =1, 2, ..., k) 12 khong ké nhau (suy tir dinh nghia sic sd)
do d6 a(G) > N(Xj), Vi=1, 2, ..., k. Tir d6 va do (1) dugc:
n <ka(G) = MG)ou(G)
Dinh 1y dugc chirng minh.

Pinh Iy 4: (Dinh 1y bon mau) Séc s6 ciia dd thi phang 1a khong 16n hon 4. (Néu G 1a
db thi phing thi M(G) <4).

Dinh 1y nay dugc hai nha todn hoc My la Keneth Appel va Wollgang Haken ching
minh ndm 1976 trén may tinh.

D6 thi phang 1 d6 thi d6 thi c6 it nhat mot cach bicu dién hinh hoc trén mat phang sao
cho céc canh cua né chi cét nhau tai céc dinh cua do thi.

Viéc tim sdc sb cua do thi thuong phai két hop cac dinh 1y trén véi cach t6 mau cu

Thi dy: Xét d thi & hinh 45 X A) X
D6 thi 1a phang = MG) <4 §
Do thj ¢6 chu trinh ¢ = A(G) > 2 "y " Xe o
Tién hanh t6 mau cu thé dugc MG) =4
(mdi loai hinh trong d6 thi thé hién mot
mau) @
Chii y: C6 thé ding thuat toan sau dé to
mau mot d6 thi don (trc 1a tim sdc s6 cua Hinh 45
dd thi don):
- Liét ké cac dinh x;, xo, ..., X, theo thir ty bac giam dan (deg(x;) > deg(xz) > ...
- Gan mau 1 cho dinh x; va cac dinh khong ké véi x;.
- Tiép tuc gan mau 2 cho dinh chua dugc gdn mau c6 bac cao nhat va cac dinh khong
ké voi dinh da gan mau 2.
- Thi tyc gan cdc mau tiép theo dugc tién hanh tuong tu.

9
A

thé.

6.3. Vi thi du g dung sic sb

Bai toan 1: Bai toan lap lich thi.

Hay 1ap lich thi n mén hoc cho sinh vién sao cho khong c¢6 sinh vién nao phai thi 2

mon cling mot thoi diém.

Gidi: Lap mot do thi co cac dinh 1a cac mon thi. Néu cé sinh vién phai thi 2 mén thi 2
dinh tuong tng dugc ndi v6i nhau b?mg mot canh. SO dot thi 1a sdc sd cua dd thi da lap.

Thi dy: C6 7 mon thi danh s6 tir 1 dén 7 va cac cip mon thi sau 13 mén thi chung ctia
it nhat hai sinh vién:

(1,2); (1.3); (1,4); (1,7)
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(2,3); 24); (2,5); (2,7)
(3,4); (3,6);
4.5); 4,7);
(5,6); (6,7)
Ta co: deg(2) =deg(4) >
> deg(1) =deg(3) =deg(7) >
> deg(5) = deg(6)
Sau khi t6 mau cac dinh (hinh 46), sic sb cua

d6 thi bang 4. Vay phai bb tri 4 dot thi: Hinh 46
Dot 1 thi cac mdén 2 va 6; Dot 2 thi mon 4;
Dot 3 thi cac moén 3 va 7, Dot 4 thicacmoén 1 vas

Bai to4an 2: Bai toan phén chia kénh truyén hinh.

Gia sir mdi kénh truyén hinh phii séng trong pham vi ban kinh 50 km. Dong bang Béc
bd co tit ca 25 dai phat truyén hinh. Phai phan chia cac kénh cho cac dai phat nhu thé nao
sao cho khong c6 2 dai phat nao bi trung kénh trong viing pht séng cta chung.

Gidi: Xét d6 thi gdm 25 dinh, mdi dinh ng véi mot dai phat. Hai dai c6 khoang cach
tir 100 km tré xudng dugce ndi voi nhau bang 1 canh. Té6 mau cho dd thi, cac dinh cing
mau dugc phép phat cung mdt kénh.

BAI TAP CHUONG 3

3.1. Cho cac d6 thi:
X1
X

X2 X5 X X2 X2 X2
3 X4 X3 X4 X3 X4

G] GZ G3

a) Lap danh sach canh cua cac do thi.
b) Tim ma tran ké cta cac do thi.
¢) Tim ma tran lién thudc cta cac do thi.

3.2. Biéudién béng hinh hoc cac do thi ¢6 ma tran ké sau:

1 2 01 01 2 1
010 1 23
2 0 30 1 220
A=|1 0 1|; B=[1 0 0|; C= ; D=
0 3 11 1 113
010 2 20
1 010 01 3 2
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3.3. Tinh sd bac cac dinh cua céac dd thi cho trong bai tap 3.2.
3.4. C6 bao nhiéu canh trong mot do thi 10 dinh,mdi dinh déu c6 bac bang 6?

3.5. Hiy tim trong dd thi & hinh bén cac dudng di

don tir x; dén x6 c6 do dai: X Xs X3
9 2 b) 3
) % d 5
e) 6; ) 7, X4 - .

3.6. Hop cua 2 d6 thi don G, = (X, U}) va G, = (Xo, Uy) 1a mot do thi, ky hiéu G,UG, =
(X, U) v6i X = X,UXo; U=U,uUb.
Tim hop cua cac cap dd thi sau:

a) X1 X2 X3 X1 X2 X3
X4 X5 X4 X5
G] GZ
b)
Y1 Y2 yi Yo Y2
5 Ys
¥3 Y4 y3 y7 Y4
G1 G2

3.7. D4 thi phin bu G cia don dd thi G c6 cung sé dinh sé dinh nhu dd thi G. Hai dinh
kién ké trong G néu chung khong lién ké trong G.

a) Tim Ka (K, 1a dd thi ddy du n dinh).

b) Néu G c6 n dinh va m canh thi G c¢6 bao nhiéu canh.

¢) Chung t6 ring néu G 1a db thi don ¢6 n dinh thi GUG =K.

3.8. Cac d0 thi trong hinh dudi ddy, do thi nao 1a d6 thi phan d6i? Néu la do thi phan doi
hay phan hoach tap dinh thanh 2 tip thudc 2 phia va v¢ lai dd thi do.
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3.9. a) Chtng minh rang néu G 1a don d6 thi v hudng c6 n dinh, m canh va k thanh phan
lién thong thi:

m < %(n—k)(n—k+1)

b) Chtng minh rang don d6 thi c6 n dinh vé6i s6 canh 16n hon %(n —1)(n—2) lalién

3.(13::% | Ii;?\y x6t xem céc cap do thi sau c6 dang ciu khong?
S
b)
> N
d)
e)
S
T N VL0,
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3.11. Céc cip do thi cho bang ma tran ké sau ¢6 dang cau khong?

010

a) :

1
0
0
1

_— 0 O =

1
1
1
0

—_— O =
- o o
—_ o o
—_ = =

3.12. Cho X={2,3,4,5,6,7,8}va

b)

O = =

0

S O = =
—_— 0 O =
—_— 0

- = O O
— = O O
S O ==
_— - O O
—_ O O =

U={(x,y) I xeX, ye X, X <y vax, y nguyén té cing nhau}
Hay vé dd thi G = (X,U) va tim céc duong di don phan biét ¢c6 do dai 3 tur dinh 2 téi
dinh 8. (Xét hai truong hop: d thi v hudng va do thi ¢ hudng).

3.13. a) Mot cudc hop c6 it nhét ba dai biéu dén du. Mdi dai biéu quen véi it nhét hai dai
bi€u khac. Chuing minh rang c6 thé xép mot s cic dai bicu ngdi quanh mot ban tron sao

cho moai dai biéu déu ngdi gilra hai nguoi quen.

b) Mot 16p hoc ¢6 it nhat 4 sinh vién. Moi sinh vién than véi it nhat 3 sinh vién khéc.
Chimng minh rang c6 thé chon xép mot s6 chan sinh vién ngdi quanh mot cai ban tron sao
cho moi sinh vién déu ngoi gitra hai ban than ctia minh.

3.14. Tim s0 0n dinh trong, s6 6n dinh ngoai, nhan c6 s6 phan tir it nhat va sac so cua cac

dd thi sau:

a)
X1 v X2
X X5
X6 X7
c) X|
9
7
6 X5

X X2

X8 X3

X
X

X4

b)
P

d)

3.15. Tim s6 On dinh trong, s6 6n dinh ngoai, nhan c6 s6 phan tir it nhat cac do thi sau:

a) X1 Xo
-

b) o _Xi

X2 ® X3 X4
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3.16. Tim sO mau can thiét dé td 2 ban do sau sao cho s6 cac vung cé chung duong bién
duoc t6 boi cac mau khac nhau.

b)

pzt -
e =

3.17. Bang dudi day cho khoang céach tinh theo km ctia 6 dai truyén hinh (d4nh s6 tir 1
dén 6). Hoi phai can bao nhiéu kénh khac nhau dé phat séng, biét rang mdi dai phu séng
trong pham vi ban kinh 50km. Hay 1ap ké hoach cu thé d¢ phan chia cac kénh.

1 2 3 4 5 6

1 85 75 100 | 50 100
2 85 125 | 65 100 | 120
3 75 125 100 | 90 150
4 100 | 65 100 45 65
5 50 100 | 90 45 55

6 100 | 120 | 150 | 65 55

3.18. Lap lich thi cho tinh hudng sau: C6 7 mén thi A, B, C, D, E, F, H va cic mon ¢
sinh vién dang ky cung thi la: (A, B, C); (B, C, F); (E, F); (A, D, E); (A, E, F); (B, E);
(C,H); (A, C,E, F).

PAP SO

3.8. G phan do6i, G,, G3 khong phan doi.
3.9. a)Goi ¥: Goi n;, m; tvong tng 12 s6 dinh va s6 canh ciia thanh phan lién thong thi i.

k k
Taco: m= Zmi < ZCﬁ , tr d6 suy ra cong thirc can chirng minh.
1
i=1 i=1

b) Goi y: Dung phan chtng, bang cach xét do thi n dinh khéng lién théng nhung c6
thanh phan lién thong voi n; dinh (n; < n)
3.10. a, b,e: dangcau; c,d: khong ding cau.
3.11. a, b: Khong dang cau.
314. a)a=3, =2, A=3, c65nhincb 2 phﬁn tir mdi nhan.
b)o=2, B=2, A=4, ¢6 7 nhin c¢6 2 phan tir mdi nhan.
c)ou=4, B=2, A =3, c6 3 nhin c6 2 phan tir mdi nhan.
da=2 =2, A=3, c63 nhancd 2 phén tir mdi nhan.
3.16. a) 3 mau, b) 3 mau
3.17. 4 kénh.
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CAU HOI ON TAP CHUONG 3

1. Dinh nghia don db thi, da d6 thi, gia d6 thi, do thi vd hudng, d6 thi c6 hudng, d6 thi hon
hop. Cho thi du vé cich diing d6 thi & mé hinh hod cic bai toan thuc té.

2. Dinh nghia va céc tinh chét cua bac cua dinh cta d6 thi.

3. Phit biéu dinh nghia va tinh cht (sd canh, bac cua cdc dinh, ...) cta cdc dd thi: K,
Km,n’ Cn’ Wn’ Qn-

4. Pinh nghia va thuét todn nhan biét d6 thi phan d6i? Cho thi du.

S. Trinh bay cdc cach biéu dién dd thi b?mg dai s6 (danh sdch k&, danh sdch canh, ma tran
ké, ma tran lién thudc).

6. Thé nao 12 hai d6 thi dang ciu? Bat bién v&i phép dang cdu giita hai don d6 thi 1a gi?
Hay cho thi du vé hai don d6 thi c6 cung s6 dinh, cung s6 canh va bac cla cdc dinh 1a nhu
nhau nhung khong dang cau.

7. Dinh nghia va phan loai dudng di va chu trinh trong d6 thi. Dinh nghia d6 thi con, d6
thi bd phan. Khai niém va cic dinh 1y nhan biét do thi lién thong, cho thi du dé thiy cic
dinh 1y chi 1a diéu kién da ma khong phai 1a diéu kién can.

8. Dinh nghia tap 6n dinh trong, tap 6n dinh ngoai va nhan cua dd thi. Néu thuat toan tim
tap on dinh ngoai cuc tiéu cua d6 thi. Pinh nghia s6 6n dinh trong, s6 6n dinh ngoai cua dd
thi.

9. DPinh nghia sdc sb ctia do thi. Trinh bay cdc dinh ly vé sic s6 va thuét todn tim sic sb
cuia d6 thi. Néu mot vai bai toan thuc té ap dung séc so.
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CHUONG 4

PO THI EULER. DO THI HAMILTON.
PO THI PHANG

1. Do thi Euler
1.1. Dinh nghia
1.2. Nhan biét d6 thi Euler
1.3. Nhan biét do thi nira Euler
1.4. Bai todn nguoi dua thu Trung hoa
1.5. Chd thich
2. Db thi Hamilton
2.1. Dinh nghia
2.2. Nhan biét d6 thi Hamilton
2.3. Quy tic tim chu trinh Hamilton
2.4. Cay liét ké chu trinh Hamilton
2.5. Bai todn sip xép chd ngdi
3. Do thi phang
3.1. DPinh nghia
3.2. Cong thtc Euler
3.3. Nhan biét d0 thi khong phang

1. P thi Euler

1.1. Pinh nghia:  Xét do thi vo hudng hodc c6 hudng G = (X, U).

Chu trinh don (chu trinh chi di qua mdi canh ding mot lan) di qua tat ca cac canh cua
do thi goi 1a chu trinh Euler. Puong di Euler 1a duong di don di qua tat ca cac canh cua do
thi.

D6 thi ¢6 chu trinh Euler goi 1a d6 thi Euler. D6 thi c6 duong di Euler, nhung khong
c6 chu trinh Euler goi la dd thi ntra Euler.

Thi dy: Céac d6 thi G, va H; la cac d6 thi Euler. Cac d6 thi G, va Hj la cac d6 thi
nta Euler (Hinh 1).
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N [ !

H,
Hinh 1. Cac do thi Euler (Gy, H;) va nira Euler (G, H,)

1.2. Nhan biét d6 thi Euler
Pinh Iy 1: Dicu kién cin va du d¢ do thi vo huéng lién thong G 1a do thi Euler 1a moi
dinh ctia G déu co bac chan.

Churng minh:
Piéu kién can
Gia st G 1a @6 thi Euler, tirc 12 G ¢6 chu trinh Euler. Vi ct moi lan chu trinh Euler di
qua mot dinh thi s6 bac cua dinh d6 tang thém 2. Hon nita chu trinh Euler 1a di qua tat ca
cac canh diang mot lan. Vay moi dinh cua G déu c6 bac chan.
Diéu kién dii
Theo dinh 1y 1 trong 4.1 chuong 3, néu dd thi G c6 deg(x) > 2 véi moi dinh x thi trong
G ¢6 chu trinh don. Goi chu trinh don d6 1a C, néu C di qua moi canh cua d6 thi thi C la
chu trinh Euler, dinh ly dugc chimg minh. Néu C khong di qua tat ca ccac canh, khi d6 loai
khoi G tét ca cac canh cta chu trinh C va cac dinh biét 1ap néu né xuat hién s& dugc do thi
con G; cta dd thi G (G c6 thé c6 nhiéu thanh phan lién thong). D6 thi G; ¢ cac tinh chat
sau:
® G; c6 dinh chung véi chu trinh C vira bi loai.
Piéu nay 1a hién nhién vi d6 thi G lién thong.
Gia str dinh chung do la y.
e Moi dinh cia G; déu c6 bac chin. Vi, néu
dinh cta G; khong phdi la dinh chung véi chu
trinh C thi bac ctia n6 13 chin theo gia thiét cua
dinh 1y, néu dinh cua G, 1a dinh chung véi C
thi vi da loai khoi dinh d6 2 canh lién thudc
nén bac ctia dinh d6 giam di 2 do d6 n6 van la
dinh bac chan.
Do dé trong G, lai tdn tai mot chu trinh don Cj, chu trinh nay duoc ndi véi chu trinh
C qua dinh chung y thanh mot chu trinh don 16n hon.

Hinh 2

Truong Pai hoc Nong nghiép Ha Noi — Gido trinh Gido trinh Todn ROT rqc............ccovvueveniiunaennn. 99


www.VIETMATHS.com
www.vietmaths.com

Néu chu trinh 16n nay di qua tat cac canh cua G thi né 1a chu trinh Euler, dinh 1y duoc
ching minh. Néu chu trinh 16n niy chua phai 1a chu trinh Euler thi 13p lai qua trinh loai bo
nhu trén. Vi G 1a dd thi hitu han nén sau mot s6 hitu han budc s& tim duoc chu trinh Euler
cua do thi G.

Hinh 2 minh hoa qua trinh chirng minh trén.

Tu cach ching minh dinh 1y suy ra thuat toan (thuat todn Fleury) tim chu trinh Euler

ctia dd thi G = (X, U) nhu sau:

Bude 1. Kiém tra tinh lién thong ciia do thi. Néu do thi khong lién thong thi két ludn
db thi khong c6 chu trinh Euler.

Buéc 2. Tinh deg(x), Vxe X. Néu c6 deg(x) 1¢ thi d6 thi khong ¢ chu trinh Euler.

Bude 3. Xuit phat tor mot dinh bat ky cua dd thi va di theo cac canh dé tim mot chu
trinh don, khi di qua mdt canh nao d6 thi xo4 canh d6 va cdc dinh ¢6 1dp (néu c6) khoi do
thi, chu yla khong di qua mot cau trir khi khéng con céch nao khéac. Néu chua hét cac canh
thi tién hanh tim tiép trén phan do thi con lai sau d6 ghép cac chu trinh d6 lai véi nhau.

C6 thé goi thuat todn trén la thuat toan vua di vura xoa.

Thi dyu 1: Xét d6 thi ¢ hinh 3.

Kiém tra tinh lién thong va bac cac dinh 1a
thod man.

Chfmg han lan dau tim duoc chu trinh don
X] X2 X7 X6 X5 X (cac canh gach - chém).

Tiép tuc tim 1an hai dwoc chu trinh don X,
X7 Xg X3 X2 X4 X7 X1.

N&i hai chu trinh tim dwge chu trinh Euler:
X1X2X7X6X5X1X7X8X3X2X4X7X].

Thi du 2: Tim chu trinh Euler (néu c6) ctia d thi cho béng ma tran ké:

X 1 X2 X3 X4 X5 Xg

x; (001 1000
x, |1 01 110
x3 |1 10101
x, |01 1000
xs |01 00 0 1
x¢ (001 010

Ta c6: deg(x;) = deg(x4) = deg(xs) = deg(xe) = 2; deg(x,) = deg(x3) =4. Do d6 dd thi da
cho 1a db thi Euler.

Ap dung thudt toan Fleury, vura di vira x6a dugc chu trinh Euler: X;X,X3X4XoX5X6X3X].
1.3. Nhén biét dd thi nira Euler

Pinh Iy 2: Diéu kién can va du dé mot do thi vo hudng lién thong 1a d6 thi nira Euler
1a d6 thi d6 c6 diing 2 dinh béc lé.
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Chitng minh: Gia stt x, y 1a 2 dinh bac 1é ctia d6 thi di cho. Thém vao d6 thi canh (x,
y) duogc dd thi méi co bac cua tt ca cac dinh déu chin. Theo dinh ly 1 dd thi méi nay co
chu trinh Euler, bo canh (x, y) méi thém dugc duong di Euler. Dinh 1y dugc chirng minh.

Chii y: 1- Theo cach chtng minh dinh 1y 2, dudng di Euler bao gid ciing bat dau tir
mot trong hai dinh bac 1¢ va két thuc & dinh bac 1é con lai.

2- Tir cac dinh 1y 1 va 2 suy ra cich nhan biét mot hinh vé& c6 thé vé dugc
bang mot nét bht. Do 1a cac hinh khi mé hinh hod thanh do thi thi ¢6 khong qua 2 dinh co
bac 1¢.

Thi dy: Bai todn bay ciy cau ¢ Koenigsberg.

Con sdng Pregel & thanh phd Koenigsberg (thudc nuéc Pic, thé ky 18) chia thanh phd
thanh 4 ving nhu hinh 4a. Nguoi ta da xdy dung 7 cdy cau ni cac vung dat cta thanh ph
v6i nhau. Hoi ¢6 thé di mot lugt qua hét ca 7 ciy cau dé rdi trd vé diém xuét phat sao cho
mdi cdy cau chi di qua ding mot 1an?

Bai todn nay duoc gidi 1an dau tién vao nam 1766 boi Euler. Ong da chiing minh 1a
khong c6 cach di nao thoa man yéu cau ciia bai ton.

C6 thé mé hinh hoa cac ving dat 1a cac dinh va cac ciy cau 1a cac canh ndi cac dinh va
dugc d6 thi nhu hinh 4b. D6 thi ndy ¢ ca 4 dinh déu c6 bac 1¢, vi thé khong c6 cach di nao
thoa man doi hdi cta bai toan.

A

C

Hinh 4a Hinh 4b

1.4. Bai toan nguwoi dwa thu Trung hoa

Mot buu td nhan thu ¢ buu dién va phai di qua mot s6 phd dé phat thu rdi quay vé buu
dién. Buu td d6 phai di theo mot hanh trinh nhu thé nio dé duong di 1a ngan nhat? (Gia
thiét rang moi con phd nguoi d6 phai di qua déu dai nhu nhau)

Bai todn nay dugc nha Todn hoc Trung qudc Guan néu 1én 1an dau tién vao nam 1960.
Boi vay né c6 tén 1a "Bai todn nguoi dwa thu Trung hoa". C6 thé phat biéu bai todn dudi
dang dd thi:

Cho mot don dd thi vo huodng lién thong G. Mot chu trinh di qua moi canh cia G dugc
goi 12 mot hanh trinh. Hiy tim mot hanh trinh ngén nhét, tic 1a hanh trinh di qua it canh
nhét.

R6 rang rang néu G 1a d6 thi Euler (moi dinh déu c¢6 bac chin) thi chu trinh Euler
trong G (qua mdi canh ctia G diing mot 1an) 1a hanh trinh ngén nhat can tim.

Chi con phai xét truong hop G c6 mot sd dinh bac 1é (s6 dinh bac 1¢ 1a mot s6 chén).
Khi d6, moi hanh trinh trong G phai di qua it nhét hai 1an mot s6 canh nao dé.
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D@ thdy rang mot hanh trinh qua mot canh (x,y) nao d6 qué hai 1an thi khong phai Ia
hanh trinh ngan nhét trong G. Vi vdy, chi can xét nhimg hanh trinh T di qua hai 1an mot s6
canh nao d6 cua G.

Quy udc rang mdi hanh trinh T trong G 12 mét chu trinh Euler trong db thi Euler Gr,
trong d6 Gt c¢6 duoc tir G bang cich v& thém mot s canh song song dbi véi nhing canh
ma T di qua hai lan. Bai toan dit ra duoc dua vé bai todn sau:

Trong céc d6 thi Euler Gt ctia mot don d6 thi G, tim d6 thi ¢6 sb canh it nhat (khi d6
chu trinh Euler trong d thi nay 12 hanh trinh ngan nhét).

Chung ta thtra nhan dinh 1y sau:

Pinh ly: (Goodman va Hedetniemi, 1973) Néu G 1a mot do thi lién thong c6 m canh
thi hanh trinh ngén nhat trong G ¢6 chiéu dai la:

m + m(G)
trong d6 m(G) la s6 it nhat cdc canh ma hanh trinh di qua hai lan va dugc xdc dinh nhu
sau:

Goi Xo(G) 1a tap hop céc dinh bac 1é cta G, khi d6 tap Xo(G) ¢6 2k phan tir. Tién hanh
phan hoach tap Xo(G) thanh k cdp, moi phéan hoach nhu vay goi 1a mgt phan hoach cap cua
Xo(G). Goi P la tap hop moi phan hoach cédp c6 thé cta Xo(G).

Ky hiéu d6 dai duong di ngan nhat giita dinh x va dinh y 12 d(x,y), nghia 1a tir dinh x
dén dinh y ¢6 d canh. V&i moi phéan hoach cap PieP, dit:

dP)= > dx.y)
(x,y)eP,
Khi do: m(G) = min {d(P;) | P;e P}

Thi dy: Giai bai toan nguoi dwa thu Trung Hoa cho trong d6 thi G & hinh 5.
w v u w
y V4 S t y
G

Gr
Hinh 5

Do thi ¢6 8 dinh 11 canh (n = 8; m = 11). Tap hop cdc dinh bac 1é Xo(G) = {x, y, s, W}
va tap hop cac phan hoach cadp 1a P = {Py, P,, P3}, trong dé:

Pi={x,y),(s,w)} = d(P))=dXx,y)+d(s,w)=1+2=3,

Py={(x,5), (y, W)} > d(P2) =d(x,s) +d(y, w) =3+ 1 =4,

Ps={(x, w), (y,s)} =>d(P3)=d(x,w) +d(y,t) =2 +2=4.

m(G) = min{d(Py), d(P2), d(P3)} = d(p)) = 3. ‘

Do dé Gr c6 dugce tr G bang cach thém vao 3 canh (X, y), (s, v), (v, w) va Gr 1a d6 thi
Euler. Mot trong cdc hanh trinh ngén nhat can tim 1a:
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X, y, z,8,v,U, ta S, V, W, Z, V, W, y’ X.
Téng céc canh nguoi dua thu phai di (chiéu dai hanh trinh) 12 11 + 3 = 14,
Chii y: Ciing c6 thé thém vao G cdc canh (x,y), (W,z2), (z,8) dé duoc dd thi Euler Gr.

1.5. Cha thich
Déi véi dd thi Euler c6 hudng, co cic két luan hoan toan tuong tu:

e Do thi c6 hudng lién thong G 1a do thi Euler khi va chi khi moi dinh ciia G déu c6
bac vao béng bac ra.

e Do thi c6 hudng lién thong G 1a nira Euler (ma khong 1a Euler) khi va chi khi ton
tai mot dinh c¢6 bac vao 16n hon bac ra mdt don vi va mot dinh c¢é bac ra 16n hon
bac vao mot don vi. Nghia la ton tai hai dinh x va y sao cho :

deg'(x) =deg ™ (x)+1, deg " (y) =deg'(y)+1, deg"(v) =deg  (v), VveV,v#Xx, v#y.

2. Po thi Hamilton
2.1. Dinh nghia: Xét dd thi vo hudng hodc c6 huéng G = (X, U).

Puong di don di qua tit ca cac dinh ctia @b thi, mdi dinh dang mot lan goi la duong di
Hamilton.

Chu trinh don di qua tat ca cac dinh ciia d0 thi, mdi dinh dung mot 1an goi 14 chu trinh
Hamilton.

P thi ¢6 chu trinh Hamilton goi la dd thi Hamilton. D thi khong c6 chu trinh
Hamilton nhung ¢6 duong di Hamilton goi 1a d6 thi nira Hamilton.

Thi du: G 1a d6 thi Hamilton, G, 1a d6 thi nra Hamilton, G3 khong phai 1a do thi
Hamilton ciing khong phai 1a d6 thi nira Hamilton (hinh 6).

< A LL

G;

Hinh 6

Dé nhan thdy, moi d6 thi co dinh treo (dinh c¢6 bac bang 1) déu khong phai 1a dd thi
Hamilton.

2.2. Nhan biét d6 thi Hamilton
Hién tai chua c6 tiéu chuan chit ch& nao dé nhan biét 6 thi Hamilton. Ngudi ta méi chi
chirng minh dugc mét vai dinh 1y véi cac diéu kién qua rong dé nhan biét d6 thi Hamilton.
Sau day 12 mot sb dinh 1y nhu vay.
Pinh Iy 1: Don dd thi vé huéng lién thong ma moi dinh déu c6 bac khong nho hon
nira s6 dinh 1a @6 thi Hamilton.
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H¢ qua: Pon d6 thi vo hudng lién thong G c6 n dinh, néu moi dinh ctia do thi déu c6
A A 2 n—-1 . NS I .
bac khong nho hon - thi G la do6 thi ntira Hamilton.
That vay, thém vao G mot dinh x va ndi x v6i moi dinh ctia G nhan dugc do thi G' c6

n+1 dinh va bac ctia mdi dinh khdng nho hon HT_I +1=1 *l . Theo dinh 1y 1, G' 1a d6 thi

Hamilton, loai dinh x ra khoi chu trinh Hamilton trong G' dugc dudong Hamilton trong G.

C6 thé thay cac diéu kién da néu trong dinh 1y trén 1a qua rong. DO thi G, trong hinh 6
la mot minh ching.

Xét thém mot thi du ntra goi 1a bai toan du lich vong quanh thé gi¢i do chinh Hamilton
dat ra (Hamilton 1a nha toan hoc Ailen): C6 mgt khach mubn di du lich qua 20 thanh ph()
trén thé giéi. Cac thanh pho nay dugc biéu dién bang cac dinh cia mot khdi 12 mit déu,
mdi mat 1a mot ngii giac déu, cac canh cia khoi da dién biéu hién duong di gilta cac thanh
phé (hinh 7a). Liéu c6 cach nao dé ngudi khach d6 xuat phat tir mot thanh phd bat ky va di
mot luot hét ca 20 thanh phd, mdi thanh phé di qua ding mot 1an rdi trd vé thanh phd xuat

) &

Hinh 7a Hinh 7b

C6 thé mo hinh hoa bai toan bang mot do thi phang 20 dinh (Hinh 7b), mot trong cic
hanh trinh ctia ngudi khach 1a chu trinh Hamilton nhu d3 chi trong hinh 7b bang nét dam.

Trong thi du nay, mdi dinh ctia do thi déu c6 bac bang 3, trong khi d6 nira s6 dinh cia
do thi 1a 10.

Pinh Iy 2: Néu G la mot don dd thi v hudng c6 tong sb bac ctia hai dinh tiy y khong
ké nhau khéng nho hon sb dinh caa d6 thi thi G 1a do thi Hamilton.

Thi du: D0 thi ¢ hinh 8 ¢6 5 dinh bac 4 va 2 dinh bac 3 ké nhau nén tong s6 bac ciia
hai dinh bt ky khong ké nhau 13 bang 7 hoic 8, do d6 né 1a d6 thi Hamilton.

&y XA

Hinh 8 Hinh 9
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Pinh Iy 3: Do thi phan dbi voi hai tap dinh X, va X,, mdi tap dinh déu c6 s6 dinh lan
(n > 2) va bac ciia mdi dinh déu 16n hon % 1a do thi Hamilton.
Do thi ¢ hinh 9 12 mot thi du minh hoa cho dinh ly nay.

Pinh 1y 4: Néu c6 thé x6a di k dinh cling cc canh lién thudc ctia mot don do thi G
lién thong ma dwoc do thi con c6 nhidu hon k thanh phan lién thong thi do thi G khong
phai 1a d6 thi Hamilton.

Chirng minh: Diéu nay Ia hién nhién, vi khi x6a di k dinh cing cdc canh lién thudc
trong mot chu trinh thi chu trinh d6 bi chia thanh nhiéu nhét 12 k thanh phan lién thong.

Thi du: Xét dd thi trong hinh 10a. X6a cdc dinh x3, X4, X9 cling cdc canh lién thudc
duogc d6 thi con c¢6 4 thanh phan lién théng (hinh 10b). Vay do thi dd cho khéng phai 1a db
thi Hamilton.

X1
Ixz

.XS

X8 X9 X10 X8 X10

Hinh 10a. Hinh 10b.

Pinh Iy 5: Pon d6 thi c6 hudng lién thong ma moi dinh c6 ban bac ra va ban bac vao
deu khdong nhé hon nura s6 dinh 1a d6 thi Hamilton.

Mot d6 thi c6 hudng duoc goi 1a d6 thi ¢6 hudng ddy du néu voi hai dinh phan biét
bat ky x va y phai ¢6 mot va chi mét trong 2 cung (x,y) hoac (y,x).

Pinh Iy 6: DO thi co hudng day du 1a d6 thi nira Hamilton.

Thi du: Chung to rang khi tong két cudc th1 dau bong ban cua n d4u thu (n = 2) theo
thé thurc vong tron mot lugt, ludn ludn c6 thé xep n d4u thu d6 thanh mot hang doc sao cho
nguoi dung trude théng nguoi ding ngay sau.

Theo mb hinh d6 thi thi diu vong tron (thi du 2, myc 1.1, chuong 3) chung ta c6 mot
d6 thi c6 hudng diy du n dinh Gmg véi n dau thu, theo dinh 1y 6 c6 thé xép n dau thu nay
thanh mgt duong Hamilton, nghia la bai todn dugc giai.

2.3. Quy tic tim chu trinh Hamilton.

Nhiéu khi viéc van dung céc dinh 1y d4 néu trong muc 2.2 khéng du cho phép két luan
mot do thi da cho c6 phai 1a dd thi Hamilton hay nira Hamilton hay khong. Khi d6 nén truc
tiép tim chu trinh (dudng) Hamilton theo cdc quy tic néu sau dy.

Vi méi dinh cta chu trinh Hamilton déu lién ké vé6i ding 2 canh nén suy ra:

1. Néu do thi G = (X,U) ¢6 dir chi mét dinh c¢6 bac khong 16n hon 1 (Ix € X, deg(x) <
1) thi G khong phai 1a d6 thi Hamilton.
2. Néu dinh x c6 bac 1a 2 thi c hai canh ké véi x déu thudc chu trinh Hamilton.
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3. Trong khi xdy dung chu trinh Hamilton, sau khi da 1ay 2 canh ké véi mot dinh x
nao d6 dé dit vao chu trinh Hamilton thi khong thé 1ay thém bat ky canh nao ké véi
X nira, vi thé ¢6 thé xéa moi canh con lai ké vai x.

4. Chu trinh Hamilton khong chira bt ky chu trinh con nao.

Thi du: DO thi trong hinh 11a c6 phai la d6 thi Hamilton hay khong?
Gia sir do thi 12 dd thi Hamilton, goi C chu trinh Hamilton cua dd thi.

Vi deg(a) = deg(g) = 2 nén cédc canh (a,b), (a,c), (g,e), (g,1) phai thudc C (quy tac 2).

Xét dinh i, do (i,g) d3 duoc chon nén chi c6 thé chon mot trong hai canh (i,j) hodc (i,k)
vao chu trinh C. Do tinh ddi xung cua dd thi nén chon canh nao cling dugc, chéng han
chon canh (i,k), vay phai x6a canh (i,j) (quy tic 3) con lai d6 thi ¢ hinh 11b.

Bay gio dinh j c6 béc bang 2, vy (kpeCva(f))eC (quy tic 2).

Xoa t1ep cac canh (k h) (theo quy tac 3) va (e,f) (quy tac 4). Hinh 11c la dd thi con lai.
Dé thay (f,b)e C (quy tc 2). Con céc canh (b,d), (c,d), (c,h), (e,d), (e,h) khong c6 céch nao
chon vao C ma khong tao thanh chu trinh con.

Vay db thi da cho khong ¢6 chu trinh Hamilton.

Chu ¥ riang d6 thi c6 duong Hamilton, d6 12 duong di qua cdc dinh dcabfjkigeh.

Hinh 11a Hinh 11b Hinh 11c¢

2.4. Cay liét ké chu trinh Hamilton

C6 thé liét ké céc chu trinh Hamilton ctia mot do thi dd cho nho thuét toan quay lui.
Hinh 12 1a cdy liét ké cac chu trinh Hamilton ctia d6 thi da cho.

2

Himh 12
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b6 thi da cho ¢6 4 chu trinh Hamilton, d6 1a: 1,2, 3,5,4,1; 1,2,5,3,4,1; 1,4,3,
5,2,1val,4,5,3,2, 1.

Khi diing cay liét ké chu trinh Hamilton nén chon dinh c6 bac thap nhat 1am gbc cia
cay.

Véi cdc d thi khdng ¢ qué nhiéu canh, ding cdy liét ké c6 thé nhan biét duoc do thi
da cho c6 phai 1a d6 thi Hamilton hay khong.

2.5. Bai toan sip xép chd ngoi:

C6 n dai biéu tir n nudc dén dy mot hoi nghi qudc té. Mdi ngay hop mot lan ngdi
quanh mot ban tron. Hoi phai bé tri bao nhiéu ngay va bé tri nhu thé nao sao cho trong mdi
ngay, mdi ngudi c6 hai nguoi ké bén 1a ban méi. Luu y rang n nguoi déu mudn 1am quen
v&i nhau.

Xét d6 thi gdbm n dinh, moi dinh (mg véi moi nguoi du hoi nghi, hai dinh ké nhau khi
hai dai biéu twong trng mudn 1am quen voi nhau. Do thi day du nay la Hamilton va rd rang
mdi chu trinh Hamilton 12 mét cdch sip xép thoa mén yéu cau dat ra. Béi todn lic ndy tré
thanh bai todn tim cic chu trinh Hamilton phan biét cua dd thi dﬁy du K, (hai chu trinh
Hamilton goi 12 phan biét néu ching khong c6 canh chung).

Dinh Ij: Db thi diy di K, v6in 1é van = 3 c6 diing — 1 hu trinh Hamilton phan biét.

n(n—-1)
2

Chung minh: K, cé canh va moi chu trinh Hamilton ¢é n canh, nén s6 chu

s . N N A Z .. n— 1
trinh Hamilton phéan biét nhi€u nhat 1a —
Gia stir cac dinh cua K, 1a 1, 2, ..., n. Dat dinh
I tai tdm cua mot dudng tron va cic dinh 2, ..., n

dit cach déu nhau trén duong tron (mdi cung 1a

360" ENURTTREY 4 o SR
sao cho dinh 1¢ ndm & mot nira duong tron

n—1
va dinh chin nam & ntra dudng tron con lai. Khi dé
chu trinh Hamilton dau tién la 1, 2, ..., n, 1. Cac Hinh 13

dinh dugc gitr cd dinh, xoay khung theo chiéu kim

dong ho véi cac géc quay:
360° 360" 360" n—3360°
n—1’ n-1" "n-1"" 2 n-1"

ta nhan duogc n-3 khung phan biét véi khung dau tién. Do d6 c6 diing n-1 chu trinh

Hamilton phéan biét.
Thi dy: Giai bai toan sap xép chd ngdi véin = 9.
C6 % =4 cich sap xép chd ngdi phan biét nhu sau (hinh 13 va hinh 14):

23456789 1
3

1
135274968 1
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157392 8461
179583624 1

Hinh 14

3. Do thi phang:

Trong phan nay chi xét cic dd thi vé hudng. Trude hét xét bai todn cd "ba nha, ba
giéng" nhu sau: C6 3 ngdi nha va 3 cdi giéng. Mdi nha déu c6 quyén dung nudc & ca 3
giéng va c6 quyén lam duong riéng dé di dén ting giéng (hinh 15). C6 céch 1am nao sao
cho céc dudng di khong cit nhau?

Nha 1 Nha 2 Nha 3

Giéng 1 Giéng 2 Giéng 3

Hinh 15. Bai toan "3 nha, 3 giéng"

Bai toan dugc mo hinh hoéa béng mot dd thi déy du Ks3. Va cau hoi dugc dat ra la:
liéu ¢6 cich nao v& do thi diy du Ks 3 trén mat phang sao cho moi cdp canh bat ky ciia dd
thi khong cit nhau ngoai tru tai dinh cua dd thi.

Dé giai quyét cdc bai todn nhu vay, ngudi ta dua ra khdi niém "do thi phang".
3.1. Dinh nghia

Do thi G = (X, U) duoc goi la dd thi phéng néu ton tai it nhit mot dang biéu dién hinh
hoc cua nd trén mat phéng sao cho cac canh chi cit nhau & dinh. Céch biéu dién nhu vay
dugc goi 12 biéu dién phang cta do thi.
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Thi du:

P

Db thi phing (ba céch vé& cta db thi Ky) Db thi khong phang

Hinh 16.
D6 thi phang c6 vai trd rat 1on trong thiét ké cdc mach in.

3.2 Cong thirc Euler

Biéu dién phang cta mot d6 thi phang »
s& chia mit phang thanh cdc mién khéc Ms
nhau, trong d6 c6 mot mién khong bi chan. y
Thi dy d0 thi & hinh 17 chia mit phing

thanh 5 mién M;, M,, Ms, My, Ms, M,
trong d6 Mg 1a mién vo han. Hinh 17

Dinh 1y 1 (Pinh ly Euler):

Néu mot d6 thi phang lién thong c6 n dinh, m canh va f mién thi:

f=m-n+2
Cong thirc néu trong két luan cua dinh 1y duoc goi 1a céng thic Euler.

Chitng minh: Dinh 1y dugc chimg minh bang quy nap.

Trudc hét xady dung mot day cac do thi con Gy, Go, ..., G, cua mot do thi phéng, lién
thong G bang cich liy G; 1a mot canh tiy ¥ ciia G. Gy nhan dugc tir Gy _ ; bang cich thém
mot canh tuy y lién thude véi mot dinh ctiia Gy _ 1, dinh con lai ctia canh méi thém c6 thé 1a
mét dinh cia Gy _ 1 hodc 1a mét dinh mé&i néu né chua cé trong Gy _ ;. Diéu nay ludén luén
thuc hién duoc vi G 1a lién thong va cudi cung nhan dugc G khi da ghép du m canh, nghia
12 Gy, = G. Goi ng, my va fi tuong ing la sb dinh, sb canh va s6 mién cua Gy.

Véik=1,khid G;cé6:n =2, m=1,fj=1.Rorang m;—n; +2=1-2+2 =1
Cong thuc Euler ding voi k = 1.
Gia str cong thtre ding voi k, xét vai k+1, ¢6 hai truong hop xay ra:

a) Ca hai dinh Xy,; va Y1 dd thudc Gy (hinh 18a). Khi d6 ca hai dinh nay phai nim
trén bi€n chung cua mot mién M nao d6, vi néu khong thi khong thé g0p canh (Xk+1, Yk+1)
vao G ma khong c6 cdc canh cit nhau (Gyy1 la do thi phéng).

Canh mai sé€ chia mién M thanh 2 mién con. Do d6 fip = fk +1, gy = 0y, My = my+1
va:
My — Ngag +2=(mk+1)—nk+2=(mk—nk+2)+ 1 =fk+ 1 =fk+].
Vay cong thuc ding véi k+1.
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Xkt Xk

Yik+1
a) b)

Hinh 18. Thém mét canh vao Gg dé dugce Gy

b) Mot trong hai dinh cua canh mdéi chua thudc Gy. Khi d6 dinh khdng thudc G phai
nam trong mién ndo d6 cua Gy va dinh thudc Gy phai nam trén bién cua Gy (hinh 18b). Nhu
vay $6 mién khong tang, nghia la fi,; = fx cOn my, = mg+1, ngy = ng +1 do do:

Mgy — Ngyp + 2= (mk+1) — (I’lk +1) +2= myg — Nk +2 = fk = fk+].
Vay cong thuc ding véi k+1.
Dinh 1y dugc chirng minh.

Thi du: Mot d6 thi phang c6 20 dinh va bac ctia mdi dinh déu bang 3. Hoi biéu dién
phang ctia d6 thi s& chia mat phang thanh bao nhiéu mién?
Trude hét tinh sé canh ctia dd thi, theo tinh chat bac cua cdc dinh do thi (muc 1.2,
chuong 3), ta c6:
2m=203=60 = m=30
Viy, theo cong thirc Euler, s6 mién cua mat phéng duoc tao thanh béi dd thi 1a:
f=30-20+2=12.

H¢ qua 1: Néu G 1a mot don dd thi phang lién théng v6i m canh, n dinh trong d6 n >
3 thi:
m<3n-6
Churng minh:
Truéc hét tim hiéu khai niém Béc
ciia mién. Nguoi ta dinh nghia nhu sau:
bac cua mién 1a sb canh trén bién (bién cua
A1 5 “A - ) X2
mién la chu trinh bao quanh mién do) cua X M\
mién ay. Néu mdt canh dugc v€ hai lan khi 3
v& bién nghia 1a canh d6 xuat hién 2 lan
nén né duogc tinh 2 don vi ‘Véo béc ciia mién M; (7)
d6. Ky hiéu bac cia mién M la deg(M).
Hinh 19 cho biét bac cia cdc mién twong
tmg(s6 ghi canh tén mién dé trong dau Hinh 19
ngoac don).

X1

X4

X6 X7

Bdy gio chimg minh hé qua. Gia sir don d6 thi phang da cho chia mat phang thanh f
mién.Bac cia mdi mién it nhat bé‘mg 3 (vi don d6 thi khong c6 canh boi nén khong c6 mién
bac 2 va khong c6 khuyén nén khéng c6 mién bac 1). Bac ciia mién vo han ciing khong
nho hon 3 vi dang xét cac d thi c6 it nhat 3 dinh. Tir dinh nghia bac ctia mién suy ra tong
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s6 bac cua cac mién trong don dd thi b?mg hai 1an sb canh cta d6 thi (mdi canh duoc tinh 2
lan cho 2 mién lién ké nhau). Vi mdi mién c6 bac nhoé nhét 12 3 nén:
2m=>)degM)>3f = %m > f
i
Theo cong thirc Euler: f = m — n + 2, thay vao cong thurc trén duogc:
m—n+2$27m = m<3n-6

H¢ qua dugc chirng minh.

Tir hé qua nay dé thiy dé thi diy di Ks la dd thi khong phang. That vay Ks c6: n =
5, m =10 do d6 3n — 6 = 9 < m. Vay Kjs 1a khong phang.

Hé¢ qua 2: Néu mot don d6 thi phang lién thong c6 m canh, n dinh trong d6 n > 3 va
khong c6 chu trinh ¢6 d¢ dai 3 thi:
m<2n-4

Hé qua 2 dugc ching minh tuong tu hé qua 1, nhung chd ¥ rang do khéng c6 chu
trinh c6 d6 dai 3 nén bac ciia cdc mién it nhat 1a béng 4,

Tir hé qua 2 suy ra do thi phan d6i diy dii K3 13 khong phing vi Ks 3 khong ¢6 chu
trinh c6 d6 dai 3, c¢6 6 dinh (n = 6) va 9 canh (m =9) do d6 2n — 4 = 8 < m khong thdéa man
hé¢ qua 2. Nhu vay khong c6 cdch nao 1am cdc duong khong cit nhau trong bai todn "ba
nha, ba giéng".

Hé qua 3: Trong mot don do thi phang lién théng ludn ludn ton tai it nhat mot dinh cé
bac khong vuot qua 5.

That vay, theo chirng minh hé qua 1, ta c6:
3f<2m (1)
Gia st don do thi phang lién thong c6 tat ca bac cta cic dinh déu 16n hon hodc bang 6
thi theo tinh chat vé bac cta céc dinh do thi (tinh chét 1, muc 1.2, chwong 3) ta c6:
6n<2m = 3n<m )
Tu (1) va (2) suy ra:
3n+3f<m+2m = n+f<m = f<m-n
Diéu nay trdi v6i dinh 1y Euler f=m —n + 2 >m —n).
3.3. Nhan biét @b thi khong phing
Chting ta da thdy d0 thi K33 va d6 thi Ks 1a khong phang, do d6 moi d6 thi chira Ks 3
kodc Ks nhu mot dd thi con 12 do thi khong phang. Hon thé, ¢6 mot phép bién doi sao cho
mot do6 thi khong phang thanh mot dd thi ¢6 chira thi con 1 Ks 3 hodc Ks. Trude hét ching
ta nghién ciru phép bién d6i dé.
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Cho d6 thi G, néu bo di canh (x,y) ctia G va thém vao dinh z ciing hai canh (x,z) va
(z,y) dugc mot dd thi moi G'. Phép bién ddi G thanh G' nhu trén goi 12 phép chia canh
(con goi 1a phép phan chia so cap) do thi.

Cic d6 thi G, = (X1,U)) va G, = (X3, Uy) duoc goi 1a dong phdi néu c¢6 thé nhan duoc
ching tir cing mot dd thi bang mot day cdc phép chia canh. Chang han ba db thi trén hinh
20 1a céc do thi dong phoi.

X X2 X1 X2

X3 X4 X X4

X5 X5
G G

Hinh 20. Cac d6 thi dong phdi

_ Dinh Iy 2 (Pinh Iy Kuratowski): DS thi 1a khong phang khi va chi khi n6 chira mot
do thi con dong phoi voi do thi Ks 3 hodc K. ‘ 7
RG rang do thi chira d6 thi con dong phodi voi Ks3 hodc Ks la d6 thi khong phang.
Chiing ta thtra nhan di€u nguoc lai vi viéc chirng minh né khé phuc tap.
Thi dy: Do thi Petersen (hinh 21a) ¢4 phai 1 d6 thi phang khong?

Gidi: Bo6 dinh x, va 3 canh lién thudc véi x» va vé lai d6 thi con nhan duge nhu hinh
21b dugc do thi dong phoi véi do thi K3 3. Vay do thi Petersen 1a khong phang.

IR DA
P

b)
Hinh 21
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BAI TAP CHUONG 4

4.1. Hay xét xem cac db thi sau, dd thi nao 1a @6 thi Euler hodc ntra Euler va tim chu trinh
Euler hoac duong Euler, néu co.
a) b)

X1 X2 X1 v—, X
X4‘g7/\ X6 A

X7 X5 X6

AN
|/ .
N s

4.2. Hay xét xem cac d6 thi sau, d thi ndo 13 d6 thi Euler, do thi nao 1a ntra Euler va chi
ra chu trinh Euler hoac duong Euler, néu co.

v

4.3. Véi gid tri ndo ctia n thi cdc d thi sau 1a d6 thi Euler?
a) Ky b) Wy; ¢) Qn.

4.4. Vi gid tri nao ctia m va n thi do thi phan d6i day du Ky, , 12 d thi Euler, nira Euler ?
4.5. Hay xét xem céc dd thi cho béng ma trn k& sau, dd thi ndo 1a dd thi Euler hodc nira

Euler va tim chu trinh Euler hoac duong Euler, néu co.
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a) D6 thi vo hudng b) PO thi vo hudng

X; X, X3 X4 X5 Xg X5 ABCDETFGQG
(01 1.1 1 0O A(0O1 101 10
X1 0 1 1 1 B{1 01 0 0 1 1
x5 1.0 1 0 1 1 ci1 101 010
X411 101 11 D|OO1T 0 2 0 1
xsf1 1.0 1 0 1 1 Ef1 002010
X0 0O 1 1 1 0 1 F{1 1 1 01 0 O
x,{0 01 1110 G\0O1 01 00O

¢) D6 thi c6 hudng

1 23 45 6 7 8
110001100
2110 001 00O
3]0 1. 00 01 0 O
410 1 000100
5101 0 00T1O0
6001 00O0T1 1
710 0 01 0 0 0 1
800011001

4.6. Giai bai todn nguoi dua thu Trung hoa véi do thi cho trong cdc hinh sau:
a) b)
A B A B
C D C
- E H
E F
G H

I K M N

4.7. Hay xét xem cac dd thi sau, dd thi ndo la dd thi Hamilton hodc nira Hamilton va tim

chu trinh Hamilton hodc dudng Hamilton, néu co.
X1 X2 X3
° [ I - )
X4 X5 X6 X7

a) b)
X1 X2
M
X5 X6
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X1

X2 X3

X4 X5

X7 X6 Xs
4.8. a) Vi gid tri ndo ctia m va n thi d0 thi phan doi day du Ky, » 12 d6 thi Hamilton.
b) V& cay liét ké cac chu trinh Hamilton cua do6 thi 1ap phuong Qs.

4.9. Hay chi ra rang d0 thi Petesen (xem hinh v&) khong c6 chu trinh Hamilton, nhung néu
x04 di mot dinh bat ky cung céc canh lién thudc s& dugc maot do thi Hamilton.

X1
X7
X5 6 8 N\X2
9
X4 X3

Do thi Petesen
4.10. Xay dung mot dd thj thoéa man:
a) Vua c6 chu trinh Euler, vira ¢6 chu trinh Hamilton.

b) C6 6 dinh, 1a 0 thi Euler, nhung khong phai 12 d6 thi Hamilton.
c) C6 6 dinh, 1a d6 thi Hamilton nhung khong phai 1a do thi Euler.

4.11. Chung minh rang cdc dd thi sau khong c6 chu trinh Hamilton nhung c6 dudng
Hamilton.
X1 » X3

X4 X5 X6

Do thi G, bo thi G,

4.12. Trong cdc dd thi sau, do thi nao 12 do thi phang, d6 thi nao 1a d thi khong phang?
Néu 1a do6 thi phang hay tim dang bi€u dién phang cta nd.
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a) b)
Al B
X1£ % ]&
H : :I X4 X6

c)

C D *2
X5

d)
a b 1 2 3 4
C@d M
© f 5 6 7 8
4.13. Dung dinh 1y Kuratowski ching to cdc dd thi sau 1a khong phang:

a) b)

X1
A B X2 X7
E F
X3 X6
G H
C D X4 X5

4.14. a) Mot don do thi phing lién thong c6 10 mit, tat ca cdc dinh déu c6 bic bang 4.
Tim s6 dinh cua do6 thi.

b) Mét don d(A)’thi phéng ljén thong c6 9 dinh, bac cua cac dinh 1a 2, 2, 2, 3, 3, 3, 4, 4,
5. Tim s0 canh va s6 mat cua do thi.

PAP SO

4.1. a) khong; b),c), e/ ntra Euler; d) Euler.

4.2. b), c) khong; a)nua Euler.

4.3. a) nl¢; b) khong; ¢) n chan.

4.5. a) nutra Euler; b), c) Euler

4.7. a) nua Hamilton; b),d) khoéng; c) Hamilton.
4.12. ca 4 @6 thi déu 1a do thi phang.

4.14. a) 8 dinh; b) 14 canh, 7 mat.
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CAU HOI ON TAP CHUONG 4

1. Phét biéu dinh nghia d6 thi Euler, do thi nira Euler. Phét biéu va ching minh dinh 1y
nhan biét. Phat biéu bai todn ngudi dua thu Trung hoa, cdch giai.

2. Phat biéu dinh nghia do thi Hamilton, d6 thi nira Hamilton. Phét biéu céc dinh 1y nhan
biét do thi Hamilton, cho thi du chimg to rang cdc diéu kién cua dinh Iy 1a qud rong rii.
Phit biéu céc quy tic tim chu trinh Hamilton.

3. Dinh nghia d6 thi phang. Phat biéu va chimg minh dinh 1y va cdc hé qué ctia cong thiic
Euler. Khdi niém d6 thi dong phdi va phat biéu dinh 1y Kuratowski dé nhan biét do thi
khong phang.
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CHUONG 5.

CAY VA MOT SO I’NG DUNG CUA CAY

—

. Ciy va céc tinh chét co ban cia ciy
1.1. Dinh nghia
1.2. Céac tinh chat co ban cta ciy
1.3. Cay c6 gbc

\S]

. Cay nhi phan va phép duy¢t cay
2.1. Céc khéi ni¢m
2.2. C4c thuat toan duyét ciy nhi phan
2.3. Ky phéap nghich ddo Ba lan (RPN)
3. Mot vai ung dung cua cay
3.1. Cay va bai todn li¢t ké
3.2. Céc ma tién to
3.3. Mi tién t6 toi uu
4. Cay khung (cy bao trum) cta do thi
4.1. DPinh nghia
4.2. Piéu kién d6 thi c6 cdy khung
4.3. Céc thuat toan tim cy khung ciia d0 thi
5. Heg chu trinh doc lap
6. Cay khung nho nhét
6.1. Dinh nghia
6.2. Thuat toan Kruskal
6.3. Tinh ding dan cua thuat todn Kruskal
6.4. Thuat toan Prim
6.5. Tinh dng dan cta thuat toan Prim

Cay la mot khai niém gin lién voi 1y thuyét dd thi, né ra doi nam 1857 bdi nha toan
hoc Cayley ngudi Anh khi 6ng dung cdy dé xac dinh cic cdu trac phan tir khac nhau cua
hop chat hitu co.

Cay c6 nhiéu tng dung trong tin hoc. Chang han, ciy dugc dung dé xdy dung cac
thuat todn, dac biét 1a trong cac bai toan s?ip xép, liét ké. Cach t6 churc cac thu muc trong
mot hé diéu hanh may tinh 13 mot ing dung cu thé ctia ciy. Ciy con dugc dung dé xay
dung cic mang may tinh va nhiéu tng dung khac trong tin hoc.
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1. Cay va cac tinh chit co ban ciia ciy
1.1. Dinh nghia

Cay 1a mot dd thi vo hudng lién thong, co it nhat 2 dinh va khong ¢ chu trinh.

Rung 1a mot d6 thi vo hudng, khong lién thong va khong c6 chu trinh. Noi cach khéc,
ring 1a mot tdp hgp ma mdi phan tir 1a mot ciy riéng biét. Chang han hinh 1 1a mot ring
gbm 3 cay

Hinh 1. Rirng c6 3 cay

1.2. Céc tinh chit co bén caa ciy

a. B6 dé: Moi ciy déu c6 it nhat 2 dinh treo.

That vay, goi & = X; X2 ... Xk 1a duong di don dai nhat co trong cay T. Khi do x; va Xk
1a cac dinh treo vi dinh x; ch1 coO canh noi véi x; va khong c¢6 canh noi voi bt ct dinh x; @
=3, 4, ..., k) nao khac, vi néu khéng thi T c6 chu trinh. Pong thoi x; ciing khdng ¢ canh
nbi véi bét ctr dinh nao khéac ngoai tap {X,, X3, X4, ..., X}, vi néu khong thi o, khong phai 1a
duong di dai nhat. Vay x, 1a dinh treo. Tuong tu x, cling 13 dinh treo.

b. Dinhly: Cho T = (X, U) la mot d6 thi v6 hudng ¢6 n dinh (n > 2). Céc tinh chét
sau day la tuong duong:
1-/ T lién thong va khong c6 chu trinh (T 1a cay).
2-/ T khong co6 chu trinh va c6 n— 1 canh.
3-/ T lién thong va c6 n— 1 canh.
4-/ T lién thong va néu bo di mot canh bat ky thi do thi nhan dugc 1a khong lién
thong, nghia 12 moi canh ciia T déu Ia cau.
5-/ Moi cdp dinh trong T duge ndi véi nhau bang mot duong di don duy nhat.
6-/ T khong c6 chu trinh va néu thém vao 1 canh nbi 2 dinh bat ky khéng ké nhau thi
trong T xuét hién chu trinh va chi mot chu trinh ma thoi.
Chirng minh
Dinh Iy duoc chtng minh theo so d6 sau:
l =2 =3 =24 =5=6 =1
1 = 2: Dung quy nap theo sb dinh ciia ciy.
ROrangkhin=2, 1 = 2 la ding.
Gia sit | = 2 ding v6i Ty c6 k dinh khi d6 Ty ¢6 k — 1 canh. Xét cay Ty, c6 k+1 dinh,

loai bo dinh treo va canh treo khéi Ty, dugc cdy Tk c6 k dinh, k — 1 canh. Vay Ty, 6 k
canh.
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Khéng dinh dugc ching minh.

2 = 3: Dung phan chirng.
Gia su T khong lién thong, khi d6 T phai c6 k thanh phén lién thong: Ty, Ty, ..., Tk
(k>2). Do T khong c6 chu trinh nén cac T; khong c6 chu trinh, nghia 1a T; la céac cay.
Goi Ti=(X, U, tacd: XnXj=d; Xju... UXx=X
[Lf\[% = Qﬁ; Uu...ulg=U

k k
Theo 2-/taco: N(Up)=NX)-1 = ZN(Ui) = Z[N(Xi)—l] =n-k

i=1 i=1

k
Mat khac theo 2-/ thi T ¢6 n — 1 canh, nghia la: ZN(Ui) =n-1
i=1

Diéu d6 1a mau thuan. Vay T lién thong.

3 = 4: Néubo di mot canh dugce dd thi ¢ n dinh véi n — 2 canh, hién nhién do thi
do khong lién thong.

4 = 5: Dung phan ching.

Gia str ton tai cap dinh x, y khong c6 dudng di don ndi giira ching, nhu vy x va y
khong lién thong, diéu nay trai voi gia thiét néu trong 4-/.

Gia sir ton tai cp dinh x, y ¢6 2 dudng di ndi giita ching, khi d6 loai bé 1 canh cua
mot trong hai duong di d6 thi do thi T van lién thong. Diéu nay trai vaoi 4-/ 1 néu loai bo
mdt canh thi T mat tinh lién thong.

5 = 6: T khong co chu trinh, vi néu c6 chu trinh thi moi cip dinh trén chu trinh d6
duogc nbi voi nhau boi 2 duong di don.

Néu thém vao T mot canh ndi 2 dinh x, y khong k& nhau ndo d6 thi canh nay ciing
duong di don tir x sang y tao thanh mét chu trinh. Chu trinh nay 14 duy nhat boi néu khong
thi hodc giita x va y phai c6 2 duong di don hodc trudc dé trong T phai co6 san mot chu
trinh.

6 = I: Dung phan ching

Gia st T khong lién thong, khi d6 T c¢6 it nhat 2 thanh phan lién thong va ca 2 thanh
phén lién théng déu khong c6 chu trinh. Khi d6 thém vao T mot canh ndi gitra 2 dinh ctia 2
thanh phan lién théng d6 thi trong T khéng xuét hién mét chu trinh nao ca, diéu nay trai
v6i gia thiét 6-/
1.3. Cay c6 goc

a. Dinh nghia:
Cay c6 hudng 1a d thi c6 hudng ma do thi v hudng twong tng cia né 1a mot cay.
Cay c6 goc 1a ciy c6 hudng, trong d6 c6 mot dinh dic bidt, goi 1a gdc, tir gde ¢6
duong di ¢én moi dinh khéc cua cy.
Trong ciy c6 gbc thi gbc xo c6 bac vao bang 0, con tat ca cdc dinh khic déu c6 bac
vao bang 1 (hinh 2).
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Thi du:

X5 @ X1 X711 .
12

X2 X0 X4 X
[ ] [ ] L J
X9 X16
[ ]
X6 ® X13
X3 X10
@o—>0
X7 @ X14 X17

Hinh 2. Cay véi gdc xo

Mot cay c6 gbe thudng duoc vE vi goc Xo O trén cling va cdy phat trién tir trén xubng
(hinh 3). Gdc cta cay (dinh xo) goi 1a dinh mirc 0. Céc dinh ké véi gbc duoc xép & phia
dudi va goi la dinh muc 1. Pinh ngay dudi dinh mure k 1a dinh mue k +1.

Téng quat, trong mot ciy cé gdc Xo thi dinh x ciia cdy 1a dinh ¢6 mirc k khi va chi khi
duong di tir xo dén x c6 do dai bang k.

Miic 16n nhét ciia mot dinh c6 trong cdy goi la chiéu cao clia ciy.

Cay c6 gbc ¢ hinh 2 thudng duoc vé nhu trong hinh 3 dé 1am ré mirc cta céc dinh.
X0

X1

X5

X14

X15 X16 X17

Hinh 3. Cach vé thong thudng ciia ciy cé gbc

Trong cdy c6 goc, moi cung déu c6 hudng tur trén xudng, vi vay v€ miii t€n dé chi
hudng di la khong can thiét.

Xét mot duong di xuat phat tir goc cua cay c¢6 goc. Ta cé céac khéi niém sau:

Pinh c¢6 muc k dugc goi la cha cta cic dinh muc k+1, dinh & mtc k+1 goi 1a con
cua dinh ¢ muc k.

Céc dinh c6 cuing cha dugc goi 1a anh em.

Cic dinh c¢6 mirc nho hon k goi 12 to tién cua dinh ¢ muc k.

Pinh & mirc 16n nhit cua duong di d6 goi 12 14. L4 1a dinh treo va khong c¢6 con.
Moi dinh khong phai la 14 duoc goi la dinh trong.

Ciy ¢6 gbc ma mirc cia moi 14 sai khac nhau khong qud 1 don vi goi 1a cdy can ddi
(hay cdy can bang). N6i cdch khac ciy can ddi 1a cAy ma moi 14 déu c6 muc h hoac h — 1
trong d6 h 12 chiéu cao ctia ciy.

Chi ¥ rang voi mot ciy tiy ¥, néu chon mot dinh nao d6 lam goc duoc ciy c6 goc
tuong tmg. Do chon gdc bat ky nén véi cdy c¢6 n dinh s& ¢6 n ciy c6 goc tuong ung khéac
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nhau. C6 thé chirmg minh duoc rang, néu chon tam cua cay la goc thi dugc cay cé goc ¢
dd cao nho nhat (xem khéi niém tam cua do thi ¢ chuong 6).

b. Cay m- phan

Pinh nghia: Mot ciy c6 gbc T duoc goi 1a cdy m-phan néu mdi dinh trong ciia T ¢6
nhiéu nhat 12 m con.

Cay c6 goc T duoc goi 1a mot cdy m-phan diy dii néu mdi dinh trong ctia T déu c6 m
con.

Pinh 1y 1: Mot cAy m-phan diy du c¢6 k dinh trong thi ¢c6 m.k + 1 dinh va c6 (m—1)k +
1 14

Chitng minh: Moi dinh trong ctia cAy m-phan ddy du déu c6 bac ra 1a m, con 14 ¢6 bac
ra 12 0. Vay tong sb bac ra ciia cdy 1a m.k, tir d6 sd cung cua cdy 1a m.k (theo tinh chat 1
bac cua dinh, muc 1.2 chuong 3). Va do d6 s6 dinh cua cay lamk + 1. Goi s la s6 14 thi ta
c6s+k=mk+1,néns=(m-1)k+ 1.

Pinh ly 2:

1) Mot ciy m-phén c6 chiéu cao h thi ¢6 nhiéu nhat 1a m" 14.
2) Mot cdy m-phén ¢6 s 14 thi ¢6 chiéu cao h > [logps].
3) Mot cay m-phéan day dii va can ddi c6 s 14 thi ¢6 chiéu cao h = [logps]

Churng minh:

1) Ménh dé duoc chtirng minh bang quy nap theo h.

Ménh d¢ hién nhién diing khi h = 1.

Gia st moi cAy m-phan c¢6 chiéu cao h = k déu ¢6 nhiéu nhat m* 14 (véi h > 2). Xét
cAy m-phan (ciy T) c¢6 chiéu cao h = k + 1. Bé gbc khoéi cdy duoc mot rimg gom khong
qud m ciy con, mdi ciy con niy c6 chiéu cao khong qua k. Do gia thiét quy nap, mdi ciy
con nay c6 nhiéu nhat 1a m" 14. Do 14 cua nhiing cdy con nay cling lald cua T, nén T c6
nhiéu nhat 1a mm* =m**' 14.

Theo nguyén Iy quy nap, ménh dé diing ddi véi moi cdy c6 chiéu cao tuy y.

2) s< m'" < h> [logms].

3) Do cay la can dbi nén cdc 14 ¢6 mirc h hodac h -1, vi cé it nhét mot 14 & mic h
nén s6 14 phai nhiéu hon m" . Vay m"'<s<m" @ h-1< logms <h < h =[logms].

Thi du: Xét tro choi gui thu day truyén. Ban dau c6 mot nguoi nhan dugc mot 14 thu
va gia st rang mdi ngudi khi nhan duoc mot thu hodc s& sao giri thu d6 cho 4 nguoi khic
hoic 14 khong chuyén cho ai ca. Hoi ¢6 bao nhiéu ngudi nhan duge thu ké ca ngudi dau
tién néu khong c6 ai nhan dugc nhiéu hon mot birc thu va trd choi két thic khi ¢6 100
ngudi nhan duoc thu ma khong viét cho ai ca.

Giai: Biéu dién trd choi bang mot cay t phan day du, cdc dinh trong 13 nhitng nguoi
nhan duogc thu va sao giri cho nguoi khac con 14 1a nhitng nguoi nhan dugce thu ma khong
giri cho ai ca. Vi ¢6 100 nguoi khong viét thur cho ai nén s 14 cua cay 1a s = 100, theo dinh
1y 1 tacé 100 = (4 — Dk + 1 = sd dinh trong ctia cdy la: k = 33 = s dinh ctia cia cdy la:
n =100 + 33 = 133. Vay c6 133 nguoi nhan dugc thu.
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2. Cay nhi phan va phép duyét cay
2.1. Cac khai niém
Cay nhi phan 1a cdy c6 gbc va mdi dinh c6 nhiéu nhat 12 2 con.

Trong mot cAy nhi phan, mdi con duoc chi o 1a con bén trdi (duoc vé vé phia dudi
bén trdi) hay con bén phai (dugc vé phia dudi bén phai) cta cha.

Cay nhi phan c6 géc x duoc ky hi¢u l1a T(x). Gia st x c6 con bén trdi la y va con bén
phai 1a z. Néu loai x va céc canh lién thudc ra khoi T(x) thi dugc hai cay nhi phan T(y) va
T(z) "nhé hon" T(x), khi éy T(y) dugc goi la cay con bén trdi con T(z) la cay con bén phai
cua T(x).

I?uyét cay (hay doc cay) la dua ra danh sach li¢t ké tat ca céc dinh cua cy, moi dinh
mot 1an.

2.2. Cac thuat toan duyét cay nhi phan

Pé tranh bo sét cic dinh khong duoc liét ké va tranh 13p lai cdc dinh di liét ké khi
duyét ciy can phai c6 cdc thuat todn duyét cdy. Céc thudt todn dudi day duoc trinh bay dé
qui va khi thuat ngir duyét x; dugc dung c6 nghia la dinh x; dugc dua vao danh sach liét ké.

a) Thuit toan tién thi ty:

1. Duyét gbc x.

2. Duyét cay con bén trdi cua T(x) theo tién tht tu.

3. Duyét cay con bén phai cua T(x) theo tién thu tu.

Thi du: Duyé¢t cay nhi phan T(x() trong hinh 4 theo tién thi tu:

Hinh 4

1. Duyét xo
2. Duyét T(x;)
2.1. Duyét x;
2.2. Duyét T(x3)
2.2.1. Duyét x3
2.2.2. Duyét T(x7)
2.2.2.1. Duyét x7
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2.2.2.3. Duyét T(x12): Duyét x;»
2.2.3. Duyét T(xg): Duyét xg
2.3. Duyét T(x4)
2.3.1. Duyét x4
2.3.2. Duyét T(x9)
2.3.2.1. Duyét xo
2.3.2.2. Duyét T(x;3): Duyét x;3

2.3.2.3. Duyét T(x14): Duyét x4
3. Duyét T(xy)

3.1. Duyét x,
3.2. Duyét T(xs): Duyét xs
3.3. Duyét T(xe)
3.3.1. Duyét x¢
3.3.2. Duyét T(x;9): Duyét xj9
3.3.3. Duyét T(x;;): Duyét xy;
Két qua duyét ciy T(xo) theo tién thur ty 1a:
Xo X1 X3 X7 X2 Xg X4 X9 X3 X4 X2 X5
b) Thuit toan trung thir tu:
1. Duyét cay con bén trdi cua T(x) theo trung thir ty.
2. Duyét gbc x.
3. Duy¢t cay con bén phai cua T(x) theo trung thir ty.

X6 X10 X11

Thi du: Duyét cay nhi phan T(xo) trong hinh 4 theo trung thtr tu:

1. Duyét T(x;)
1.1. Duyét T(x3)
1.1.1. Duyét T(x7)
1.1.1.2. Duyét x4
1.1.1.3. Duyét T(x;2): Duyét x;»
1.1.2. Duyét x3
1.1.3. Duy¢t T(xg): Duyét xg
1.2. Duyét x;
1.3. Duyét T(x4)
1.3.1. Duyé¢t T(xo)
1.3.1.1. Duy¢t T(x;3): Duyét x;3
1.3.1.2. Duyét x9
1.3.1.3. Duyét T(x14): Duyét x4
1.3.2. Duyét x4
2. Duyét xg
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3. Duyét T(x7)
3.1. Duyét T(xs): Duyét xs
3.2. Duyét x,
3.3. Duyét T(x¢)
3.3.1. Duyét T(x;9): Duyét xj9
3.3.2. Duyét x¢
3.3.3. Duyét T(x;;): Duyét xp;
3.3. Duyét x,
Két qua duyét cay T(xo) theo trung thur ty la:
X7 X12 X3 Xg§ X
¢) Thuat toan hau thir tu:
1. Duy¢t cay con bén trdi cua T(x) theo hau thu tu.

2. Duyét cay con bén phai cua T(x) theo hau thtr tu.
3. Duyét gbc x.

Thi du: Duy¢t cay nhi phan T(x¢) trong hinh 4 theo hau
1. Duyét T(x,)
1.1. Duyét T(x3)
1.1.1. Duyét T(x7)
1.1.1.2. Duyét T(x;2): Duyét x;,
1.1.1.3. Duyét x;
1.1.2. Duyét T(xg): Duyét xg
1.1.3. Duyét x3
1.2. Duyét T(x4)
1.2.1. Duyét T(xo)
1.2.1.1. Duyét T(x;3): Duyét x;3
1.2.1.2. Duyét T(x;4): Duyét x4
1.2.1.3. Duyét x9
1.2.3. Duyét x4
1.3. Duyét x;
2. Duyét T(x7)
2.1. Duyét T(xs): Duy¢t xs
2.2. Duyét T(x¢)
2.2.1. Duyét T(x10): Duyét xjo
2.2.2. Duyét T(x1;1): Duyét x;;
2.2.3. Duyét x¢
2.3. Duyét x,
3. Duyét xo
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Két qua duyét cay T(xo) trong hinh 4 theo hau thir ty 1a:
X12 X7 Xg X3 X13 X14 X9 X4 X1 X5 Xj0 X11 X6 X2 X0

Chii thich: Céc thuat todn duyét ciy nhi phin c6 thé mé rong dé duyét cdy m-phan
bang céch thay thtr tu cdy con bén trdi, cdy con bén phai bang thur ty cic cay con tu trai
sang phai.

2.3. Ky phap nghich ddo Ba lan (RPN)
Xét bicu thirc dai s6 sau:
A=(x+y)+22Y
3x

Ky hiéu ~ 1a phép lity thira, * 13 phép nhén, / 1a phép chia. Cic phép todn trong biéu
thirc trén déu 1a cdc phép todn hai ngdi nén c6 thé biéu dién cich tinh A bang mot cay nhi
phan c6 cic dinh trong 12 ky hiu cta cdc phép todn sd hoc, con cic 14 1a céc s6 hodc chir
dai dién cho cdc s6 (hinh 5).

Duyé¢t cay ¢ hinh 5 theo hau thir tu dugc:
Xy+3722y-3x*/+ (1)

RG rang c6 thé tinh A theo trinh tu ctia biéu thirc (1) ma khong can cic diu ngodc va khong
SO nham Ian.

Biéu thuc dang (1) duoc goi 1a ky phdp nghich dao Balan, viét tit 1a RPN (Reverse
Polish Notation) do nha todn hoc va logic hoc Ba lan Lukasiewicz (1878 — 1956) dat ra.

Nguoc lai, néu cho mot biéu thitc RPN ¢6 thé tinh duoc gid tri cia biéu thic d6.
Chang han, gid tri ctia biéu thitc RPN 8 23 * —4 A9 3/ + dugc tinh nhu sau:

823% 4193/ + = B6-4"93/+ =
2.3=6 8-6=2

I#N03/+ = 1693/ + = Ip3r = 19

24-16 9:3=3 16+3=19

Chii thich: Néu duyét cAy ¢ hinh 5 theo tién thir ty dugc:
+M+xy3/-2y*3x 2)
Biéu thuc (2) dugc goi 1a ky phap Ba lan it ding hon RPN.
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3. Mot vai ing dung ciia cay
3.1. Cay va bai toan li¢t ké

Bai todn liét ké da dugc trinh bay trong chuong 2. C6 thé ing dung ciy c6 gdc dé giai
bai todn liét ké bang thuat todn quay lui.

Gia sir can liét ké cdc cau hinh nao d6 gom k phén tir 14y tir tap hop c6 n phan tir N =
{x1, X, - ., Xn} da cho. Chon mdt dlem bat ky lam goc va ciac dinh & muc 1 tuong ng VOl
céc phan tu’ cua tap N thoa man céu hinh can tim. D6 1a cdc phan tir thir nhat trong cac ciu
hinh phai liét ké. Nhu vay gdc cua cdy c6 khéng qud n con. Tuy theo yéu cau ctia cu hinh,
phan tir thir hai ciia cau hinh dugc chon tir cdc phan tir thich hop trong tap N hoic trong tap
Ni=N\{ phﬁn tir da chon lam phﬁn ttr thir nhat cta cdu hinh}. Qud trinh tiép tuc cho dén
khi chon duoc céc cAu hinh thoa man bai toan di cho. Ciy dugc xay dung nhu di trinh bay
goi 1a ciy liét ké. Cac cau hinh can liét ké chinh 1a cdc dinh nam trén duong di tir dinh &
mirc 1 dén cic 14 cia cay liét ké..

Sau day la mot vai thi du.
Thi du 1: Xay dung cay liét ké cac hoan vi cua tap N = {1, 2, 3}.

3 2 3 1 2 1
(1,2,3) (1.3.2)  (2.1.3) 2.3.1) (.12 (3,2,1)

Hinh 6. Cay liét ké hoan vi cia {1, 2, 3}

Chon diém tuy y 1am gdc, ca 3 phan tir cia N déu dugc chon 1am phan tir thir nhat caa
céc hodn vi nén gdc c6 ba con: 1,2 va 3.

Xét dinh 1, vi 1 da dugc chon do dé céc con cua dinh 1 chi con chon trong {2, 3}. Ca
2 va 3 déu duoc chon vay dinh 1 ¢6 hai con 1a 2 va 3. Tuong tu ddi voi cdc dinh 2 va 3 &
muc 1.

Xét dinh 2 1a con ctia dinh 1, vi 2 va 1 da dugc chon do d6 con cta 2 chi con duy nhét
phan tir 3. Hoan toan tuong ty ddi voi cac dinh & muc 2 khéc.

Tét ca cac ph?m tr cua N da dugc chon. Vay cay tim kiém duoc két thic, ta c6 6 hodn
vi nhu trong hinh 6.

Thi du 2: Dung ciy liét k& cdc xau nhi phan c6 do dai 4 sao cho khong c6 hai s6 0
lién tiép.

Hinh 7 12 10i giai ctia bai todn. Chi ¥ 1a nguoi ta qui udc trong cy nhi phan biéu dién
xau nhi phan thi con bén tréi 12 bit 0 va con bén phai 12 bit 1. C4c con trong moi budc déu
duoc chon tr tap B ={0,1}. C6 8 x&u théa man, d6 1a cac xau da li¢t ké trong hinh 7.
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10 1
0101 o110 o111 1010 1011 1101 1110 1111

Hinh 7

Thi dy 3: Liét ké cac tap con cua tap hop A = {0, 1, 3, 4, 7, 11,12} sao cho téng cac
phén tir ctia tap con tim dugc khong 16n hon 10.

Loi giai cua bai toan dugc trinh bay trong hinh 8. Cdc tap hop con ¢6 k phan tir 1a cdc
dinh trén cdc duong di tur goc dén dinh bac k, trir dinh gdc ctia cdy. Cu thé la:

-Cactapconco 1 phan ta: {0}, {1}, {3}, {4}, {7}.

- Céc tap con c6 2 phan tu: {0,1}, {0,3}, {04}, {0,7}, {1,3}, {1.4}, {1,7}, {3.4},
{3,7}.

- Céc tap con ¢6 3 phan tir: {0,1,3}, {0,1,4}, {0,1,7}, {0,3,4}, {1,3,4}.

- Cactapconcd 4 phﬁn ta: {0,1,3,4}

Hinh 8. Cay liét ké cac tap hop con

3.2. Cac ma tién to
Trong tin hoc, mdi chir cai duoc ma hoa bang mot x4u nhi phan. Néu khong phan biét
chir hoa véi chir thuong thi voi cac chu céi tiéng Viét hodc tiéng Anh, mdi chif cai chi can
ding cac xau c6 do dai 5 1a da (vi c6 2° = 32 ‘xau nhi phan ¢6 d6 dai 5). Tuy nhién c6 thé
ding it hon céc bit dé ma hoa cac chir cai néu dung cic xau c6 do dai khac nhau dé ma
hoa. Khi d6 cac chir cai xuat hién thudng xuyén hon dugc ma hoa bang cac xau c6 do dai
ngén hon.
Vén dé dit ra 1a phai ma hoa nhu thé nao dé c6 thé phan biét duge mot chir cai dugc
bat dau va két thiic tai ¢u. Chang han néu ta ma ho4 theo bang ma sau:
Kyty | e a t
Mi | 0 1 01
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Khi d6 xau 0101 ¢6 thé ung voi cac tu eat, eaea hodc tt.

Pé dam bao khong c6 xau nhi phin nao tng véi hon mot day cac chir cai thi can phai
ma hod sao cho xdu nhi phdn g véi mét chi cdi nao dé khéng bao gio xudt hién nhir la
phan dau ciia xdu nhi phan g véi mét chi cdi khdc. Cac ma c6 tinh chat nhu vay goi 1a
mai tién t6. Thi duy, bang ma:

Ky tu | e a t
Mi | 0 10 11

la mOt ma tién to cua ba chir cdi: e, a, t.

Vi cac ma tién t6 thi mot xau nhi phan chi ing v6i duy nhat mot diy chir cai, chang
han véi thi du da néu thi xau 01011 14 ma cua chir eat.

Cac ma tién to dugc xdy dung bang cdy nhi phan va duoc goi 1a cdy md, trong d6 cac
chit cai 12 nhdn cac 1. X4au nhi phan gdm cdc bit trén duong di tir gbc dén 14 1a ma cua chir
cai 1a nhan cua 14 d6.

Thi duy: Xét cay nhi phan trong hinh 9.

Khi do ta c6 bang ma:

Ky tu | e a 1 m S

Ma | 0 10 110 1110 1111

Tuw dé xau 11111011100 1a ma cua tir same

Nguoc lai dé ki€ém tra xem mdt cich ma cé
phai 1a ma tién t6 hay khong, cin phai biéu dién

cidc ma dé thanh cay nhi phan. Néu cdc 14 c6 nhan
la cac chir cdi c6 trong bang ma thi d6 l1a ma tién
t0, con néu ton tai dinh trong c6 nhan la chir cdi thi
d6 khong phai 1a ma tién to.

Thi du: Hay xét xem cac cach ma hda sau c¢6 phai 1a ma tién t6 khong?

a)

Ky tu a b c d

Ma 0 01 00 110
b)

Ky tu a b c d

Ma 00 01 11 101

Biéu dién céc ma thanh cay nhi phan (hinh 10a va hinh 10b) ta c6 két luan.
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Hinh 10a o Hinh 10b .
Cach a) khong phai 1a ma tién to Cach b) 1a ma tien

3.3. Ma tién t6 tdi uu

Dé triét dé tiét kiém sd bit dung cho mdt ban tin thi viéc chon ma tién to cho céc chix
cai ¢6 do dai ngén khic nhau con phu thudc vao tan suét cdc chir cdi duge dung trong ban
tin d6. Chang han mot ban tin gdm 10° ky tu 14y trong tap cdc chit cdi X = {a,b,c.d,e,f} v6i
tan suét sau:

Ky tu ‘ a b c d e f
Tén suat (%) | 45 10 12 3 20 10
Khi ay, néu dung bang ma tién to:
Ky tu ‘ a b c d e f
Ma 00 01 111 101 100 110

dé ma héa ban tin thi sd bit can ding la:
10°(2.45% +2.10% + 3.12% + 3.3% + 3.20% + 3.10%) = 245000
Néu diing bang mi tién to:
Kyty | a b c d e f
Ma ‘ 0 100 101 110 1110 1111
dé ma héa ban tin thi sd bit can diing la:
10°(1.45% + 3.10% + 3.12% + 3.3% + 4.20% + 5.10%) = 250000
RG rang, voi cdc cdch mi héa khac nhau dan dén do dai ngin khic nhau ctia ciing mot
ban tin. Thuét toan Huffman sau ddy cho ma tién t6 t6i wu ddi voi mot ban tin sir dung
céc ky tu trong tap ky tu X.
Trudc hét, véi cdy ma T thi véi mdi 14 duoc gdn nhin xe X, trong d6 X 1a tap ky tu

can ma héa. Mirc A(x) clia x trong cdy ma T chinh 1a chiéu dai cia x4u nhi phéan 1a ma cia
x. Goi f(x) 12 tAn suat xuat hién cta ky tu x trong ban tin thi s6 céc bit ding dé ma héa toan
bo cac ky tu c6 trong ban tin [a n ZA(X).f(X) , trong d6 n 12 s6 ky tu ¢6 trong ban tin.
xeX
Cay ma T 1a t0i vu khi E(T)= ) A(x)f(x) dat gid tri nho nhét theo nghia chudi bit
xeX
ma héa ban tin ¢6 d§ dai ngan nhat.
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Thuét todn Huffman gom cdc budc:

1. Xay dung tap dinh, mdi dinh twong tng v6i mot ky tur ¢6 trong tap X va s& 1a 14
trong ciy ma sau niy. Gan cho mdi dinh 2 nhén, mot nhan 13 ky tu xe X va mot nhan 12 tan
sut f(x) tuong ung. Goi tap dinh da gén nhan la X.

2. Chon dinh x c6 nhan f(x) nho nhat va y ¢é nhén f(y) nho tiép theo, ndi x va y véi
mot dinh méi z duge cay nhi phan géc z, nhan cua z 12 f(z) = f(x) + {(y).

3. Néu tat ca cic dinh cta budc 1 da 1a 14 cua cy thi dimg va cdy thu duoc 1a cdy ma
t6i wu. Néu khong, 1ap lai tir bude 2 véi tap dinh X = X \ {x,y}u{z}.

Nguoi ta goi cdy ma xay dung dugc theo thudt todn Huffman la cdy ma Huffman va
bang ma thu duoc 1a ma Huffman.

Tré lai thi du & dau muc nay, ap dung thuat todn Huffman dugc cdy ma Huffman nhu
hinh 11.

Tir &6 c6 bang ma tién t6 t6i uu cho ban tin 1a:
Kyt |a b c d e f
Ma | 0 1111 101 1110 110 100

S bit can ding dé ma héa ban tin theo ma Huffman 1a:

10°(1.45% + 4.10% + 3.12% + 4.3% + 3.20% + 3.10%) = 223000

100

Hinh 11. Cay ma Huffman

Pinh ly: Cay ma Huffman I cdy ma t6i uu.
bé chtirng minh dinh ly, trudc hét xét bo dé sau:

Bé6 dé: Goi X 1a tap hop cdc ky hidu cin ma héa va x, y 1a hai ky hiéu c6 tan suat nho

nhat. Khi d6 ¢6 mot cdy ma tdi uu T cho X sao cho x, y 14 hai anh em trong T.

Chirng minh b6 dé: Goi T 1a cdy ma tdi uu cho X. Néu x, y khong 12 anh em, goi u la
14 c6 mirc 16n nhat trong Ty thi phai ¢6 mot 14 v 1a anh em véi u. That vay, néu u khong cé
anh em, goi w la cha cua u, x6a dinh u va coi w la 14 twong tng v6i ky hi¢u u s€ nhan dugc
cAy ma méi To' v6i E(Ty") < E(Ty), diéu nay 12 v6 1y vi Ty 1a cAy ma tdi uu.

Bay gid, néu x khong ciing mirc u, v thi A(x) < A(u) va bang cdch hodn doi giira x va u
nhén dugc cay ma T voi:
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E(T1) = E(To) — A)f(x) — A)f(u) + A)f(w) + Awf(x) =
‘ = E(Tp) = [A(w) — AX)][f(w) - f(x)] < E(To)

bicu nay trdi vdi tinh t6i vu cua Ty. Vay x ¢6 cung muc voi u va 'y ¢d cing muc véi v.
B?lng cdch hodn ddi x véi u va y voi v s€ nhan dugc cdy ma t6i uwu T vi E(T) = E(T).

Churng minh dinh ly: Dung quy nap theo n = IXI.

Khi n = 2, dinh 1y hién nhién dung.

Gia st dinh ly ding véi k (k = 2). Xét voi k +1. Coi X = {xy, X2, ..., Xk, Xk +1}. KhOng
mét tinh tong quét, c6 thé gia thiét x, Xy 41 12 hai ky tu 6 tan suat nho nhat. Goi T 1a ciy
ma tdi wu cho X sao cho Xk Va Xg 41 12 anh em trong T (T ton tai do bo dé). Goi H la cay ma
Huffman (cdy ma c6 duogc tir viéc dp dung thudt todn Hufman) va xy, xi ;1 cling la anh em
trong H. Goi H' 1a cdy ma nhan dugc tur H b?mg cach x6a xy, Xk +1 va gan cho dinh cha cua
Xk, Xk +1 Ky tw'y voi tan sudt f(y) = f(xx) + f(xk +1)- Dé théy H' 1a cdy ma Huffman cho tap
Y= {xy, ..., Xxk_1, ¥}. Tuong tu, goi T' Ia cdy ma nhan dugc tur T b?mg cach xda xy, Xk 4+1 va
gan cho dinh cha cua xy, Xk +1 ky tu z voi tan suét f(z) = f(xx) + f(Xk+1) thi T' 1a mQt cay ma
cuatiap Y. Do gia thiét quy nap, ta c6: E(H") < E(T"). Vay:

E(H) = E(H) + Axf(xx) + AKXk 1) (Xks1) <
< E(T') + Axif(xx) + Axee)f(Xe1) = E(T).
Vi ciy ma T t6i wu nén E(H) = E(T). Vay cdy ma H 1a ti uu.

4. Cay khung (CAy bao trum) ciia do thi

4.1. Dinh nghia:

Cho d6 thi vo huéng G = (X, U) v6i N(X) > 1. D6 thi bo phan T (1a d0 thi giit nguyén
dinh va bo bét mot sb canh) cia dd thi G duoc goi 1a mot cay khung cua G néu T 1a mot
cdy. Hinh 12 12 3 cay khung ctia mét do thi (d0 thi G).

4.2. Piéu kién do thi cé cay khung

Pinh ly: Diéu kién can va di dé mot d6 thi vo hudng G véi 2 dinh trd 1én co ciy

khung 1a d6 thi d6 lién thong.
Churng minh:
Piéu kién dui: Dung phan ching

Gia sir G ¢ cdy khung T nhung G khéng lién thong, khi d6 ton tai cap dinh x,ye G
khong c6 duong di gitra ching. Do X,y cling thugc T nén T cling khong lién thong, vay T
khong phai 1a cay. Diéu nay trai voi gia thiét da néu.

DPiéu kiéen can:

Gid str G lién thong. Khi do:

a-/ Néu G khong c6 chu trinh thi G 1a mot ciy va la cay khung ctia chinh né.

b-/ Néu G ¢6 k chu trinh thi mdi chu trinh bo di mot canh duoc cay khung cua dd thi.
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Thi du:

X3 X4
X2
Xs
X1
bo thi G
X3 X4 X3 X4 X3 X4
X2 X2 X2
X5 Xs X5
X1 X1 X1
Ba cay khung cua G
Hinh 12

4.3. Cac thuit toan tim cay khung ciia do thi

Mot do thi lién thong co rat nhidu ciy khung, d6i khi s6 ciy khung ciia mot do thi rat
16n, chiang han do thi day da K, c6 n! cdy khung.

Céc thudt toan sau cho phép tim mot trong cic cdy khung ciia do thi lién thong
G =X, U).

a- Tim kiém vu tién chiéu sau

Trude két tim mot dinh tuy y ciia G lam gbc ciia cAy khung. Tir dinh nay xdy dung
mot duong di bang cach ghép 1an lugt cac canh vao sao cho canh méi ghép ndi tiép véi
canh da ghép trudc d6. Tién hanh ghép dén khi nao khong ghép duoc nira thi thoi. Cha
khi ghép khong dé tao thanh chu trinh.

Néu duong di vira 1ap di qua tat ca cac dinh cua d6 thi G thi d3 dugc ciy khung
cua G.

Néu duong di vira 1ap chua di qua tit ca cac dinh caa d6 thi G thi tir dinh cubi
cung cua duong di nay quay lai dinh trudc nd va, tor dinh nay xay dung mot duong di méi
Xuét phét tir dinh d6 va di qua cac dinh chua dugc ghép vao duong di trudc. Néu tai dinh
d6 khong tim duoc dudng di ndo hodc di tim hét mot duong di dai nhat co thé thi lai lui
thém mot dinh nita va tiép tuc xay dung mot duong di don dai nhat co thé tir dinh nay. Quéa
trinh tiép tuc cho dén khi lui vé dén dinh géc. Vi db thi 1 hitu han nén thuat toan s& két
thuc sau mot sb hitu han budc.

Thudt toan trén con goi la thudt toan quay lui.

b- Tim kiém wu tién chiéu rong

Chon mot dinh tuy y ciia d0 thi G 1am gdc ctia cdy khung.

Ghép tat ca cac canh lién thudc cua dinh da chon duoc cédc dinh thudc muc 1.
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Vé6i mdi dinh ¢ mirc 1 ta lai lam nhu dinh gdc, tic 13 ghép tat ca cac canh lién thudc
v6i dinh ¢ muc 1 sao cho khdng tao thanh chu trinh (nén ghép theo mét thir tw nao do dé
khoi 1an) duoc cdc dinh & muc 2.

Tiép tuc ghép dbi véi dinh thudc mirc 2, ... Thu tuc két thuc khi tat ca cac dinh dugc
ghép vao cay

Thi du: Tim ciy khung ctia do thi ¢ hinh 13:

Hinh 13

Chon dinh f 1am gdc, cac budc quay lui dugce trinh bay trong hinh 14.

Budc 1 h

Budc 4 Budc 5 Budc 6

Hinh 14. Cic buéc tim cay khung theo thuit toan wu tién chiéu sau

Trieong Pai hoc Nong nghiép Ha Noi — Gido trinh Gido trinh Todn ROi rac................................. 133


www.VIETMATHS.com
www.vietmaths.com

Ciing chon dinh f 1am gbc, cic budc dp dung thuat todn tim kiém wu tién chiéu rong
duoc trinh bay trong hinh 15.

f

Buoc 1

Budce 3

Budce 4

Hinh 15. Cac buwéc tim cAy khung theo thuit toan wu tién chiéu

5. Hg chu trinh doc lap ) .
Theo tinh chat 6 cta cay, néu T = (X,V) la cay khung cia do thi lién thong G = (X,U)
thi khi thém mét canh u € U\ V vao T duoc mét chu trinh don duy nhat C.

Dinh nghia: Tap cac chu trinh:
Q={CI| C=C(X, Vu{u},ue U\V}
goi 1a hé chu trinh doc 1ap hay h¢ chu trinh co ban cua dd thi lién thong G = (X,U), trong
d6 T = (X,V) 1a cAy khung cua d6 thi G.

Néu G = (X, U) 1a do thi vo hudng lién théng c6 N(X) = n va N(U) = m, khi d6 cdy
khung T = (X, V) ¢6 N(V) = n — 1, nghia la khi xay dung cdy khung T da loai m —n + 1
canh ra khoi d6 thi G. Cit thém mdi canh bi loai vao T s& c¢6 thém 1 chu trinh. Vay, néu ky
hiéu s6 cac chu trinh doc 1ap ctia do thi G 1a w(G), ta co:

L m@=monsl |
Tu d6 ta suy rarang, néu G = (X, U) la d6 thi vd hudng co6 k thanh phan lién thong thi:
WG)=m-n+k

(vi mdi thanh phan lién thong ctia G ¢6 mot cdy khung).
SO0 W(G) goi la chu s6 cua do thi.
Tu cac dién gidi trén suy ra thudt todn tim hé chu trinh doc 1ap cua mot dd thi vo
hudng lién thong nhu sau:
Bude 1: - Tim ciy khung T cua d0 thi.
- Xdéc dinh tap cac canh cua do thi khong nam trong cay khung T:
W = {u]’ u29 LRRE] um—n+]}
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Bude 2: - Thém canh u; vao T dugc chu trinh thir nhat.
- Loai canh u; vira thém vao T, thém canh u, vao dugc chu trinh thir hai
- Qua trinh tiép tuc dén khi dugc m — n +1 chu trinh.
Procedure He_chu_trinh_doc_lap;
Input: Do thi lién théng G = (X,U) ¢6 n dinh, m canh;
Ouput: Tap cac chu trinh ddc 1ap;
Begin
T :=(X,V) la cay khung cua G;
W =U\V;
Q=0
for i:=1 to m-n+1 do
begin
e := canh c6 trong W;
C:=Tu{e};
Q:=QuUC,
C:=C\{e};
end;
End;

Thi du: Tim h¢ chu trinh doc lap cia dd thi & hinh 16a

Hinh 16a

Hinh 16b
Tacod: Sb canh: m=19;

S6 dinh:  n=12;

S6 chu trinh doc 1ap 1a:

H=19-12+1=8;
Budc 1. Tim cdy khung T (hinh 16b):
Céc canh bi loai la:  (x1,Xg); (X2,X3); (X2,X7); (X7.X9); (X9,X10); (X10.X11); (X5,X11);
(X3,X5).

Budc 2. Tim cac chu trinh co ban:

Thém canh (x;,xg) duoc chu trinh  C; = X¢ Xo X| Xg X7 X6-
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Thém canh (X»,x3) duoc chu trinh  C, = X6 X2 X3 X6.

Thém canh (X»,X7) duoc chu trinh  C5 = X6 X2 X7 X6.

Thém canh (x7,X9) duoc chu trinh  C4 = X7 Xg X9 X7.

Thém canh (X9,X19) duoc chu trinh  Cs = X¢ X7 Xg X9 X109 X6-
Thém canh (X;9,X11) duoc chu trinh Cg = X6 X5 X12 X11 X10 X6-
Thém canh (x5,x11) duoc chu trinh  C7 = X5 X1 X12 Xs.
Thém canh (x3,X5) duogc chu trinh  Cg = X6 X3 X5 Xe.

6. Cay khung nhé nhat

Mot trong cac g dung ciia 1y thuyét do thi 14 giai cac bai toan toi wu. Chang han
mudn xdy dung mot mang duong sit ndi n thanh phd véi nhau sao cho tir mot thanh phd
nao dé co6 thé di dén moi thanh phd khac bang mang dudng st do, thi van dé dit ra 1a phai
xdy dung sao cho khi khai thac mang s& dat lgi nhudn cao nhat. Hodc dé xay dung mat
mang may tinh gdm n may & cac dia diém khac nhau thi can phai trai cap nhu thé nao dé
tong chi phi 13 ré nhat.

Céc bai toan nhu vay thuong dugc giai nhd khai niém ciy khung nho nhét.
6.1. Dinh nghia:

Cho G = (X,U) 1a db thi v huéng lién thong trong d6 mdi canh ue U duoc gan mot

s6 thuc khong am 1(u) goi la trong s6 cta canh u. Cay khung T = (X,V) cua dd thi G ¢6
téng trong sd cac canh nho nhat goi 1a ciy khung nho nhat.

Téng trong s cac canh cta ciy khung T goi 1a trong s cua cdy khung d6 va ky
hié¢u 1a I(T), nghia la:
I(T) = D 1(u)
ueV
Cay khung Ty 12 cAy khung nho nhét ctia @ thi G néu:
1(To) =min{ (T) | T e T(G) }
trong do T(G) la tap cac cay khung cta G.

Sau day 12 hai thuat toan cho phép tim mot ciy khung nho nhét: Thuat toan Kruskal
va thuat toan Prim.

6.2. Thuat toan Kruskal:

Thuét todn s& xdy dung tap canh V ctia cdy khung nhé nhat T = (X,V) theo ting budc.
Trudc hét sap xép cdc canh cua do thi G theo thir ty khong giam cua trong sd. Bat dau tir V
= &, sau d6 & mdi budc 1an lugt duyét trong danh sich canh da sép xép, tor canh c6 d6 dai
nhé dén canh c6 do dai 16n hon, dé tim ra canh ma viéc bd sung né vao tap V khong tao
thanh chu trinh trong tap nay. Thuat todn s¢€ két thdc khi tap V c6 du n—1 canh. Cu thé ¢6
thé mo ta thuat to4n nhu sau:

Budc 1. Dat T = (X, &).

Budc 2. Sap xép cdc canh ctia G theo thir ty khong giam cua trong so.
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Budc 3. Bit dau tir canh dau tién cua diy nay, thém dan céc canh ciia ddy da dugc xép
vao T sao cho canh thém vao khong tao thanh chu trinh trong T.
Budc 4. Lap lai budc 3 cho dén khi nao s6 canh trong T bang n —1 1a dugc ciy khung
nhé nhat can tim.
Procedure Kruskal;
Input: Db thi G lién théng c6 n dinh va c6 trong sd;
Output: Cay khung nhé nhat T;
Begin
T := d6 thi rdng c6 n dinh 1a cdc dinh cta G;
for i:=1 to n-1 do
begin
u := canh c6 trong s6 nho nhét trong G va khong tao thanh chu trinh trong T
khi ghép vao T;
T:=Tu {u};
end;
end.

Thi dy 1: Tim cdy khung nh6 nhat cta d6 thi cho trong hinh 17. D6 thi ¢6 11 dinh,
17 canh nhu vay cay khung c6 10 canh.
Hinh 18 minh hoa cac budc thuc hién thuat toan.

Hinh 17

Bit dau tir do thi rong T ¢6 11 dinh.

Budc sép thr tu cac canh Budc chon céc canh cho cay khung nhé nhat
Thtr tu Canh Trong %) Budc chon Canh Trong %)
1 X2 X4 10 1 X2 X4 10
2 X7 X9 10 2 X7 X9 10
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3 X8 X10 12 3 X8 X10 12

4 X5 X6 20 4 X5 X6 20

5 X6 X8 20 5 X6 X8 20

6 X1 X7 21 6 X1 X7 21

7 X5 X7 23 7 X5 X7 23

8 X1 X5 25 8 X4 X6 35

9 X7 X8 25 9 X10 X11 45

10 X9 X10 30 10 X3 X4 55

11 X4 X6 35 Tong trong s6 cdc canh 251

12 X4 X5 40 Ghi chua

13 X10 X11 45 Sau budc chon 7 ta khong thé chon cac
14 X3 X4 55 canh (X1,X5), (X7,Xg) va (X9, Xjp) Vi cac canh
15 X2 X3 60 nay tao thanh chu trinh véi cac canh da chon.
16 X6 X11 70 Tinh huéng tuong tu néu chon canh (x4,X5)
17 X1 X2 80 0 bude chon 9.

Hinh 18a 1a budc dau tién cua thuat todn. Két thic thuét todn duoc cay khung nho

nhét 1a cdy trong hinh 18b. Trong s6 cta ciy khung nho nhat thu duoc 1a I(T) = 251.

X2
X400 oX3 X4 X3
X1e X1
X5 X5
® X6 X6
X7 e X7
*Xg X8
[ ] [ ] [ ]
X9 X10 X11 X9 X10 X11

a) Buoc 1: T=(X, QD)

b) Cay khung nhé nhat

Hinh 18

6.3. Tinh ding din caa thuit toan Kruskal.

RO rang dd thi thu dugc theo thuat todn c6 n dinh, n —1 canh va khong c6 chu trinh. Vi
vay theo dinh 1y trong 1.2 n6 1a cdy va 1a ciy khung cta db thi G. Nhu vay chi con phai chi
ra rang T c6 trong s6 nho nhat. Gia sir ton tai ciy khung S ctia do thi ma 1(S) < I(T). Ky
hiéu uy 12 canh dau tién trong ddy céc canh cua T x4y dung theo thudt todn vira mé ta
khong thude S. Khi d6 do thi bo phan cta G sinh boi ciy S dugc bd sung canh uy s& chira
mot chu trinh duy nhét C di qua ux. Do chu trinh C phai chtra canh u thudc S va thuéc T
nén d6 thi bo phan S' thu duoc tir S bang cédch thay canh u cia né bang uy 1a cdy khung.

Truong Dai hoc Néng nghiép Ha Noi — Gido trinh Gido trinh Todn RO rac.....................cccceuuu... 138


www.VIETMATHS.com
www.vietmaths.com

Theo céach xay dung, 1(ux) <1(u), do d6 1(S*) < 1(S), déng thoi s6 canh chung cua S’ va T da
tang thém mot so voi sd canh chung cta S va T. Lip lai qué trinh trén timg budc mot c6
thé bién d6i S thanh T va trong mdi budc téng do dai khong tang, tirc 1a 1(T) < 1(S). Mau
thuan nay chimg to T 1a cAy khung nho nhat cia G.

P phire tap cua thuat todn Kruskal dugc dénh gid nhu sau. Trudc tién, viéc sip xép
céc canh cua G theo thir tu trong ) tang dan c6 do phtc tap O(mz), v6éi m 12 s6 canh cia
G. Nguoi ta ching minh dugc réng viéc chon canh uy 4; khdng tao nén chu trinh véi k canh

~ i foan o . n(n—1 > 9 L oaa
da chon trudc d6 c6 do phuc tap la O(nz). Do m< %, thuat toan Kruskal c6 do phuc
tap 1a O(n).

6.4. Thuit toan Prim tim ciy khung nhé nhat

Thuat toan Kruskal 1am viéc kém hiéu qua ddi voi nhitng d6 thi day (d6 thi c6 s6 canh

n(n—1 . ) A ./ A \ a .
m = n -1 ). Trong truong hop do, thuét todn Prim t6 ra hiéu qua hon. Thuat todn Prim
con duoc goi 1a phuong phap 14n cin gan nhét.

Chon trong dd thi da cho canh c6 trong s6 nho nhat va dat nd vao cay khung. Lan luot
ghép vao cdy cac canh co trong s6 nho nhat trong cac canh lién thugc véi mot trong cac
dinh cua cay va khong tao ra chu trinh trong cdy. Thuat toan dung khi ¢6 n — 1 canh duogc
chon.

Procedure Prim;

Input: D) thi lién thong n dinh co trong s6;

Ouput: Ciy khung nho nhét T ctia d6 thi;

Begin
T := Canh c06 trong s6 nho nhat cung 2 dinh lién thudc;
for i:=1 to n-2 do

Begin
e := Canh c¢6 trong s6 nho nhat lién thudgc véi mat trong cac dinh cua T
va khong tao ra chu trinh trong T;
T:=Tue;
end; {Cay khung nho nhat}
End.

Thi du 1: Tré lai thi dy trong thuat toan Kruskal (d0 thi ¢ hinh 17). Ap dung thuét
toan Prim c6 cac budc nhu sau:
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Budce Canh Trong sb

1 (x7,X9) 10

2 (x7,x1) 21

3 (X7,X5) 23

4 (X5,X6) 20

5 (X6,X8) 20

6 (X8,X10) 12

7 (X6,X4) 35

8 (X4,X2) 10

9 (X10,X11) 45

10 (X4,X3) 55 Hinh 19
I(T) 251

Cay khung nho nhat thu dugc thé hién bang nét dam trén hinh 19 va trong s cta no 1a
I(T) = 251.

Thi dy 3: Tim ciy khung nho nhét caa don db thi gdm cdc dinh A, B, C, D, E, F, G, H
dugc cho bdi ma tran trong s6 sau (ma tran trong s6 giéng nhu ma tran ké, nhung thay )
canh bang trong sd cua canh; cdc 6 trong 13 khong ¢6 canh nbi):

A B C D E F G H

A .15 16 19 23 20 32 18
B (15 . 33 13 34 19 20 12
Cc |16 33 . 13 29 21 20 19
D |19 13 13 . 22 30 21 11
E |23 34 20 22 . 34 23 21
F |20 19 21 30 34 . 17 18
G |32 20 20 21 23 17 . 14
H (18 12 19 11 21 18 14

bay 1a mot do thi day du c6 8 dinh véi 28 canh, boi vay nén st dung thuat todn Prim.
Do ma tran la doi xing nén chi can xét nira trén hodc ntra dudi ciia duong chéo la du.
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Budc Canh Trong sb A H
1 (H, D) 11
2 (H, B) 12 B G
3 (D, C) 13
4 (H, G) 14 C E
5 (B, A) 15 l
6 (G, F) 17 D E
7 (H, E) 21 Hinh 20. Cay khung nhé nhit ciia db thi
I(T) = 103 trong thi du 3.

6.5. Tinh ding diin ciia thuat toan Prim

Xét @6 thi G = (X,U) va T = (X,V) la cay khung nhé nhat thu dugc theo thuét toan
Prim.

Trudc hét theo tinh chat 2 cua cdy thi T 1a mot ciy va né la cay khung cia G vi no di
qua moi dinh ctia G. Vay chi con phai chimg minh T 1a cAy khung nho nhét ctia G.

That vay, dung phan chimg, gia sir T khong phai 14 cAy khung nhé nhat, khi d6 phai
ton tai cay khung T; = (X,V)) 1a cAy khung nho nhét, nghia 1a:

I(T)) =min{ (T) | T e T(G) }, trong d6 T(G) 1a tap céc cay khung cia G.

Chung ta s€ chi ra sy ton tai cay khung T, co 1(T,) < I(Ty).

Vi I(T)) <I(T) nén V; # V.

Gia st canh uke V, nhung uxg V, khi d6 trong dd thi (X, Viu{ug}) ¢6 mot chu trinh
duy nhét (theo tinh chit 6 cta cdy). Goi ® 1a chu trinh ¢6 trong d6 thi (X, Vu{u}), vi
trong T = (X,V) khong c6 chu trinh ma uxe V nén ton tai canh upz V va upe o.

Xét dd thi T» = (X, Va), trong d6 V, = Viu{u} \ {u).

RO rang T, khong c6 chu trinh vi ® 1a chu trinh duy nhét ¢6 trong (X, Viu{ug}) va
upe ®. Do T 1a cay khung cia G nén N(V) =n — 1 (theo tinh chit 2 cua cay), tur do suy ra
N(V,) =n -1. Vay T, 1a cay khung cua G. Mat khac do up¢ V va uxe V nén 1(ug) > 1(uy). Ta
co:

Ty = Dl = Dl +1u)—1(ug) < D lw)=1(Ty)
ueV, ueV; xeV,

Pidu nay trai véi gia thiét T, 1a cAy khung nho nhét.
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BAI TAP CHUONG 5

5.1. Tim s6 dinh t5i da ciia mot cAy m-phan c6 chiéu cao h.

5.2. Do thi G 1a mot rimg c6 k ciy, n dinh. Tim s canh cta G.

5.3. Duyét cac cay sau theo cdc thuat toan tién tht tu, trung thu tu va hau thu tu:
b)

X10

5.4. Mot cdy nhi phan c6 danh sich cac dinh khi duyét theo thudt todn tién tht tu 12 A, B,
D, E, C, F, G va khi duyét theo thuat todn trung thtr tu 1a D, B, E, A, F, G, C. Hay v€ cay
nhi phan d6 va duy¢t cay nay theo thudt todn hau thu tu.

5.5. Viét céc biéu thiic sau dudi dang RPN:
a) ((A-B).C) + (D.E); b) (a+ (b.(c—d)) +e;

2
0 x(y+£2—u); d) (2+3)(4+1)+23+3.2.
t B-2)4+1 4 -32
5.6. Tinh gid tri cdc biéu thirc RPN sau:
a) 53+124+*%62%*+; b) 42724+10/16+;
c) 36*52"+23+ —; d) 32%¥2/A53-84/%* —.

5.7. Ung dung cay giai cac bai toan dém sau bang cach liét ké tat ca cic cau hinh c6 thé.

a) Hai d6i bong chuyén A va B thi ddu trong 5 van. Doi nao thing 3 trong 5 van 1a
thing toan tran. Hoi cudc thi c6 thé dién ra theo bao nhiéu cach?

b) C6 bao nhiéu xau nhi phan ¢6 d6 dai 4 khong co6 3 s6 0 lién tiép ?

¢) Co bao nhiéu hodn vi 3 chir céi a, b, ¢ sao cho chitr b khong di lién sau chit a?

d) C6 bao nhiéu tap con cta tap {3, 7, 9, 11, 24} sao cho tong cic phan tir trong tap
con do6 nho hon 287

5.8. Xéc dinh xem trong cac bang ma sau, ma nao 1a ma tién to:

a)
Ky tu a e t S
Ma 11 00 10 01
b)
Ky ty a e t S
Ma 0 1 01 001
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Kyty | a e t S n
Ma | 101 11 001 011 010
d)
Ky ty \ a e t S n i
Ma | 010 11 011 1011 1001 10101

5.9. Cho cay nhi phan biéu dién mi tién t6 nhu hinh vé.
a) Xac dinh ma cua cac chir cai la nhan cac 14.
b) Xac dinh ma cua cac tu: hoc; toan; tin; dothi.
¢) Xac dinh tir rng voi ma: 01 1010 000 110 1110 1010 100 1110 000 001.

Hinh vé€ cho bai tap 5.9

5.10. Xay dung cay ma Huffman cho tap ky tu sau:
a) Ky tu A B C D E F G H
Tan suat (%) 6 25 20 8 10 19 3 9

b) Ky tu a c d 1 h o n r t

Tansuat (%) | 12 9 4 11 10 18 15 7 14
5.11. Tim cay khung cua cac Q6 thi sau theo:

a) Thuat todn uu tién chiéu sau.
b) Thuét todn uu ti€n chiéu rong.
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a)

QMmO w »

Do thi G,

X1 X 4 X5
X6 X7 8 X9 X11
X12 X13 X14 X15 X16
X17
X18 X19 X20

5.12. Cau hoi nhu bai 5.11 ddi voi cdc d thi cho bang ma trén ké (céc 6 trong 12 0) sau:

ABCDEFG

. .1
1 I . 1
1 I .1
I .1 1
1 1
1
I .1

© 0 N O N AW N

[S—
(=)

123456728910

1.1

1.1 1

R 1

1.1 1

1 IR B

1 11
1 : 11
1 1 1
1.1

I I B
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5.13. D6 thi c¢6 ma tran ké sau c6 lién thong khong?

1 23 4567

AN Lt AW N =

7

5.14. Cho d6 thi G = (X,U) véi X = {xa, X,

nodi néu i, j khdng nguyén td cung nhau.

a) Do thi G c6 bao nhiéu thanh phan lién thong?

1

1 11

1

..., X25}, cdc dinh x;, Xj (2 <1, j < 25) c6 canh

b) Tim ciy bao trim ctia mdi thanh phan lién thong cia G.

5.15. Tim ciy khung nho nhét cta cac d6 thi sau bang thuat toan Kruskal va sau d6 bang

thuat toan Prim:

bo thi G,

b)

[
X7 4 X8 2 X9

Do thi G,

5.16. Tim h¢ chu trinh doc lap cua cac dd thi cho trong bai tap 5.15

5.17. Tim ciy khung nho nhét ctia do thi ¢6 ma tran trong sd sau.

X, X,
x, [. 16
X, (16 .
x; |15 13
X, |23 33
xs |19 24
Xe [18 20
X, (32 19
Xg |20 11

X3
15
13
13
29
21

20
19

X4
23
33
13
22
30

21
12

Xs
19
24
29
22
34
23
21

X6
18
20
21
30
34
17
14

X7 Xg
32 20]
19 11
20 19
21 12
23 21
17 14
.18
18 |
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5.18. Cho do thi ddy da G c6ndinh 120, 1,2, ..., n — 1. Tim cdy khung nho nhat cia G
néu trong sd clia cdc canh Ia:

a) 14,j) =i —jl; b) 1(,j) =i+]

Hay vé& cu thé cdc ciy khung tim dugc.

PAP SO

5.1. S dinh t6i da (y mfrc ilam' (0<i<h)= s dinh ti da ctia cAy m-phén c6 chiéu cao

h la: Zm =y

5.2. n- k.
53. a) abdgecfhik; dgbeacihkf; gdebikhfca.
5.4. duyét theo hdquthutu: DEB GF C A.
55.a) AB-C*DE*+; b) abcd—*+e+; ¢) xyzt2”/+u-*
d) 23+41+*32-4*1+*/22"32*%4+437A32%_ [+,
5.6. a) 140; b) 18; c¢) 38; d) 32
5.8. a),c), d): La ma tién t6; b) Khong phai ma tién t6
5.10. a) Mot trong cdc mala: a: 0010; b: 10; c: Ol; d: 1100;
e: 000; f: 111; g 0011; h: 1101.

5.13. La do thi lién thong.
5.14. C6 5 thanh phan lién thong, trong d6 c¢6 4 thanh phan, mdi thanh phan chi gom mot
dinh duy nhat, d6 1a : 13: 17: 19; 23.
5.18. a) Cay khung la duong nbi lan luot cic dinh 0, 1,2, ..., n— 1.
b) Cay khung Ia duong nbi dinh 0 v6i céc dinh 1,2, ..., n— 1.

CAU HOI ON TAP CHUONG 5

1. Dinh nghia cdy va rimg. Phat biéu va ching minh cdc tinh chat cia ciy.

2. Pinh nghia cay c6 gbc. Thé nao 1a dinh trong? 1 14? mic ciia dinh? chiéu cao ciia ciy?.
Néu mbi quan hé giita cic dinh cua ciy c6 goc.

3. Dinh nghia cAy m-phdn, cdy m-phan day dii. Trinh bay cdc thudt todn duyét cdy nhi
phan va L'l:ng dung dé xay dung ky phap nghich dao Ba lan.

4. Mai tién t6 1a g1‘7 Ciach xay dung va kiém tra mi tién t6? Trinh bay thuét todn Huffman
dé xay dung ma tién t6 t6i uu.

5. Thé nao 1a cay khung ctia mot don dd thi? Piéu kién can va du dé mot don d6 thi c6 cay
khung? Céc thuét todn tim ciy khung ctia mot don do thi.

6. Thé nao 1a cAy khung nho nhat ctia mot don d6 thi? Trinh bay thuat todn Prim va thuat
todn Kruskal tim cdy khung ctia mot don d6 thi.
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CHUONG 6
MOT SO BAI TOAN TOI WU TREN PO THI

1. Bai toan duong di ngan nhat trong do thi

1.1. Puong di ngan nhat trén d thi khong trong s6

1.2. Thuat toan Dijkstra tim duong di ngén nhat trong d6 thi c6 trong s6
2. Tam, Ban kinh, Puong kinh cta do thi
3. Mang va Ludng

3.1. Céc khai niém

3.2. Baitoan luéng cuc dai

3.3. Thuat toan Ford-Fulkerson tim ludng cuc dai
4. Bai toan du lich

4.1. Phét biéu bai todn

4.2. Thuat todn nhanh can gidi bai toan du lich

Mot trong cdc tmg dung cua db thi 1a giai cac bai todn tdi wu. Trong cdc chuong trudc
ching ta dd dé cip dén mot sd bai todn nhu vay, chang han bai todn ma Huffman hay bai
todn ciy khung nho nhat. Chuong nay dé cap dén mot s6 bai todn téi uu khic duge giai
nho 1y thuyét db thi.

1. Puwong di ngan nhat trong do thi

C6 nhiéu bai toan duoc md hinh hoa bang dd thi ¢é trong s6. Do 1a cac d6 thi ma
mdi canh ctia né duoc gan mot s6 thuc. Chéng han mot mang giao thong dudng bg, trén do
mdi cung dudng (canh cua dd thi) duge gan s6 chi khoang céach gitra 2 dia diém (2 dinh
ctia d6 thi). Hodc mot mang may tinh, gilta cAc mdy c6 thé ghi thoi gian truyén thong tin
chang han. Nhing d6 thi c6 trong s6 nhu vay can quan tim dén cac dudng di tir dinh x dén
dinh y sao cho tong céac trong sO ctia duong nay 1a nho nhat, ngudi ta goi d6 1a duong di
ngan nhat tir x dén y.

Néu céc canh cua do thi déu c6 trong s6 bang 1 thi khong can ghi trong sé ndy 1én cac
canh, va dé cho tién, cac do thi nhu vay dugc goi la dd thi khong trong s6. Khi do duong di
ngin nhit chinh 1a tong s6 canh trén dudng di do.

Cic thuét todn tim duong di ngan nhét trong d6 thi déu dua trén co s gdn nhin cho
cdc dinh cta d6 thi

1.1. Puwong di ngin nhit trén dé thi khong trong sb

Gia st can tim duong di nga‘in nhét tir dinh x cho trudc dén moi dinh con lai cua do thi
G = (X, U) v6 hudéng, c6 huéng hoac hon hop, khong trong s6. Khi d6 can thyc hi¢n céc
budc sau:
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Buécl. Budc co sé — Gan nhan (dénh s6) cho cac dinh cua d6 thi.
Danh sb 0 cho dinh x.
Néu dinh x da dugc gn nhén 12 k thi gdn nhan k+1 cho moi dinh y chua dugc gin
nhin ma (x,y) 12 mot canh hodc mot cung tuy theo dd thi 1a v hudng hay c¢6 hudng.
Nhu vay, goi A(k) 1a tap hop cac dinh dugc gan nhan k (k = 0,1,2,...) thi:
Ak+l)={ye X | ygAQ@l),1=0,1,...k va 3xe A(k) sao cho (x, y)e U }
Do db thi 1 hitu han nén sau mot s6 hitu han budc moi dinh cua dd thi duoc gan nhan.
Vi¢c gian nhan cho cac dinh cua dd thi duoc hoan thanh.
Budre 2. Xac dinh duong di ngan nhat.
Gia sir dinh y nao d6 ciia d6 thi dugc gan nhin m, khi d6 c6 dudng di gdm m cung tir x
dén y, (va do d6 m 1 d6 dai duong di ngan nhat tir x dén y). Tt ca cac duong di ngin nhét
nay la day cac dinh X,ym_1, Ym-2, ---» y1, ¥; trong d6 yn_i€ A(m—1i),i=1,2,...,m— 1.

’ Thi du." Tim dudpg di ngan x2(1)  x32)  x4(3)  Xs5(4)
nhat tr x; dén xg ciia d6 thi ¢ hinh 1.
Budc 1. Tacé: X1Z \ 62&£(N.X8(4)
AO) = {xi} \/ / \
A(l) = {x2, X6}
AQR) = {x3, X10} Xo(3)  x102) X)) x4
AB3) = {X4, X9, X11} Hinh 1

A4) = {Xs, Xg, X12}

Buoc 2. Pinguogce tr A(4) ve A(0), ta c6 cac duong di can tim la:
X1 X2 X3 X4 X8 5 X1 X6 X3 X4 X8 5 X1 X6 X10 X7 X8 ; X1 X2 X3 X7 X8, ...
Tat ca cac duong di nay déu c6 do dai bang 4.

1.2. Thuit toan Dijkstra tim dwong di ngin nhit trong do thi c6 trong sb

Xét d6 thi don v6 hudng, ¢6 hudng hoic hdn hop lién thong G = (X, U). Mdi canh
(cung) ue U duge gan twong tng mot s6 khong am d(u) goi 1a trong s6 ca u.

Gia str x, y 1a 2 dinh cuia d6 thi G. Dat D(x,y) 1a tap hop tat ca cac duong di tir x dén y
va Vae D(x,y), dai luong (o) = Zd(u) goi la trong sb hay do dai cua duong o.

ueo
Duong di 0 théa man:
1(0p ) = min {l(a) | @ € D(x,y) }

dugc goi 1a duong di ngan nhét tir x dén y.

Thuét toan Dijkstra sau ddy cho phép tim cac duong di ngan nhat tir mot dinh x cho
trude dén moi dinh cua dd thi c6 trong $6 G = (X,U).
Buéc 1. Budce khoi gan trong s6 cho cac dinh. (Ky hiéu m(x) 1a trong s cua dinh x).
binh x dugc gan trong s6 b?mg 0, m(x) := 0. Céc dinh khéac cua dd thi dugc gan trong
s6 1a mot s6 duong di 16n sao cho nd 16n hon tat ca cac trong sd ciia moi duong di tir x dén
dinh d9o, cu thé co thé gan m(x;) := oo, VX;€ X, Xj # X .
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Buée 2. Cac bude lap dé giam trong sb cac dinh.

Gia st dinh v dugc gén trong s6 m(v).

e Néu tim duoc dinh z ké véi v ¢6 trong sé m(z) thoa man m(v) + d(z,v) < m(z) thi
thay trong ) m(z) béi m’(z) = m(v) + d(z,v).

e Néu khong tim dugc dinh z ké véi v thoa man m(v) + d(v,z) < m(z) thi trong )
m(z) dugc gitt nguyén.

Qua trinh duoc tiép tuc cho t61 khi trong s6 cua tat ca cac dinh trong dd thi G dat cuc

tiéu, tirc 1a Vve X, Jze X , z ké voi v sao cho m(v) + d(z,v) < m(z).

Theo thuat todn nady, trong s6 ctia duong di tir x dén y chinh 1a trong s ctia dinh y va
no 1 d dai duong di ngan nhat tir x dén y.
That vay, xuat phat tir dinh y, tim tat ca cac dinh ké véi y, chang han d6 1a dinh y,
thoa man:
d(}’k, y) = m(y) — m(yx)
Tu dinh yy, tim céc dinh yi _; ké v6i yi thod man:
, dly-1, yi) =m(yi) — m(yx-1)
Qua trinh tiép tuc cho dén khi veé tdi dinh y; ké vdi dinh x va ta co:
d(x, y;) = m(y;) — m(x), trong d6 m(x) = 0;
Duong di theo thuat toan la:
O = (X, Y15 Y25+ 4> Yk~ 1> Yk» ¥)
va: 1) =d(x,y1) + d(y1,y2) + ... + d(yk-1,yx) + d(yk.,y) =
= [m(y)- m(x)[+[m(y2)- m(y)] + ... + [m(yr) — m(yx - )]+[m(y) — m(y)] =
= m(y) —m(x) = m(y).
Gia suir c6 duong di khac tir x dén y: B=(X, 21,20, ..., Ze 1, Zs, Y).
Khi d6 theo budc 2 cia thuat toan ta cé cac bat dang thuc:
d(x,z1) 2 m(z)) — m(x) = m(z;)
d(z1,20) =2 m(z2) — m(zy)

d(z;-1,20) 2 m(z) —m(z;_ 1)
d(zr,y) =2 m(b) — m(z,)
Cong vé voi vé cua cac bat dang thire trén duoc:
1B) = d(x,z1) + d(z1,22) + ... + d(z,y) > m(y) = (o)
Vay o 1a dudng di ngan nhat tir x dén y.

Co6 thé tom tat thuat toan Dijkstra nhu sau:
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Procedure Dijkstra;
Input: G =(X,U) dd thi lién thong, G ¢o6 céc dinh x, xy, ..., X, va trong $b d(x;,xj)20, x
1a dinh xuét phat;
Output: Céc duong di ngan nhét tir x dén céc dinh xy, Xo, ..., X, va d0 dai cdc duong di
do;
Begin
{Budc khoi tao trong s6 cac dinh)
fori:=1 ton do
begin
m(x;) :=e0;  m(x) :=0;
Truoc(x;) :=x;
{Truoc(x;) la dinh dirng ngay trude dinh x; trong duong di tim dugc}
end;
S:=X\{x}; {Slatap dinh cé nhan tam thoi}
Truoc(x) :=x;
{Budc lap, giam trong sb céc dinh}
while S # J do
begin
y := dinh thudc S c6 trong s6 nho nhit;
S :=S\{y}; {Cé dinh nhan cta dinh y}
for tat ca cac dinh z thuéc S {Gén nhan lai cho cdc dinh trong S}
if m(v) +d(v,z) <m(z) then
begin
m(z) :=m(v) + d(v,z);
truoc(z) :=v;
end;
end;
End;

Thi dy 1: Tim duong di ngan nhat tir dinh A dén céc dinh con lai ciia d6 thi cho trong
hinh 2a.

B 2 C
2 2 4 3 \2
Ad 4 E H
1 3 7 /6
5
F G
Hinh 2a Hinh 2b
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Két qua tinh todn duoc trinh bay thanh bang. Trong bang, quy udc viét nhan cia dinh
y ¢6 hai thanh phan 1a m(y), trudc(y) trong d6 trude(y) 1a dinh dimg ngay trude dinh y
trong duong di dang tim kiém. Trong mdi budc 1dp dinh danh dau * 1a dinh dugc ¢b dinh
nhan trong budc do6.

Budc 1ap |Dinh A |Dinh B | Dinh C | Binh D | Dinh E | Dinh F | Dinh G | Dinh H

Khéitao | 0,A° | wA | A | wA | A | oA | ©A | A
1 - 2.A oo A oo,A oo A 1,A* oo,A oo A
2 - 2A* | 4B |4BUF| 6B - 6F | oA
3 - - 4B |4BUF*| 6B > 6F | 6C
4 - - 4,B* - 6.B - 6,F 6,C
5 - - - - 6,B* - 6,F 6,C
6 - - - - - - 6,F* | 6,C
7 - - - - - \ - 6,C*

Tir d6 cic dudng di ngdn nhat tir dinh A dén cic dinh 1a:
AB (dd dai 2); ABC (d6 dai 4); ABD hodc AFD (d6 dai 4);
ABE (d6 dai 6); AF (@6 dai l); AFG (d6 dai 6);

ABCH (do dai 6). .
C6 thé minh hga cidc dudong di nay bang hinh vé& (Hinh 2b),

Thi du 2: Tim duong di ngén nhat tir dinh a dén cdc dinh con lai ctia do thi cho trong
hinh 3a.

b, -~ C “a_ g

° — >

a d f
Hinh 3a Hinh 3b

Ciing nhu thi du 1 cdc két qua tinh todn dugc trinh bay trong bang sau:

Budc 1ap | Dinh a | Dinh b | Pinh ¢ | Dinh d | Pinh f | Dinh g
Khoi tao 0,a 00,2 o,a o0,a o0,a o0,a
1 - 1,a* 0,2 o0 a 03 03
2 - - 6,b 3,b* 00,8 5,b
3 - - 4,d* - 6,2 5,b
4 - - - - 6,2 |5buck*
5 - - - - 6,g%* -
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Céc duong di can tim 1a:
ab (do dai 1); abdc (d0 dai 4); abd (d0 dai 3);
abdcgf hoac abgf (d¢ dai 6); abg hodc abdcg (d¢ dai 5); (Hinh 3b).

Do phirc tap ctia thudt toan Dijkstra qua cac phép cong va phép so sanh 1a O(n?).

That vay. Trude hét thuat toan dung khong qud n — 1 bude lap dé thay doi trong sd cac
dinh ttc 14 dé bét cac dinh trong tap dinh S. SO phép toan trong mdi bude 1ap khéng qua n
— 1 phép so sanh va khéng qua n — 1 phép cong dé thay ddi trong s6 cac dinh thudc tap S.
Vay mdi budc lip dung khdng qua 2(n — 1) phép cong va phép so sanh. V&i n — 1 budce lip
thi s6 phép cong va phép so sanh la khong qué (n — 1)2(n - 1) = O(nz). D0 phtic tap cua
thuat todn la d§ phuc tap da thuc bac hai.

2. Tam, Ban kinh, Pwong kinh ciia do thi
Xét dd thi vo hudng co trong ) duong G = (X, U). Véi moi x, ye X, goi D(x,y) 1a tap
hop tat ca cac duong di don nbi giita x va y. Dat:
‘ d(x,y) = min { 1(8) | B € D(x.y)}
Pong thoi quy udc:
d(x,x)=0;
d(x,y) = oo, néu giita x va y khong lién théng (khdng c6 duong di giira x va y).
bai luong d(x,y) goi la khoang cach hay do Iéch gitra dinh x va dinh y.
D@ thdy cac tinh chat ctiia khoang cach d(x,y):
e dx,y)=0, Vx,yeX; d(x,y)=0 & x=y.
e d(x,y)=d(y,x), Vx,yeX.
e Thoa mén bt déng thirc tam giac: d(x,y) + d(y,z) >d(x,z), Vx,y,z € X.
DJ 1éch tai dinh xpe X, ky hi€u a(xp) dugc dinh nghia la:
o(xg) = max{d(xo,y)}

yeX
D@ thiy: a(xy) =maxs  min {1(B)}
yeX [BeD(xp.y)

Dinh nghia:
Do 1éch nho nhat cta cic dinh ciia do thi goi 1a ban kinh ctia do thi. Ky hiéu ban kinh
ctia d6 thi G 1a r(G), ta c6:
r(G) = min {o(x) | xe X}
Céc dinh tai d6 do 1éch dat ti thiéu goi 1a tim ctia do thi.
Do dai cia duong di don dai nhét ¢6 trong do thi goi 1a duong kinh ciia db thi.

Noi cach khac: Dinh y, goi 1a tAm ciia do thi néu a(y,) = min {oux)}. Khi do s6
X €
0l(yo) goi 13 ban kinh ctia dd thi va sé d= max {1) | Pe D(x,y)} goi la dudng kinh cua

x,ye X
do6 thi.
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Chii y :
e Néu d6 thi c6 dinh biét lap thi n6 khong c6 tam.
e Nhitng dinh c6 d6 léch d6i véi tam dat tdi da duoc goi 1a cac dinh ria cua do thi.

Thi dy: Xét d6 thi trong hinh 4.
Str dung thuat todn Dijkstra tim dugc duong
di ngan nhat tir dinh x; dén céc dinh con lai la:
1(x1,x2) =5; 1(x1,x3) =5; 1(x1,x4) =4 7 11
Vay dg léch cua dinh x; la: o(x;) =35;
Tuong tu, d Iéch cic dinh con lai 1a: X3
a(xz) =7; o(x3) =8; oUx4) = 8.
Tir d6 thay rang x,; 1a tim cta do thi va ban
kinh ctia d6 thi bang 5 .
Puong kinh cua dd thi: do =25 (d6 1a d6 dai cua duong di x1x,X3X4).

X 1 X4

Hinh 4

3. Mang va Luodng
3.1. Cac khai niém
a Mang
Mang (con goi 1a mang van tai) 1a mot dd thi G = (X,U) ¢ hudng, khong c6 khuyén,
trong d6 c6 duy nhat mot dinh khéng c6 cung di vao goi 1a dinh vao (con goi 1a diém phat)
va ¢6 duy nhat mot dinh khong c6 cung di ra goi 14 dinh ra (con goi 1a diém thu), dong thoi
trén moi cung u = (x,y)e U c6 gdn mot s6 khong am c(u) = c(x,y) goi 1a kha ning thong
qua cua cung u.
Sau day ky hiéu dinh vao cia mang la xo va dinh ra la z.
Va quy wédc: Néu khong cé cung tir x dén y thi c(x,y) = 0.
V61 moi xe X, ky hi¢u:
Tap cung di vao x 1a U7 (x), tic 1a tp cung ¢ diém cudi 1a x.
Tap cung di ra khoi x 1a Ut (x), trc 1a tap cung c6 diém dau 1a x.
b. Ludng

Xét mang G = (X,U), nguoi ta dinh nghia:
Ham ¢ : U — R gan cho mdi cung u € U mot s6 thuc khong am @(u) dugc goi la
ludng (con goi 1a ludng van tai) cia mang G néu n6 thoa man cac tinh chat sau:
1) Luong vat chét trén mdi cung khong vuot qua kha nang thong qua cta cung do:
0< o) <c(u, YuelU
2) Luogng vat chét dua vao mdi dinh béng luong vat chét dua ra khoi dinh do:
Z(p(u) = Z(p(v) ,  VxeX, X#Xg, X #Z.
uwelU ™ (x) veU T (x)
Tinh chat nay dugc goi 1a didu kién cin bang ludng.
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3) Tir tinh chat 2 ta suy ra:
Do = Y oW = val(o)

ueU +(x0) veU (2)

DPai luong val(@) goi 1a gia tri luéng ¢ (con goi la luéng qua mang hay cudong do
ludng o).
Gia st A < X va ky hiéu:
U~ (A) 1a tap cung c6 diém cubi thudc A nhung diém dau khong thude A va goi la
tap cung di vao A
U ™" (A) 1a tap cung c6 diém dau thudc A nhung diém cudi khong thudc A, goi la
tap cung di ra khoi A.
DPéi véi tap cung M c U, dai lugng (M) = Z(p(u) duoc goi la luéng cua tap cung M.
ueM
Tir diéu kién 2 cta dinh nghia ludng, suy ra:
Néu ¢ 13 ludng ctia mang G = (X,U), thi d6i véi moi A < (X \ {xo, z}) déu c6:
o(U™(A) = ¢(U"(A))
3.2. Bai toan ludng cuwc dai
Phdt biéu bai toan: Cho mang G = (X,U). Hiy tim luéng ¢ sao cho gi4 tri ludng
val(¢) dat cuc dai.
Dé giai bai toan nay, trude hét can tim hiéu mot s6 khai niém.
a. Lat cit

Lat cat (A, A’) 1a mot phan hoach tap dinh X ctia mang thanh hai tdp A va A’ = X \ A,
trong do dinh vao xoe A va dinh ra ze A’. Dai luong:

c(AA) = D cw) = Dlcxy) = e

ueU™ (A") XxeA veUt(A)
yeA'

dugc goi 1a kha ning thong qua lat ct.

Thiét dién 12 tén goi khéc cua 14t cit.

Lat cat c6 kha nang thong qua nho nht goi 13 14t cat hep nhat.

Tir dinh nghia lat cat va kha ning théng qua ctia né nhan thay rang: Mdi don vi hang
hoa duoc chuyén tir dinh vao xo dén dinh ra z it nhat ciing phai mot 1an théng qua mot cung
nao d6 cua lat cat (A,A’). Vi vay du ludng ¢ va thiét dién (A,A’) nhu thé nao di nita thi
van thod min quan hé:

val(@) < c(AA”)

Tur @6 thdy rang: Gid tri luong cuc dai trong mang khéng vieot qud khd ndang thong
qua cua lat cdt hep nhat.

Ngudi ta da ching minh dwoc rang: Gid tri luong cuc dai bang kha ndng thong qua
ciia ldt cdt hep nhat:
val(Qmay) = ¢(B, B') vdi (B, B') 1a 14t cét hep nhat.
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b. Ludng day

Cung u trong mang van tai G véi ludng ¢ dugc goi 13 cung bao hoa néu @(u)=c(u).
Ludng ¢ ctia mang G dugc goi la ludng day néu moi duong di tir dinh vao xo dén dinh
ra z déu chira it nhat mot cung bao hoa. Nguoc lai néu ton tai it nhat mot duong di tir dinh
vao X dén dinh ra z ma moi cung ciia dudng di d6 déu chua bio hoa thi luéng tuong tng
goi 1a ludng chua day.
Néu ludng ¢ trong mang G chua day thi nhat dinh tim dugc duong di o tir dinh vao xo
dén dinh ra z khong chira cung bio hoa. Khi d6 ¢6 thé ting ludng ¢ thanh ludng @;(u) véi:
¢i(u) = Ou)+p, néuueo
¢1(u) = @), néu ug o,
trong d6 p = min{c(u) — d(u)}.
ue

D@ thiy @, cling 1a mot ludng va gia tri ciia nd 1a: val(@;) = val(@) + p > val(@).

Nhu vay, d6i voi ludng khong day c6 thé nang gi tri clia n6 1én va nang cho t6i khi
nhan dugc ludng day.

Tuy nhién, thuc t& cho thiy c6 thé c6 ludng day nhung chua dat dén gid tri cuc dai.
Boi vay can phai ap dung thuat toan Ford — Fulkerson sau diy dé tim cua ludng cuc dai.

3.3. Thuit toan Ford-Fulkerson tim ludng cwe dai

Trudc hét xét khai niém xich: Xich trong mot do thi c6 hudng 1a mot dudng di trong
d6 thi v6 hudng twong tng véi do thi da cho. (D6 thi vo hudng ¢ dugce tir @6 thi 6 hudng
bang cich bo di chidu ciia cic cung dugc goi la do thi vo hudng twong Gmg véi dd thi c6
hudng da cho).

Thuat toan gdm cic budc:

Buoc 1. Gan nhan cho cédc dinh ciia mang.

binh vao x¢ dugc gan nhan 1a 0.

1) Néu dinh x; da duoc gan nhén thi dung chi sd +x; dé gén nhan cho moi dinh y
chua duoce gan nhan néu ¢ cung tir x; dén y va cung nay chua bao hoa, nghia 1a danh dau
cho moi dinh y thod man:

(xi,y) € Uva @(xiy) < c(Xiy)

2) Néu dinh x; dd dugc gan nhén thi dung chi s6 — x; dé gan nhin cho moi dinh y
chua dugc gan nhin néu c6 cung tir y dén x; va ludng cila cung nay duong, nghia 1a gin
nhan cho moi dinh y thoa man:

(y,xi) € U va o@(y, x;) >0

Néu v6i cach gén nhin nay ma gan nhin dugc dinh ra z thi trong mang G ton tai mot
xich o tir xo dén z c6 moi dinh duge gan nhan theo chi s6 cua dinh trude d6 (chi khac nhau
vé dau). Khi d6 chic chéin nang duoc gia tri cua luéng. Goi xich o tim duogc theo thuat toan
1a xich ting ludng (hinh 5).
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~~~~~ O—r O @@ O=0

Hinh 5. Xich ting ludng

bpé thuan tién cho viéc st dung thuat todn. Chiing ta goi cdc cung cua xich o cung
chiéu voi duong di tir dinh vao xo dén dinh ra z 12 cung thuan, con cic cung ngugc chiéu 1a
cung nghich. Chang han trén hinh 5, cung (x;,y;) 12 cung thun, cung (y2,Xj) 1a cung nghich.

Chi ¥ rang duong ting ludng dugc dinh nghia trong muc ludng day ciing 12 mot xich
tang ludng gém toan cic cung thudn.

Buée 2. Néu tim dugc xich ting ludng o thi ¢6 thé nang gia tri ctia ludng @ thanh
ludng @; nhu sau:

- Véi moéi ue o, dit:

{c(u) —@(u), néuu lacung thuan
m(u) =
o(u), néu u la cung nghich
va: p=min { m(u) luea }.
Khi dé:

- Néu ug o thi dat: @;(u) = @(u);

- Néuueavaula cung thuan thi dat: @;(u) = @(u) + p;

- Néuueovaula cung nghich thi dat: ¢@;(u) = @(u) — p.

Dbi voi @ ca 3 didu kién cua ludng déu thoa man nén @, ciing 1a mot ludng va ta co:

val(@) = val(e) + p

Nhu vdy ta da nang gia tri cta ludng thém p don vi.

Buée 3. Lip lai cdc bude 1 va 2 dén khi duge ludng @, khong thé gan nhin duoc dinh
ra z thi qué trinh nang gia tri ludng két thic va @, 1a ludng cuc dai dong thoi val(e,) 1a gid
tri cta ludng cuc dai. Vi kha ning théng qua ctia cac cung 13 hiru han nén qué trinh phai
dirng sau mot s6 hitu han budc.

Goi A 1a tap dinh da duoc gan nhan (trong truong hop khong thé gin nhan duoc dinh
ra z, tirc 1a qua trinh nang luéng két thic) va A' = X \ A thi (A,A") 1a mét trong céc lat cat
hep nhét ctia mang.

Thi du: Cho mang van tai nhu hinh 6 véi kha nang thong qua cta cung dugc ghi trén
céc cung va ludng ban dau dugc ghi trong dau ngodc don .
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)
Il

X1(+Xo) 3(1) Xs(+x1)

3) “)
4(4)

Ko 1009) gxs)

42) 12(
5(2)

X4 2(2) X7
Hinh 6

Ludng ban dau la:
{0(x0,X1), 9(X0,X2), O(X0,X3), P(X0,X4), P(X1,X5), P(X1,X6), P(X2,X5), P(X2,X6), P(X3,X6),
P(x3,X7), P(X4,X6), P(X4,X7), P(X5,2), P(X6,2), P(X7,2)} =
{5,5,3,4,1,4,3,2,1,2,2,2,4,9,4}.
val() = D o(u) = O(X0.X1) + P(X0.X2) + P(X0,X3) + P(X0.Xg) = 5+5+3+4 = 17
ueU* (x¢)
Budc lap 1: Dinh x¢ dugce gan nhan 0, céc dinh x; dugc gan nhan +xo vi cdc cung

(xo,xl) chua day Tlep theo cung (X1,X5) chua day nén dinh x5 dugc gén nhan +x;. Pinh z
ké v6i x5 va cung (x5,z) chua day nén z dugc gan nhan +xs (hinh 6). Do dinh ra da duoc

gén

nhan nén c6 thé két thdc viéc gan nhin cho cdc dinh va duoc xich ting ludng oy:

X0X X5z gdm toan cdc cung thun nén né ciing 13 duong tang ludng (hinh 7).

15 .4 31 o 64

@ ®
X0 X1 X5 Z
Hinh 7
3(3) X5
4(3)
44)

z(+x7)

&a(+x3) 10(9)

XQ(O
X3(+ (1
8(4) 4(2)
2)

X4(+Xo0) 2(2)
Hinh 8
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Tacé py=min{7 — 5,3 — 1, 6 —4} =2, vi thé ¢ thé ning ludng ¢ clia cic cung cua
duong nay thém 2 don vi va dugc ludng @, (hinh 8):
01=1{7,5,3,4,3,3,4,2,1,2,2,2,6,9, 4}; val(¢,) =val(¢) +2=19

Buoc lgp 2: X6a cac nhan da gan, gdn nhan maéi cho cdc dinh (hinh 8) dugc xich tang

ludng o: XX3x7. Xich 0 cling toan cung céc cung thuan (hinh 9).

5(3) o 3(1) o 10(9) .
X0 X3 X6 Z

Hinh 9

Tedép,=min{5-3,3-1,10-9} =1. Lu6ng ¢; duoc nang thém 1 don vi thanh
ludng @, (hinh 10).
0 ={7,54,4,3,3,4,2,2,2,2,2,6, 10, 4}; val(g,) = val(¢,) + 1 =20

303) Xs

Xo 4)
o 10010) g@xy)
x3(0)
(2) 12(
2)

X4 2(2) T X7(+x3)
Hinh 10

Buoc lgp 3: Xb6a cdc nhan da gan va gan lai nhan cho cidc dinh (hinh 10) dugc xich

tang ludng 03: XoX3X7z gdm toan cung thuan (hinh 11).

54) L, 52, 12(4)
X0 X3 X7 z

Hinh 11

Xich o3 cho phép nang ludng ¢, thém 1 don vi (p3 = 1) va dugc ludng @3 (hinh 12):
©03=1{7,5,5,4,3,3,4,2,2,2,3,2,6, 10, 5}; val(g;z) =val(gy) + 1 =21
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X1 3(3) X5

4(3)

&e(+xq) 10(10)

X3(= 2
4(2) 12
3)

X4(+X0) 2(2) x7(+X3)

Z(+x7)

Hinh 12

Buoc lap 4: X6a cdc nhan da gén va gan lai nhan cho cidc dinh (hinh 12) dugc xich
tang ludng Ou: XoX4XeX3X7z, trong d6 cung (hinh 13).

. 8(4) o 4(2) . 3(2) - 5(3) o 12(5)
X0 X4 X6 X3 X7 Z

Hinh 13

Taco: ps=min{8-4,4-2,2,5-2,12-5} =2.
Xich oy cho phép nang ludng @3 thém 2 don vi va duoc ludng @4 (hinh 12):
©0s=1{7,5,5,6,3,3,4,2,0,4,5,2,6, 10, 7}; val(@s) = val(¢3) +2 =23

3(3)
4(3)
: 4)
xo(0 10(10)
8(6) 12
xi#x0) | 20 %
Hinh 14

Tiép theo chi c6 thé gdn nhin dugc dinh x va dinh x4 vi cdc cung khéc di ra khoi xg
va moi cung di ra khoi x4 dd bdo hoa. Vay qué trinh ning ludng két thic, va dugc ludng
cuc dai:

(Pmdx (P47 Val((Pmdx) Val((P4) 23.

Vi buée cudi cing chi gdn nhan duoc cho cic dinh xo va x4 nén lat cat hep nhat 1a
(ALA) vo1 A={x0,x4} va A" = {X1,X2,X3,X5,X6,X7,2}. RO rang c(A,A") = c(Xo,x1)+c(X0.X2) +
c(X0,X3) + ¢(X4,Xg) + C(X4,X7) = 7+5+5+4+2 = 23, nghia 1a val(@pax) = c(AA).
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Chii thich: Bai todn mang va ludng ¢ thé c6 nhiéu 14t cit hep nhat, chang han 14t cat
(B,B’) v61 B = {x0,X1,X2,X3,X4,X5,X6 } cling 1a 14t cat hep nhat trong thi du trén.

4. Bai toan du lich
4.1. Phat biéu bai toan

Mot nguoi xuét phét tir mot thanh nao d6 trong n thanh phd dwoc ddnh s 1, 2, ..., n
dé di tham n —1 thanh phd con lai, mdi thanh phd ding mot 1an rdi tro vé thanh phd xuat
phat. Hoi phai chon hanh trinh theo thr ty nao dé tong chi phi 1a it nhat, biét chi phi di tir
thanh phd i dén thanh phé j 1a c;; (i, j = 1, 2, ..., n; c;; va c;; khong nhét thiét bang nhau).

R& rang mdi hanh trinh nhu vay 13 mot hodn vi (a(1), a(2), ..., o(n)) cta n sd ty nhién
dwong dau tién. Nhu vay phai chon lya trong n! hanh trinh khac nhau d6 ra mot hanh trinh
t6i uu theo nghia tong chi phi 12 nho nhat. (Chd ¥ rang ¢6 (n —1)! hanh trinh thuc su khic
nhau trong n! hanh trinh, vi ¢6 thé c6 dinh mot thanh phd dé xuét phat).

M6 hinh hoa bai toan bang db thi G = (X,U) day du c6 hudng hai chiéu n dinh va ¢
trong s0. Trong d6 X = {1,2, ...,n} va Cij la trong s6 cua cung (i, j) voi ¢jj va cji Khong nhat
thiét bang nhau. Nhu vy ma tran trong so ctia d6 thi 12 ma tran vudng M= (cij) capn
khong dbi xtmg. Ma tran M duoc goi 1a ma tran chi phi. Mdi hanh trinh ctia bai todn du
lich twong tmg v61 mot chu trinh Hamilton trong d6 thi G, va phai tim hanh trinh Hamilton
ngin nhét.

Goi H 1a tap hop moi chu trinh Hamilton (hanh trinh) c6 trong dd thi. V&i moi he H ta
c6 f(h)y= Y c; la do dai cta chu trinh h va ciing chinh 12 tong chi phi cua hanh trinh

(i.jeh
tuong ung. Ham f(h) goi 1a ham muc tiéu va phai tim chu trinh hy sao cho:
f(hp) = min {f(h) | he H} (1)
Hanh trinh hy théa mén (1) dugc goi 1a phuong 4n tdi uu ctia bai todn.

D@ thay f(h) 12 tong ctia n s6 hang, trong d6 mdi hang va mdi cot cia ma tran chi phi
M c6 ding mot phan tir 1a s6 hang dé tinh f(h).

Bai todn nay dugc gidi theo thudt todn nhdnh can dudi day.
4.2. Thuit toan nhanh cén giai bai toan du lich

Y tudng co ban ciia thuat todn 1a tim kiém 10i giai ciia bai todn (phuong 4n téi wu ho)
bang cdch phan chia tap tat ca cdc hanh trinh thanh hai tdp con: mdt tdp gom cac hanh trinh
chira mét cung (i, j) nao d6 con tép kia la cac hanh trinh khong chira cung nay. Viéc lam
nay goi la phan nhanh tap hanh trinh H, moi tdp con 1a mdt nhanh hay mét nit cua cay
tim kiém. D€ cho tién, tdp hanh trinh chtra cung (i, j) duoc ky hi¢u 1a (i,j) con tdp hanh
trinh khong chira cung (i,j) duoc ky hiéu 12 (i, j). Hinh 15 12 minh hoa nit dau tién cta ciy
tim kiém.

H
(Tap tat ca cac
hanh trinh)

Hinh 15
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Sau khi phan nhédnh thi tim c¢4n dwdi cua ham muc ti€u cho mdi tap. Viéc tim kiém
dugc tiép tuc bang cich phan nhanh tap con ¢6 gid tri ham muc tiéu nho hon. Thii tuc nay
duogc 1dp lai cho dén khi tim dugc hanh trinh t6i wu hy va né chic chin sé& két thiic vi sb
hanh trinh 12 hitru han (tap H 1a tap hitu han).

Tu day cho dén hét thuat toan, ching ta ky hi€u can dudi ham muc ti€u cua tap (i,j) 1a
fmin(i,j) va cua tap (i, j) 1a f—(@,J) .

Nhu vay, k¥ thuat co ban cua thuat todn la phan nhanh va tim can dudi cua ham muc
tiéu cua cac hanh trinh.

Thuét todn duge tién hanh b?mg thu tuc rdt gon ma tran trong sO M = (cjj) cua dd thi
dugc trinh bay sau day.

a. Rt gon ma tran trong s6

Cho ma tran vudng A, néu trir cdc phﬁn tir moi hang (hodc cdt) cua A cho phén tr nho
nhat ctia hang (cot) d6 thi trong hang (cot) d6 6 it nhat mot phan tir bang khong. Phan tir
nhé nhét duoc chon cua hang (cot) goi la phﬁn to rat gon cua hang (cot) dé. Sau khi thuc
hién cac phép rat gon dbi voi tat ca cdc hang (cQt) cua ma tran A, néu con coOt (hang) nao
c6 tat ca cdc phan tir déu khac khong thi tiép tuc rit gon cot (hang) d6. Cudi ciing dugc
mot ma tran A' ma mdi hang, mdi cot ¢4 it nhat mot phan tir bang khong. Ma tran A' goi 1a
ma tran rdt gon cia ma trin A va tong tat ca cdc hang sb rit gon cia cdc hang va cla cic
cot duoc goi chung 12 hang sb rit gon ma trdn A. Sau ddy ta ky hiéu S dé chi hang s rit
gon ma tran A.

Thi du:
52 3) 2 301 0 01
A=|8 4 1| 1 —> |7 3 0| —->A '=[{4 3 0
6 4 3) 3 310 010
300

Hang s6 it gon ma tran 1a S, = 2+14343 = 9.

Do mdi hang va mdi cot ctia ma tran chi phi M chi ¢c6 mot phan tir ndm trong mot
hanh trinh du lich nén néu rit gon ma tran M thi ham muc tiéu cia moi hanh trinh déu
ciing giam di mot dai luong ding bang hang sb rit gon Sy ctia M va:

f(h) =Sy, Vhe H

Vay fimin = Sm (Sm 1a can dudi cua moi hanh trinh).

Cht y dit cjj = oo trong ma tran chi phi ban dau.

b. Thu tuc phan nhanh

Nhu da trinh bay ¢ trén, phan nhdnh Ia phan tap cdc hanh trinh thanh hai tp con (i,j)
12 tAp cdc hanh trinh chira cung (i, j) va (i, j) 12 tap cdc hanh trinh khong chira cung (i, j).
Diéu nay c¢6 nghia I sy phan nhanh dién ra tai mot trong hai dinh i hoic j. Béi vay phai
chon cip thanh phd nao c6 chi phi nho nhat dé phan nhanh. Trén ma tran chi phi rit gon
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:(9'ij) céc c{}p thanh phd dé tuong tmg véi c'ij = 0, va cdc hanh trinh chtra cung (i, j) déu
cO trién vong tot. N6i cach khéc cdc tap hanh trinh thudc tp con (i,j) s€ chtra cung (i, j) va
cac hanh trinh khong chtra cung (1, j) s€ thudc tap (TJ)

Céc hanh trinh thudc tap (TJ) khong duoc chira cung (i, j) nén c6 thé cim viéc di qua
cung nay bang cdch dit c'jj = oo va dugc ma tran chi phi Mi—j néu chon cung tiép theo cua

hanh trinh trong tap nay. Can dudi cua cac hanh trinh theo hudong nay la
f— 2 Sy +SMf.
min “

C4c hanh trinh thudc tap (i,j) ludén ludén chura cung (i, ]) boi vy c6 thé x6a hang i cot j
cua ma tran rat gon M' @é duoc ma tran Vuong gidm mat cap so véi ma tran M (vi chi duoc
phép chon & mdi hang mdi ¢t ctia M mot phén tir). Hon nita khi da di theo cung (i, j) thi
khong duoc phép di theo cung (j, 1) nita nén phai dat c'; = o dé cam di theo cung (j, i).
Cudi cting duoc ma tran vudng M;; cAp n — 1 12 ma tran chi phi cho cic cung duoc chon
tiép theo. Thu tuc phan nhdnh dugc tiép tuc khi rdt gon ma tran chi phi Mj;, va can dudi
cua cac hanh trinh chtra cung (i, j) 1a f;, = Sy + SMij X

Thii tuc phan nhanh két thic khi cip ctia ma tran M;; bang 2. Hai cung cudi cling dugc
chon truc tiép tir ma tran M cudi cung.

Van dé dat ra Ia thudng c6 nhiéu phan tir cij=0nén can phai chon phan tir ndo tirc 1a
chon cung (i, j) ndo dé viéc ré& nhanh tuong tmg nhanh dan dén phuong 4n téi wu. L& duong
nhién 12 nén chon cung nao dé c6 can dudi ting nhanh nhét. Do can duéi 1a tong céc hing
s6 it gon ctia ma trin rdt gon nén phai chon phan tir cij=0c¢o téng phan tir nho nhat cua
hang i v6i phan tir nho nhét caa cot j, trir phan tir ¢’y;, 1a 16n nhat.

¢. Thi tuc ngan chin hanh trinh con

Nhu da biét, chu trinh Hamilton 13 khong chtra chu trinh con, vi néu khong s€ c6 dinh
di qua hai lan. B&i vdy phai loai bé hanh trinh con trong qud trinh tim kiém hanh trinh t6i
uu. Phuong phép tot nhat 1a trong timg budc ciia thudt toan nhanh cin can tim cdch ngin
chin khong dé cho céc hanh trinh con ¢6 kha ning xuat hién.

Vi chu trinh con chi xuét hién khi hanh trinh c6 tir ba canh tré 18n, nén khi da chon
duoc hai cung (i, j), (j, k) thi khong dugc chon cung (k, i) vao hanh trinh, néu khong sé c6
hanh trinh con (i, j, k, 1). Diéu nay duoc thuc hi¢n b?lng cach dat c'yj = oo.

Mot cach téng quét néu da chon duoc cac dinh iy, i, ..., ix vao hanh trinh va cac dinh
nay theo thur ty tao thanh mdt duong di thi khong dugc chon tiép cung (i, iy) voi s = 1, 2,

., k— 1 bang cdch dit ¢'ys = oo trir khi (i, is) 12 cung cudi ciing duoc chon vao hanh trinh.
d. Tém tit cac buéc cia thuat toan
1. Rut gon ma tran chi phi M =(c;j) duoc ma tran riat gon M' = (c'yj). Tinh cén dudi cua
moi hanh trinh.
fmin > Sm = Héng sb rit gon ma tran M

Chii y: Trong budc lap dau tién thi f— = fuin vadatci=oco.
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2. Véi mdi phan tir ¢ = 0 dat:

Cij = Tong phan tr nho nhat ciia hang i va phan tir nho nhét cta cot j (trir clij).

Chon cung (i, j) ¢6 ©;; 16n nhat dé ré nhanh.
a) Dit c'jj = oo dugc ma tran chi phi MTj cho cdc hanh trinh khéng chtra cung (i,

j), tinh f— > f— + Hang s6 rdt gon ma trdn M~ .
min min ij

b) X6a hang i cit j cua ma tran M/, ddt c'j; = oo va dat c'ys = o0 (néu chon cung (k,
s) s€ tao thanh chu trinh con) dugc ma tran chi phi M;j cho cic chang tiép

theo cua cac hanh trinh chira cung (i, j).
fimin = fmin + Héng s rit gon ma tran M

3. Lap lai tir bude 1 d6i v6i ma tran chi phi M;; cho dén khi cip ctia ma tran M; bang
2. Hai cung cudi cua hanh trinh duoc chon truc tiép tr ma tran Mj; cudi cung. Khi

két thuc, ta c6 finin = fmin + Hang s6 rdat gon cuia ma trén cap 2 cudi.

Thi du: Giai bai todn du lich voi ma tran chi phi sau (phan tir dé tréng 12 khéng ¢

cung tuong tng, c6 thé xem phan tir d6 bang 0):

AN L AW N~

6
15
17

3

9
18

Giai: Thaycjj=oc0,1=1, 2, ..., 6 va rit gon ma tran chi phi duogc:

N A W N =

6

1 2 3 4 5
5 7 9 12
§ . 8 10 13
1512 . 9 7
8§ 18 25 . 12
10 12 14 16 .
20 16 14 12 10
1 2 3 45
o 0 2 2 7
0 o 0 0 5
12 9 o 4 4
0 10 17 o 4
0 2 4 4 oo
10 6 4 0 0

6
10

0 = O O

[ee]

Hang s6 rit gon ma tran M 1a: Sy =5+ 8 + 3 + 8 + 10 + 10 +2 = 46.

Vay, can dudi cua ham muyc tiéu cua moi hanh trinh 1a 46 (f ;, =f— = 46).

min

C69 phén tr béng 0, dola C']z, C'z], C'23, C'24, C'36, C'4], C'51, C'64 va C'65. Ta co:
C12=2+2=4,021=0+0=0,023=2,024=0,03=5,041=1,051 =2, 064 =2, G5 = 4
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Vay cung (3, 6) dugc chon dé phén nhénh. Dat ¢3¢ = co dugc ma trdn Mz, . Dat ce3 = oo,

x6a hang 3 va cot 6 dugc ma tran Mse:
1 2 3 4 5 6

1 2 3 4 5

1 (0o O 2 2 7 10
1 (0o 0 2 2 7

2 10 « 0 0 5 9
2 10 o 0 0 5

3 112 9 o 4 4 oof;

4 10 10 17 o 4 1
510 2 4 4 o

S |10 2 4 4 o 8
6 (10 6 ~ 0 O

6 \I0 6 4 0 0 o

Hing s6 riit gon ma trdn Mgz la: 4 +1=5. Vay f—(3,6) =46 +5=51.

Ma tran M3 khong phai rit gon vi né da 1a ma tran rit gon. Vay fi, khong tang, nghia
12 f14in(3,6) > 46.

1 2 3 4 5
1 (0 0 2 2 7
2 [0 © 0 0 5
M,=M,= 4 |0 10 17 o 4
500 2 4 4
6 10 6 0 0

Co8 phén to béng 0 trong ma tran M's;e 12 12, €21, C23, Co4, Ca1, Cs1, Cos VA Cos. Ta co:
C12=4,021=0,023=2,024=0,04 =4, 051 =2, Ops =2, O¢5 = 4.
C6 hai gié tri 641 va Ges ciing 16n nhit trong cdc G vira tinh nén c6 thé chon mot trong
2 cung (4, 1) hodc (6,5) dé r& nhanh. Chon cung (6, 5). Thay ces trong M's¢ bang oo dugc

ma tran Mg . Ciing trong M';¢ dat cs¢ = oo, x6a hang 6 va cot 5 dugc ma tran Mgs:

1 2 3 4 5

1 2 3 4

1 (0 0 2 2 7
1 (0 0 2 2

2 |0 o 0 0 5
; 2 10 o 0 0

Mg= 4 [0 10 17 = 4 M,, =

410 10 17 o

510 2 4 4 o
510 2 4 4

6 (10 6 o 0 o

Hang s6 riit gon cia Mz 12 4 (s0 nho nhét ¢ot 5). Vay f—(6,5) =51 +4 =55

Ma trin Mgs khong phai rit gon do vay M'ss = Mgs va fuin 12 khong ddi, nghia Ia
fmin(6,5) > 46.
Co6 phﬁn tw béng 0 trong ma tran M'ss 12 cy2, €21, €23, Co4, C41 VA C'51. Ta cO:
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612=4,021=0,03=2,004=2,0641=10vacs =2
Vay cung (4, 1) dugc chon dé r& nhanh. Thay c4; trong Mgs bang e dugc ma tran M.
Ciling trong ma tran Mgs dat c'j4 = oo, x6a hang 4 va cot 1, do cic cung (3, 6) va (6,5) da
dugc chon nén khong thé chon cung (5, 3) (néu chon cung (5, 3) s€ tao thanh chu trinh

con), vay phai dat cs3 = co dugc ma tran My;:

1 2 3 4
2 3 4
1 (0 0 2 2
1 (0 2
MzOooOO;M2 0 0
4 4 e 10 17 o 4
5 (2 o 4
5 {0 2 4 4

Hang s6 rit gon ctia My; 12 2. VAy fiin(4,1) > 46 + 2 = 48,
Hiing s6 riit gon clia M; 1a 10. Vay f—(4,1) > 55+10=65

Rt gon ma trdn My, dugc:

2 3 4

1 (0 2 o
M,= 2 | 0 0
5 0 « 2

Co 4 phén to béng 0 trong M'4; 12 cy2, €23, Co4 Va csp. Ta c6:
C12=2,013=2,04=2VvaCs5=2
Vay ca 4 cung (1,2), (2,3), (2,4), (5,2) déu c6 thé dugc chon dé r& nhanh. Chon (1,2).
Trong M4y, dét ¢j, = oo dugc M. Loai hang 1 va c6t 2 ra khdi M'4; duge Mj:

2 3 4
3 4
1 (0 2 oo
M 2 OO;M 2 (00
12 12 5 loo 2
5 (0 o 2

Hing s6 riit gon clia M 12 2. Vay f—(1,2) > 65+2=67
M 12 ma trdn vudng cip 2 nén chon tryc tiép hai cung cudi ciing ctia hanh trinh tng
v6i 2 phan tir ¢6 gid tri nho nhat cia M, d6 13 2 cung (2,3) va (5,4). Chi phi cuc tiéu 1a
fimin =48 + 0 + 2 =50.
Vay cac cung dugc chon vao hanh trinh 1a: (3.6), (6,5), (4,1), (1,2), (2,3) va (5,4). Sép
xép lai ta ¢6 hanh trinh di qua cac thanh phé 3,6,5,4,1,2,3 véi chi phi cuc tiéu 12 50. Hanh
trinh t6i wu va ciy tim kiém hanh trinh t6i uu dugc vé trong hinh 16.
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Hinh 16. Hanh trinh t6i vu va cAy phan

BAI TAP CHUONG 6

6.1. Tim duong di ngan nhét tir dinh A dén cac dinh con lai trong cac do thi sau:

a) B C D E

H K M

6.2. Dung thuat todn Dijkstra tim duong di ngan nhét tir dinh x; t6i cdc dinh con lai trong
cac do thi sau:

a)
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b)

X9 1 7

6.3. Tim dudng di ngan nhat tir dinh A t6i cdc dinh con lai trong db thi sau:

a)
A 7 B 3 C 8 D
®
3 \ 2 :
1| E 4 F 2| G 2
/ 3 / 5 J// 4
®
H 2 I 9 K 5 M
b)
A 4 B 18 C
85 12 74
32 76 25 .
D F G
28 11 8
®
H 10

6.4. Cho do thi
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a) Tim duong di ngan nhat tur x; dén x4.
a) Tim duong di ngan nhat tir x; dén x;4 c6 chtra canh xgxo.
a) Tim duong di ngan nhat tur x; dén x4 c6 chtra dinh x.

6.5. Tim duong di ngan nhat tir x, dén cdc dinh con lai trong cdc db thi sau:

a) (D6 thi vo hudng) b) (D6 thi c6 hudng)
X] X2 X3 X4 X5 X6 X7 X8
Xl Xz X3 X4 XS X6 X7 « D 13
Xl ) 3 6 ) ] . . . . . .
X2 31 . . . 4 .
X, |3 . 2 4 . . L
X . . . . .
x; |6 2 .1 4 2 3 ; .
X . . . . .
X, 41 . 2 . 4 + ;
X . N g . .
Xs 42 . 21 > ; . 5
X o N . .
X 2 .2 . 4 6 ’
X+ 41 4 ! ;
X8

6.6. Tim tdm, ban kinh, duong kinh cua cac ao thi:

a) b)
a b c

6.7. Bang thuat toan Ford-Fulkerson hidy tim ludng cyuc dai va 1at cit hep nhat cta céc
mang sau, biét ludng ban dau bang 0 va kha ning thong qua duoc ghi trén cdc cung:

R
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b)

b 12 d
[
15 3 7
a of
4 5 10
- 10
c e

6.8. B’éng thuat todn Ford-Fulkerson hdy tim ludng cuc (dai va lat ‘cét hep nhét cta mang
sau, biét kha nidng thong qua dugc ghi trén cung va ludng ban dau dugc ghi trong dau
ngodc don:

6.9. Mang véi nhiéu diém thu, phdt.
Xét mang G sau:

[60]b 30 e 20 hI50]
50 0 BO 0 (30
[40]c 40 40 o 1[40]

50 30 |20 20 30

[40]dy____30 oL 40 o k[40]
Mang G

Mang G c6 ba dinh b, ¢, d v6i kha ning cung cip 1an luot 1a 60, 40, 40 va c6 ba dinh
thu h, 1, k v6i1 kha nang tiép nhan tuong tng 1a 50, 40,40.

bé tim Iué)ng van tai cuc dai trong mang, ta bd sung vao G mot dinh phat a va mdt
dinh thu z dé dugc mang G' quen thudc nhu hinh sau:
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Bang thuét toan Ford-Fulkerson hdy tim ludng cuc dai trén mang G' (ciing 1a ludng

b 30 e 20 h
6 50 0 PO 0 (30 50
40 of 40 40 ™sli 40
0 (50 30 |20 20 PO 4
d* 30 © 40 k
Mang G'

cuc dai trén G) véi luéng ban dau béng 0.

6.10. Giai cdc bai todn du lich v6i cidc ma tran chi phi sau:

a)

1

2

3

[©)N\e]

I O N
© W W
< o -

14
20 9
16 15

m o Q w »
<

6.2. a) 1(xix») =4;

1(x1x7X8X3X6) = 9 hodc (x1x7X¢) = 9;
b) 1(x1x5x2) = &;

4
7
5
6

15
14

1(X1X5X6) = 13,

1(X1X5X10X9) = 11;
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D E

8 8
10 15

13

b)

d)

PAP SO

1(x1x7x8X3) = 6;

1(x1x7x4) = 7;

o aw»

AN L A W N~

1(x1x7) = 2;

1(x1x5X2x3) = 13;

1(x1X5X2X7) = 14;
1(x1x5X10) = 10;

1(x1x4) = 9;

A B C D

9

12 6

15
11

N W R A -
AW N =

8
10

O I N RN

N L -

A W B~ O W

~ L B~ N W o\

1(x1x7X6Xs5) = 12;

I(x1x7xg) = 3.

I(x1X5X2X3Xg) = 16;
1(x1X5x10X11) = 17.

1(x1x5) = 6;
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6.3. a) (AHEB) =6; 1(AHIFC) =9; I(AHIFCKGD) = 16; 1(AHE) = 3;
I(AHIF) =7; I(AHIFCKG) =14; 1(AH)=1; I(AHI) = 3;
I(AHIFCK) =11; 1(AHIFCKM) = 16.

b) I(AB) = 4; I(ABC)=22; L(AD)=85; I(AE)=6; 1(AEF)=82;
1(ABCG) =34; 1(ADH)=113; 1(AE)=39; 1(AEIK)=51.

6.4. a) X1X6X5X8X10X11X14 , hOéC X1X6X5X8X10X13X14 -« I= 25,

b) X|X6X5X9X8X10X11X14 , hodc  X;XeX5X9XgX10X13X14 ,
hOé.C X1X6X0X8X10X11X14 » hOElC X1X6X0X8X10X13X14- 1=31;
C) X1XeX5X8X7X10X11X14- 1=27.

6.5. a) 1(xox1) =3; 1(x2x3) =2; 1(X2x3X4) =35 1(X2X3X4X5) = 5;

1(x2x3%6) = 4;  1(X2X3X4X5X7) = 6.
b) 1(x2xs5xex1) =95 1(XaXsXeX4X3) = 18;  1(XoxsXeXq) = 155 1(x2x5) =4;
I(x2x5X6) =7; 1(X2X5XeX7) = 12;  1(X2X5XeX7Xg) = 18.
6.6. a) r=2; b, g, nlacdctim
b) r=6; x; latam; d=22.
6.7. a) val(Qmay) = 14; Lat cit hep nhat v6i A = {x}.
b) val(Qma) = 14; Lat cat hep nhat v6i A = {a, b, d}.

6.8. val(Qmay) = 41; Lat cit hep nhat voi A = {xo, X1, X2, X3}.

6.9. val(Qnay) = 130; Lét cat hep nhit voi A = {xo, d}.

6.10. a) 1,2, 4, 3, 1. Chi phi cyc tiéu la 17.

b) A, D, B, C, A. Chi phi cuc tiéu 12 28.
¢) A, B, D, E, C, A. Chi phi cuc tiéu 1a 51.
d) C6 5 hanh trinh: 1,4,6,2,3,5,1; 1,4,6,3,2,5,1; 1,4,2,6,3,5,1;
1,6,3,2,4,5,1; 1,6,4,2,3,5,1.
Chi phi cyc tiéu 1a 20. (Chi can tim mot trong nam hanh trinh).

CAU HOI ON TAP CHUONG 6

1. Pinh nghia dudng di ngan nhat trong don do thi khong trong s6 va trong don dd thi cé
trong s6 duong. Trinh bay thuat todn tim dudng di ngin nhat trong d6 thi khong trong sb
va thuat to4n Dijstra dé tim dwong di ngan nhat trong db thi c6 trong s6 duong?

2. Phit biéu cic dinh nghia vé: Khoang cich giita cdc dinh, Tam, Ban kinh, Dudng kinh
ctia mot don d6 thi vo hudng.

3. Phit biéu dinh nghia va cic tinh chéat cia Mang va Ludng. Trinh bay thuat toan Ford-
Fulkerson tim luéng cuc dai.

4. Phat biéu bai toan du lich. Trinh bay thuat toan nhanh, can dé giai bai todn du lich.
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CHUONG 7

DAI SO BOOLE

1. Ham Boole
1.1. Mé dau
1.2. Ham Boole
. Biéu thic Boole
2.1. Dinh nghia
2.2. Céic hang dang thirc ciia dai s6 Boole
2.3. Tinh d6i ngiu
2.4. Quy tic thay thé
. Dinh nghia dai s6 Boole theo tién dé
4. Biéu dién cac ham Boole
4.1. Biéu dién c4c ham Boole bang biéu thirc Boole
4.2. Dang tuyén chuan tic ciia ham Boole
4.3. Tinh day du cua dai s6 Boole
5. Céc cong logic
5.1. Khai niém vé cac cong logic
5.2. T6 hop céac cong
6  Tbi thieu hoa ham Boole
6.1. Phuong phap bién dbi dai s6
6.2. Phuong phép 1ap bang Karnaugh
6.3. Phuong phéap xau bit (Phuong phap Quine — Mc Cluskey)

[\

W

1. Ham Boole

1.1. Mé dau

MOdi mach dién tr hodc mach quang hoc co thé lam viéc theo cac quy tac nhét dinh
va ching chi ¢6 2 trang thai: dong va mé hodc sang va tdi. Co thé gan céc trang thai d6 voi
cac sb 1 va 0. Pai sb Boole ra doi nham mé hinh hoa hoat dong cua cac mach dién tor va
mach quang hoc.

Dai s6 Boole dua ra cac phép toan va cac ham trén tap {0, 1}. Biéu thic Boole 1a
su to hop cac phép toan cia dai s6 Boole. Cac mach dién tir va quang hoc c¢6 thé dugc
nghién ctru bang cac phép bién doi ham Boole.

Ba phép toan co ban ciia dai s6 Boole 1a:

e Phin bii (con goi 14 phu dinh) cia mdt phan tir, ky hiéu bang gach ngang trén dau
phan tir d6 va duoc dinh nghia: 1=0; 0=1.
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° Téng Boole (con goi la tuyén) cua 2 phﬁn tu, ky hiéu + (hoac OR, hodc v), dugc
dinh nghianhusau: 1+1=1; 1+0=1; 0+1=1; 0+0=0.
e Tich Boole (con goi 14 hoi) ctia 2 phan tir, ky hiéu bang dau cham (.) (hodc AND,
hodc A), dugc dinh nghia nhusau:1.1=1; 1.0=0; 0.1=0; 0.0=0
Thudng dung cac diu ngodc dé chi thi tu thuc hién cic phép tinh. Trong trudng hop
khong c6 diu ngodc thi thir ty thyuc hién cac phép tinh 1a: Phan bu, tich, sau ciing 14 tong.
Thidy: 1.0+ (1+0) =0+ 1=0+0=0.

Phép 1ay phan bu, iy tong va lay tich Boole tuong tmg véi cac toan tir logic: phi dinh
(), tuyén (v) va hoi (A) trong d6 0 tng v6i F va 1 tng v6i T. Cac két qua cua dai sb
Boole co thé ap dung truc tiép cho dai sb cdc ménh dé. Nguogc lai céac két qua vé dai sb
ménh dé co thé ap dung truc tiép cho dai s6 Boole. V2, do vay dai s6 Boole con dugc goi
1a dai s6 Logic.

1.2. Ham Boole
Cho tap hop B = {0;1}. Bién x duogc goi la bién Boole néu nd nhan gia tri 0, 1 trong B.
Pinh nghia: Ham Boole n bién 1a mot anh xa f: B" — B, trong d6 B" 14 tich D& cac n
lan cua B (B" = {(x1, X2, ..., Xa) | xi€ B,i=1,2, ....n}).

Ham Boole n bién dugc viét 1a f = f(x1, X2, ..., Xn)

Céc gia tri ctia ham Boole c6 thé cho dudi dang bang.

Thi dy: Ham Boole 2 bién f(x,y) nhan gia tri 1 khi x =1 va y = 0; nhan gia trj 0 trong
cac truong hop con lai dugc cho trong bang sau:

X y f(x,y)
0 0 0
0 1 0
1 0 1
1 1 0

Hai ham Boole f = f(x;,Xxy, ...,Xp) va g = g(Xy,Xz, ...,Xp) duoc goi la béng nhau, ky hi¢u
f = g, néu chiing nhén gia tri giéng nhau tng voi mdi bd gi tri ciia bd bién X,Xa, ..., Xq.
Cho 2 ham Boole f = f(x,x2, ...,Xp) va g = g(X1,X2, ...,Xy), nguoi ta dinh nghia:
e Phan bu (hay phu dinh) cua ham Boole f, ky hi¢u f duoc dinh nghia:

() %00 %) = PO, %,)
e Tong (hay tuyén) ctia 2 ham f va g, ky hiéu f + g (hay fvg), duoc dinh nghia:
(f+2)(X1,X2, ...rXn) = (X1,X2, ... Xn) + € (X1,X2, -.0nXp) -
e Tich (hay hoi) cia 2 ham f va g, ky hi¢u f.g (hay fAg), dugc dinh nghia:

(f'g)(xhxza "'7XI1) = f (X15X25 '--,Xn) . g (X15X25 '“7XI1)
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C6 4 ham Boole 1 bién :

X f1 fz f3 f4
1 0 0 1 1
0 0 1 0 1

f, 1a ham hang 0; f, 1a ham hang 1; f31a ham lap lai gi4 tri cua x; f; 1a ham phu dinh

ciax;déthay fi=f, ; fH=1,.

C6 16 ham Boole 2 bién:

x y| & | L |5 | 4| {5 |fe| f7 | f5 | fo | fio|fin | L2 | fiz]|fi4] fis|fie
0O 0O 1 0100 1 1 1 1 1 010 1 0 1 0
0O 11011 1101 1710101001 0O0]1 1
1 00 1 1 0 1 0100 1 1 1 0 1 1 01O
1 110 1 1 1 0 1 1 010 1 1 1 010110710

e f; dugc goi 13 ham hang 0, ky hiéu 1a f(x,y) = 0

e f, duoc goi 1a ham hang 1, ky hiéu 1a f(x,y) = 1

e f; duoc goi 1a ham tuyén ctia x va y, ky hiéu 1a f(x,y) = x + y hay f(x,y) = xvy
o f, dugc goi la ham hdi cua x vay, ky hiéu la f(x,y) = xy hay f(x,y) = xAy

e f5duoc goi 1a ham tuyén loai ctia x va y, ky hiéu 1a f(x,y) =x @ y

e fc dugc goi la ham kéo theo, ky hi¢u la f(x,y) =x =y

e f; duoc goi la ham tuong duong, ky hi¢u la f(x,y) =x &y

e fgduogc goi 1a ham Vebb cua x vay, ky hidu la f(x,y) =x 4 y

e fy dugc goi 1a ham Sheffer ciia x va y, ky hidu 1a f(x,y) = x Ty

Tdng quat c¢6 2% ham Boole n bién. That vay: Véi n bién Boole xi, X, ..., Xn V2 mdi
bién nhan 2 gid tri 0 va 1 nén c6 2" b gid tri ctia n bién d6. Vi moi bd gid tri ctia n bién
ham Boole n bién nhan 2 gid tri do d6 phai ¢6 2° ham Boole n bién.

Chu y rang ham Boole con duoc goi 1a ham dai s6 Logic.

2. Biéu thirc Boole
2.1. Dinh nghia
Biéu thitc Boole ddi v&i cac bién X1, X2, ..., Xy dugc dinh nghia d¢ quy nhu sau:
e 0,1, xq, X, ..., Xy la cac biéu thic Boole.
e Néu A, va A, 1a cac biéu thirc Boole thi Ai, A.A; va Aj+A; ciing 14 cac biéu thic
Boole.
2.2. Cac hing ding thirc ciia dai s6 Boole (céc tinh chit ciia cac phép toan Boole)

V6i moi X, y, z 1a cac bién Boole ludn ludn co:

e Luat phan bu kép: X = X
e Luat luy dang: X+X=X
X.X =X
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e Luat déng nhat: x+0=x

x.1=x

° Luétnuét: x+1=1
x.0=0

e [Ludt giao hoan: X+y=y+Xx
X.y=y.X

° Luétkéthqp: X+(y+z2)=x+y)+z

’ X. (yz) = (xy)z
e Luat phan phoi: X+yz=(X+Yy)(X+2)

x(y +z) =Xy + Xz

e Luat bo-Moocgan: (x+y)= ;§

(xy)= ;+§

C6 thé ching minh cic tinh chat trén bang cach lap bang gia tri. Chang han, chimng
minh luat phan phéi X+yz=X+y)(x+2z):

X y z yz X+yz | X+Yy X+z | (xX+y)(x+z)
0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0
0 1 1 1 1 1 1 1
1 0 0 0 1 1 1 1
1 0 1 0 1 1 1 1
1 1 0 0 1 1 1 1
1 1 1 1 1 1 1 1

Nhin vao cot x + yz va (x+y)(y+z) ta thiy chiing ciing gia tri v6i cling bo gia tri ciia
X, Y, z. Vay X + yZ = (X+y)(X+2).
Cac hang dang thuc trén c6 thé dung d€ chung minh cac hang dang thirc khéc.
Thi du: Chtirng minh luat hat thu: x(x +y) =x
That vay:  x(x+Yy)=(x+0)x+y) (Luatdong nhat)
=x+0.y  (Luat phan phdi)

=x+y.0 (Luat giao hoan)
=x+0 (Luat nuét)
=X (Luat d@)ng nhét)

2.3. Tinh di ngiu

Céc tinh chit néu trong 2.2 déu xuat hién timg cip, trir tinh chat phan bu kép. Hon
nita, trong mdi cip d6, néu biét duoc mot dang thirc thi ¢ thé suy ra dang thic con lai
bang céach thay tich Boole bang tong Boole va ngugc lai, thay 0 bang 1 va thay 1 bang 0.
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Viéc thay d6i cic phép todn Boole va cdc hang Boole nhur vay goi 1a 1ay ddi ngdu mot dang
thirc Boole.

Pinh nghia: P3i ngiu cia mot biéu thic Boole 1a mot biéu thirc Boole co duge tir
biéu thtrc Boole di cho bang cach thay tich Boole bang tong Boole, thay tong Boole bang
tich Boole, thay 1 bang 0 va thay 0 bang 1.

Thidul: 1-/ Dbingduciax.y +z 1a (x+y).z
2-/ Béi ngﬁu cuax.l +(y+ 2) la (x+ 0).(y.2)

Nguyén ly d6i ngiu: Mot hang dang thirc Boole van ding néu lay dbi ngau ca hai vé
cua no.

Thi dy 2: Ly ddi ngau 2 vé cua luat hit thu x(x + y) = x duoc x + Xy = X, hing dang
thirc md&i nay cling dugc goi 1a luat hit thu.
2.4. Quy tic thay thé

Chting ta thira nhan quy tic thay thé sau: Mot hang dang thirc Boole vin ding néu
thay mot bién ctia dang thirc bang mot biéu thirc Boole nao do.

Thi dy: Ta da biét (x +y) = ;5 (luat Bo-Moocgan). Néu thay y béng y+z dugc:

(X+(y+z):x+y+z=;.y+z=x.y.z

3. Pinh nghia dai s6 Boole theo tién dé

Mot cich tong quiat c6 thé dinh nghia dai sb Boole theo tién dé hay con goi 1a dinh
nghia triru tugng dai s6 Boole nhur sau.

Pinh nghia: Cho mot tap hop E khong rong. Xdc dinh trén E hai phép todn hai
ngoi goi 1a phép cong (ky hi€u +) va phép nhan (ky hi¢u .), cung phép todn mot ngdi goi la
phép bu (ky hi¢u - ). Tap E ciing ba phép todn trén duoc goi 1a mot dai s Boole néu céc

tien deé sau dugc théa man véi moi x,y, z € E:

e Luat giao hoan: X+y=y+Xx
X.y=y.X
e Luat két hop: x+y)+z=x+(y+2)
, x.y).z=x.(y.2)
¢ Luat phan phoi: x+y).z=x.2)+(y.z)

x+(y.z)=x+y). xX+2)
e Tbn tai phan tir trung hoa: Phan tir trung hoa cta phép cong dugc ky hiéu 13 0 va
phén tir trung hoa ciia phép nhéan dugc ky hiéu 1a 1 sao cho:
x+0=0+x=x
x.1=1.x=x

e Ton tai phan tir bi: Vi mdi xe E ton tai duy nhat mot phan tir x €E sao cho:
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X+x=x+x=1
X.X=Xx.Xx=0
x dugc goi 12 phan tir bl ctia phan ti x.

Qua céc phan di trinh bay, thay tap B = {0, 1} cung 3 phép toan cong (+), nhan(.) va
phan bu () duoc dinh nghia trong 1.1 thoa man cac tién dé da néu trong dinh nghia theo
tién dé trén.

Nguoc lai, tir cac tinh chat da néu trong dinh nghia trén c6 thé ching minh dugc cac
tinh chat con lai d néu trong muc 2.2.

4. Biéu dién cac ham Boole

Trong phan trudc ham Boole dugc cho dudi dang bang, didu d6 gay nhiéu bat tién.
Phén nay trinh bay tim cach biéu dién cdc ham Boole duéi dang biéu thirc duoc tao bdi cac
bién, cac hiang va cac phép toan Boole.
4.1. Biéu dién ham Boole bing biéu thirc Boole

M&bi ham Boole dugc biéu dién béng mét biéu thirc Boole. Cac gia tri cua ham
Boole nhan dugc bang cach gan 0 hodc 1 cho cac bién c6 trong biéu thirc do.

Thi du: Cac gié tri cua ham Boole f(x,y,z) = xy + z duoc cho trong bang dudi day:

X 'y z Xy z f(xyz) = xy+2
0O 0 0 0 1 1
0 O 1 0 0 0
0 1 0 0 1 1
0 1 1 0 0 0
1 0 O 0 1 1
1 0 1 0 0 0
1 1 0 1 1 1
1 1 1 1 0 1

Hai biéu thirc Boole cung biéu dién mot ham Boole duge goi la 2 biéu thirc tuong
duong nhau.

4.2. Dang tuyén chuan tic cia ham Boole
a. Hoi so cap va tuyén so cap

C0 hai loai biéu thite Boole thudng gip dé biéu dién cac ham Boole, do 1a céc tuyén so
cap va hoi so cap, chiing dugc dinh nghia nhu sau:

Cho x 12 mot bién Boole va 6 € {0, 1}, ky hi¢u:

o {X’néu o=1
x°=4_

X,néu c=0
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Dé tién loi, ta goi x° 12 tuc bién cuia bién x. Dé thay:
x°=1 & x=0
Pinh nghia: Gia st xy, X, ..., X, 12 cdc bién Boole.
e Biéu thic xfllxi“;... X:Lk ,trong d6 1 <i;<ir < ... <ix<nva o0y, ...,06€ {0, 1}
duoc goi 1a mdt hdi so cap hang k ctia n bién x;,Xy,...,Xp.
e Biéu thiic xfll +fo2 +...+xfkk ,trong d6 1 <i;<i, < ... <ix<nvaoG,0y,...,04€ {0,
1} dugc goi 1a mot tuyén so cap hang k ctiia n bién x;,Xp,...,X,.
N6i cach khac, mot tich gom k tuc bién ctia n bién Boole da cho dugc goi 1a mdt hdi
so cap hang k cua n bién dé. Va, mdt tong gom k tuc bién ctia n bién Boole da cho dugc
goi 1a mot tuyén so cap hang k ctia n bién do.

Chii thich: Hoi so cap con goi la minterm. Tuyén so cap con goi 1a maxterm
X A A A A Lo 1y N » . . o ~ N [N N
De¢ thay mot hoi so cap c6 gia tri bang 1 khi va chi khi moi x;’ =1, nghia la khi va chi
]
. . < A R A Lo s LS P ” . . G
khi moi x; =0;. Va, mot tuyén so cap co gia tri bang 0 khi va chi khi moi x;” =0 .
] ]

Thi du: Hoi so cép X1 X, X3 X4 X5 CO gia tri béng Inéux =x4=0;Xa=x3=x5=1va
c6 gia tri bang 0 trong moi trudng hop con lai.
b. Pinh nghia dang tuyén chuin tic ciia hAm Boole.
Dinh nghia:

* Dang tuyén chuén tic ciia ham Boole 1a biéu dién ham Boole dudi dang tong cac
ho1 so cap.

e Néu moi hoi so cap trong dang tuyén chuan tic cia ham Boole n bién déu c6 hang
bang n thi dang tuyén chuén tic d6 goi 1a dang tuyén chuin tic hoan toan cua
ham da cho.

NGi chung, ca hai dang néu trong dinh nghia trén c6 thé goi chung la dang tuyén

chuan tac hay la khai trién tong cic tich ctia ham Boole.

C6 thé tim dang tuyén chuén tic hoan toan ctia ham Boole tir bang gid tri cia ham
dé.
Do hdi so cip c6 gia tri bang 1 khi va chi khi moi tuc bién déu bang 1 va do d6 né bang
0 trong moi trudng hop con lai. Vi vay bang cach iy tong Boole clia cac hdi so cap phan
biét ¢6 gid tri bang 1 thi dugc biéu thirc Boole dang tuyén chuan tic hoan toan tir tap gia tri
cho trudec.

Tir day dén hét chuong, néu khong c6 chi thich thi thuat ngit “dang tuyén chuan
tac” dugc hicu la dang tuyén chuan tac hoan toan.
Thi dy 1: Tim dang tuyén chuin tic cua cidc ham Boole f = f(x,y,z) va g = g(x,y,z)
dugc cho trong bang sau:

X y z f g
0O 0 O 0 0
0 O 1 1 0
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0
0
1
1
1
1

—_ = O OO = =
_ 0 = O = O
oS O = O O O

S = O = O =

Trudc hét ta xét ham f(x,y,z)
Ta thay f(x,y,z) =1 khix=1,y=0,z=1hoacx=y=0,z=1

Hoi so cap img véibo gid trix=y=0,z=11a x yz

Hoi so cap img voibo giatrix=z=1,y=01a X;Z

Vay dang tuyén chuén tic ciia ham f 1a:

f(x,y,z) = ;§Z + x§z
Tuong tu, ¢ dang tuyén chuén tic ciia ham g la:
g(x,y,z) = ;yg + x?g +X yz

Chii thich: Ti bang gia tri chan 1y trén c6 dang tuyén chuén tic ciia ham phan bii ciia
ham f va ham g la:
f(x,y,z) =Xxyz+ xyz + x§2 R ;yz + ;yE +;§2

g(x,y,z) =Xyz+ X;Z + ;yz +;§Z +Xyz

Vi tong Boole cta cdc hdi so cip c6 gid tri bang 1 chi khi mot trong céc hdi so cap
bang 1. Do d6 véi ham Boole cho bang biéu thirc chua phai 14 dang tuyén chuan tic thi ¢6
thé tim dang tuyén chudn tic tir bang gi4 tri chan 1y ctia né.

Thi dy 2: Tim dang tuyén chuén tic ciia ham f(x,y,z) = (x+y)2 :
Trudc hét ta lap bang gia tri ciia ham f:

X y Z | X+y z f(x,y,z) = (x+ y)Z
0 0 0 0 1 0
0 0 1 0 0 0
0 1 0 1 1 1
0 1 1 1 0 0
1 0 0 1 1 1
1 0 1 1 0 0
1 1 0 1 1 1
1 1 1 1 0 0
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Phan tich tuong tu thi du 1 dugc dang tuyén chuan tic cia ham f 1a:

f= ;y2+xyz+xy2

Thi du 3: Tu dinh nghia cdc ham Boole hai bién trong muc 1.2, ta co:
X y+ x§ 1a dang tuyén chuan tic ctia ham tuyén loai f(x,y) = x®y
;§+;y + x§ 1a dang tuyén chuin tic cua ham Sheffer f(x,y) = x Ty
(Dang tuyén chuén tic cua cdc ham 2 bién con lai dugc danh cho ban doc nhu la mot bai
tap)
c. Pinh Iy trién khai
Pinh Iy: Moi ham Boole déu c6 thé biéu dién duoc dudi dang:
f(X1,X2, -+ 0y Xp) = D XK X[ ()50, 0y Xy X)) 5 (1)
(61,62 ,,,,, G )E Bi
Trong d6 i 1a s6 ty nhién bat ky thoa mén 1 <i<n.
Chirng minh:
bat: Tr = {(x1,X2,...,Xn)eB" | f(X1,X2,...,.Xp) =1}
T¢ duoc goi 1a tap dac trung cua ham f. Ta ¢6:

T+=T, T,=TUT, T,=TNT,

Goi g 1a ham Boole & vé phai cua (1).

Cho (X1,X2,....Xxn)€ T, khi d6 s6 hang tng v6i bo gid tri 6 = X;, G2 = X2, ...,0i = X;
trong téng & vé phai cua (1) bé‘mg 1, do d6 (x1,X2,....Xn) € T,

bao lai, néu (X1,X2,...,Xn) € T, tlrc 1a vé phai cua (1) b?lng 1. Diéu nay c6 nghia la ton
tai mot ) hang nao ¢ vé phai cua (1) b?mg 1, chfmg han d6 la ) hang img véi b gid tri
(o1, ...,0i), khi d6 x; =G4, ..., 6; = x; va f(Gy,...,Gi, Xit1,...,Xn) = 1 hay (X;,X2,...,.Xy) € Tt

Vay Tr =T, hay f = g. Dinh ly dugc chirng minh.

Cho i =1 va nhan xét réng vai trd ciia moi bién x; 12 nhu nhau, tr dinh ly duoc h¢ qua
sau:
H¢ qua 1. Moi ham Boole f(xj,...,x,) déu c6 thé khai trién theo mot bién x;:

f(x1,....Xn) = X, T(X1,- X0 = 1,0, Xi415- - . Xn) + Xi f(X 1,0 X5 1, LXis 15 -5 Xn)

Cho i = n va bo di cdc nhan tir bang 1, tir dinh 1y dugc hé qua sau:
Hé qua 2. Moi ham Boole f(x;,...,X,) déu c6 thé khai trién duéi dang:

f(XppnXy) = D X7 X0

N6i céch khac, moi ham Boole déu c6 thé biéu dién duoc dudi dang tuyén chuan tac
hoan toan.
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Chii thich: Bang cich lay dbi ngau dang tuyén chuan tic ciia mot ham Boole thi dugc
biéu dién ham Boole d6 dudi dang tich cic tuyén so cap clia cdc bién. Dang biéu dién ham
Boole duéi dang tich céc tuyén so cap dugc goi 1a dang hdi chuin tic ctia ham Boole d6.

d. Biéu dién ham Boole bing s6 nguyén
MJi bién Boole chi nhan hai gid tri 0 va 1 nén néu thay mdi bién Boole bang sb 1 va
phan bu ctia mdi bién Boole bang sd 0 thi mdi hoi so cap céc bién Boole ¢6 thé xem nhu
mot s6 nguyén duoc biéu dién dudi dang khai trién nhi phan cta sé d6. Bang sau cho
twong ng hoi so cip cua khéng qud 3 bién Boole véi cdc s6 nguyén:

S4 bién Hoi so cép Xf;lg?l};fffjn tsfgrrllggugjg
Xy 00 0
5 Xy 01 1
Xy 10 2
Xy 11 3
Xyz 000 0
Xyz 001 1
Xyz 010 2
; Xyz 011 3
Xyz 100 4
Xyz 101 5
Xyz 110 6
Xyz 111 7

V6i céch cho tuong tmg céc hoi so cap véi sé nguyén nhur vy c6 thé biéu dién dang
tuyén chuén tic hoan toan cta ham Boole duéi dang ddu tong bang cdch thay hoi so cap
bang s6 nguyén twong tng. Céc thi du sau cho thay cdch biéu dién nhu vay.

Thi du 1: Xét ham Boole 2 bién f(x,y) = xy + xy Ia tuyén ctia hai hoi so cp ing
v6i cdc s6 nguyén 1 va 2 do vay c6 thé viét:

f(x,y) = X(1,2).

Thi dy 2: Ham Boole 3 bién f(x,y,z) =x yZ + X§2 + ;yg 1a tuyén cta ba hdi so
cAp tng voi cdc s6 nguyén 6, 4 va 2 do vay cé thé viét:

f(x,y,z) = £(2,4,6).

Thi dy 3: Ham Boole 4 bién:

f(X,y,z,u) = XyZU + XyZU + XyZU +XyzU + X yzu
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la tuyén cua 5 hoi so cap:

Xyzu tuong Gmg voi xau 0001 biéu dién s6 1;
Xyzu tuong tmg v6i xau 0011 biéu didn s6 3;
Xyzu tuong tmg v6i xau 0010 biéu didn s6 2;
X yzu tuong Ung v6i xau 1000 biéu dién sb 8;
Xyzu tuong Gng v6i xau 1011 biéu dién sb 11;
Xyzu tuong Gng v6i xau 1010 biéu dién sb 10;
Viy ¢6 thé viet: f(x,y.z,u) = £(1,2,3,8,10,11). q q
) Thi du 4: Chuyén ham Boole f(x,y,z,u) = X(1,3,5.10,12) thanh dang tuyén chuan
tac.
Tacé: SO 1 tuong tmg v6i xau 0001, d6 12 hoi so clp xyzu;
S6 3 twong tng v6i xau 0011, d6 12 hoi so cap xyzu;
S6 5 twong tng v6i xau 0101, d6 12 hoi so cap xyzu ;
S6 10 twong tng v6i xau 1010, d6 12 hoi so cap x§za;

S6 12 twong tng v&i xau 1100, d6 12 hoi so cap xyzu ;

Vay: f(x,y,z,u) = xyzu + ;§zu + ;ygu +xyzu+ x§za +xyzu.
Véi cdc ham nhiéu bién hon, viéc chuyén ddi gitta dang tuyén chuén tic va dang sb
nguyén cua cdc ham Boole dugc tién hanh tuong tu.
4.3. Tinh diy du cia dai s6 Boole
Moi ham Boole déu co thé biéu dién dugc dudi dang tuyén chuan tic. Noi cach
khac, moi ham Boole déu co thé biéu dién dugce dudi dang tong Boole cua cac hoi so cap.
MBJi héi so cap 1a tich Boole cta cic bién va phan bu cua cac bién. Vay co thé néi, moi
ham Boole déu c6 thé biéu dién bang mot biéu thic Boole thong qua cac phép toan Boole
.,+va . Nguoitagoitaphop {.,+ } ladiy du ddi véi dai s6 Boole.
Pinh nghia: Tap diy di cia dai sé Boole 1a tap hop cac phép toan Boole ma qua
cac phép toan do ta cd the bi€u dien dugc moi ham Boole.
Ngoai tap hop {., +, |} 1a tdp ddy du, dai s Boole con c6 cac tap day du khac co
it phép toan hon.
1) Taphop {., }vatdphop {+ }1acac tap day du.
Chung ta chung minh cho tap hop {., }. That vay, theo luat Po-Moocgan, c6 thé
loai tat ca cac tong Boole bang cach dung hing dang thic:

x+y=;/\§ (do ;A§=;+)=/=x+y)
DPéi voi tap hop { +, B } dugc chirng minh tuong tu.
2) Trong dai s6 Boole, ngudi ta con dua thém hai phép toan hai ngdi: Phép NAND, ky
hiéu T, va phép NOR, ky hiéu |, va dugc dinh nghia nhu sau:
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- PhépNAND: 1T1=0, 1To=1, 0T1=1, 0T0 =1
- PhépNOR: 141=0, 140=0, 0l1=0, 0l0=1
Cahaitaphop { T} va {1} lacac tap day du.
That vdy, Dé dang ching minh duoc:
x =xTx ( tir dinh nghia 2 phép toan  va T)
Xy =(x T y) | (x T y) (dung bang gia tri )
No6i céch khéc, c6 thé thay thé hai phép toan . va  bang mot phép toan T . Tap hop { .
.} latap ddy di nén tap hop { T } 1a tap ddy du.
Viéc chimg minh tap hop {{ } 1a tap day di hoan toan tuong tu.
5. Cic cong logic
5.1. Khai niém vé cac cong logic

Pai s6 Boole dugc diung dé mo hinh hoa so d6 cac mach trong cac dung cu dién,
dién tir. Mdi mot dau vao va méi mot dau ra cia mot dung cu dién tir duoc xem 13 mot
phﬁn tor cua tap {0, 1}. Mot mday tinh cling nhu mot dung cu dién tor dugc tao boi nhiéu
mach. M6i mot mach c6 thé duoc thiét ké bé‘mg cach dung cac quy tac cta dai s6 Boole.

Céc phan tir co ban ctia mach goi 1 cac cong. Mdi loai cong thuc hién mot phép
toan Boole.

Nho cac quy tc cua dai s Boole c¢6 thé thiét ké duoc cac mach tir cac céng. O day
chi dé cap dén cac mach ma dau ra chi phu thudc vao dau vao chir khong phu thudc vao
trang thai hién thoi ciia mach. Nhirng mach nhu vay goi 1a mach logic t6 hop.

C6 3 loai cong logic: B dao, Cong OR, Cong AND

X—> X+y X —> X'y
X oo X
y— y ——

Bo dao Cdng OR 2 diu vao Cong AND 2 dau vao
Xl —m M >
Xy —— > X1X2... Xp.
Xp ———>
Céng OR n dau vao Cbng AND n dau vao

Hinh 1. Cac cong logic

5.2. T6 hop cac cong
Céac mach t6 hop c6 thé duoc thiét ké bang cach dung to hop cac cong OR, cong
AND, bd dao. Khi t6 hop cac mach, mot sd cong co thé dung chung dau vao, chang han

hai cach vé trong hinh 2 déu chi cing mot ddurala x y + ;y .
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y — J QD Xy +Xy

Hinh 2
Thi du 1: Dung cac mach tao cac dau ra sau:
a) (x+y)x b) x+y+2z)xyz
Gidi:
a)
X N, X+y
S W
>o—X B e x+y) x
b)

X — 3
y — > X+V+7
7 —mm>

>0 /(++)___

X X+y+z)X y Z
|5 ___

y >o Xyz

z >o ﬁ

Thi dy 2: Nhiéu khi h¢ thong dén c6 dinh dugc diéu khién bdi nhi€u cdng tac sao cho
khi bat hodc tit mot cong tic bat ky dén dang sang s& tit hoic dang tit s& sang. Hay thiét
Kké mot mach nhu vay khi c6 hai cong tac.

Gidi: Goi 2 cong tic 13 x va y. Khi x = 1 12 cong tic thir nhat dong va x = 0 13 cong tic
thir nhat mo. Tuong ty ddi v6i cong tic thir hai.

Gia st f(x,y) = 1 1a dén sang va f(x,y) = 0 1a dén tit. Ching ta c¢6 thé hoan toan tu
chon dé dén sang khi ca 2 cong tic déu dong, tirc 1a f(1, 1) = 1, diéu nay s& dan tdi viée xac
dinh cac gia tri khac ctia ham f theo gia tri cac bién. Khi mot trong hai cong tic md dén s&
tat, tire 1a (1, 0) = £(0, 1) = 0, va khi ca 2 cong tic déu md thi deén lai sang, tirc 1a £(0, 0) =
1. Lap bang céac gia tri cia ham f:

S O = =
I
—_ 0 O =
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Tir @6 biéu dién dugc ham la:
f(x,y)= xy + ;§
Va, do d6 thiét ké dugc mach theo yéu cau (hinh 3)

X — > Xy
y %D Xy+;§

x —>[>o0—>
y —>[>0—>

Hinh 3. Mach diéu khién bang 2 cong tic

6. Téi thiéu hoa ham Boole

Nhu d biét, viéc thiét ké cac mach dya trén biéu thitc Boole biéu dién ham Boole cho
dau ra ctia mach, cac mach cang don gian néu biéu thirc Boole biéu dién ham Boole di cho
cang don gian. B4i vy can phai tim biéu thirc don gian nhat dé biéu dién ham Boole d6
sao cho dau ra 1a khong ddi so vai trudc khi don gian hoa biéu thire d6. Cong viéc ndy goi
14 t6i thiéu hoa ham Boole.

C6 ba phuong phép tbi thiéu hoa ham Boole.
6.1. Phwong phap bién ddi dai so

Phuong phéap nay dua vao cac hang dang thic cia dai s6 Boole (cac ludt dugc trinh
bay trong 2.2). Sau day 1a mot sb thi du:

Thi dy 1: Tbi thiéu hoa ham Boole sau: f(x,y) = ;y+ Xy+ x?.
Giai: Taco: f(x,y)= ;y +xy+ x§ = ;y +x(y+ §) (Luat phan phdi)
=x y+x.1 (Luat nuét)
(x+Xx)(y+x)  (Luat phan phéi)

=1l.(y+x)=y+x (Luat nuét)
Hinh 4a va hinh 4b 12 biéu dién mach t6 hop c6 ddu ra 13 f(x,y) twong tng vai trudce va

sau khi tdi thiéu hoa.
= Di
j ) ;y-i-Xy-i-X;

X
> Xy 5
Xy
>o

Hinh 4a

I S
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X —> X+Yy
y —>

Hinh 4b

Thi dy 2: Téi thiéu hoa ham Boole f(x,y,z) =Xy z + X;Z
Gidi: Ap dung cac ludt giao hoan nudt, két hop. Ta co:
f(x,y,z)=xyz+ Xyz =yxz+ yxz—(y+y)xz = 1.(xz) =xz

Céc hinh 5a va 5b 1a tuong mg véi cdc mach t6 hop cua trude va sau tbi thiéu hod ham
Boole da cho.

X Xyz

y —
z > ) XyZ+XyZ
X

>o )—x—;—z—l—%

y
Z
Hinh 5a
X —> X Z
7 ————>
Hinh 5b

6.2. Phuong phap lap bang Karnaugh

Bang Karnaugh (con goi 1a ban d6 Karnaugh) cho chung ta mot phuwong phap truc
quan dé rat gon dang tuyén chuan tic hoan toan cua cac ham Boole. Phuong phap chi dugc
ap dung véi cac ham Boole c6 khdng qua 6 bién, tuy nhién véi trén 4 bién n6 da rat kho st
dung.

a. Bang Karnaugh ciia ham 2 bién.
D6i voi ham Boole 2 bién, ta co 2% = 4 hdi so cép co thé 1a: xy, xy, xy vaxy. Vi
vay bang Karnaugh ddi véi ham Boole 2 bién c6 4 6 dé biéu dién 4 hoi so cap c6 thé do.

y y
X Xy Xy
X Xy Xy

Hai 6 ctia bang Karnaugh dugc goi 1a ké nhau néu cac hoi so cap ciia ching chi khac
nhau mot tuc bién.

Néu hoi so cip nao c6 mit trong biéu thirc biéu dién ham Boole thi 6 tuong (mg trong
bang Karnaugh duogc ghi s6 1, con néu khong ¢ mit thi bo trong. Bat ctr 2 6 ké nhau nao

Truong Pai hoc Nong nghiép Ha Noi — Gido trinh Gido trinh Todn ROT rqc............cccovvuevenvinnaennn. 186


www.VIETMATHS.com
www.vietmaths.com

duogc ghi s6 1 thi 2 hdi so cap tuong Gmg 2 6 d6 duoc rat gon chi con lai 1 tuc bién. Chang
han x§ va ;§ duogc rat gon thanh y vi Xy+xy=(X+x)y=y.

Thi dy I: Cuyc tiéu hoa cac ham sau bang bang Karnaugh:

a) f(x.y)= xy+xy : b) g(x.y) = Xy+Xxy+xy
Gidi:
a) y b) y y
X (1 x| AT
X 1 x| i1
Tu do: f(x,y) =y g(x,y) = X +§

b. Bang Karnaugh ciia ham 3 bién

Béang Karnaugh cho ham 3 bién cin 2° = 8 6 dé biéu dién 8 hoi so cip c6 thé cua 3
bién x, y, z. Hai 6 dugc goi 1a k& nhau néu hoi so cip twong g véi chiing chi khac nhau
mot tuc bién. Ban d6 Karnaugh 3 bién duoc xem nhu nam trén mit tru (hinh 6).

Xyz 7 N > Xxyz

xyz | T xyz

xyZ—— o o f:—— Xyz

X_XE > < X;Z
Hinh 6

Dan phang mit try ¢ hinh 6 ta dugc bang Karnaugh ba bién:

vz yz yz yz
x| xyz | xyz | xyz | xyz
x§2 x?z Xyz xyE

Néu hoi so cAp nao c6 mit trong biéu thirc biéu dién ham Boole thi & twong tng
trong bang Karnaugh dugc ghi sé 1, con néu khong c6 mat thi bo tréng. Bat ctr hai 6 ké
nhau nao dugc ghi s6 1 thi hai hdi so cép tuong Ung hai 6 d6 dugc rat gon thanh mot hoi
50 cap c6 2 tuc bién. Cac khbi gom bdn 6 kiéu 2 x 2 hodc 4 x 1 ¢6 thé rat gon thanh hoi so
cap chi con 1 tuc bién. Khoi ca tdm 6 c6 thé rat gon vé hang 1a 1.

Nguyén tic rat gon la bat dau tir khéi 16n nhat ké nhau c¢6 chira s6 1.

Thi du 2: Cuc tiéu ho4 cac ham Boole sau bang bang Karnaugh:

a) f(x,y,z)= xy2+ x§z+ ;yz +Xyz
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X

X

Taco: Xyz+Xxyz =yz; XYZ+XyzZ=Xz
Vay: f:§z+x2+;yz

b) g(x,y,z) = xyz + xy2+ x?z + xyz+;yz+ XyZ+XyZ

yz yz yz yz
T -
A === e i :
X \ L_hl_____'_ = .i._""l'.'.'ﬁ_!".'.'"_"”.'f':'.".'::l.".'“_‘s A | < | 1 . ./I

Ta co: ;§2+;§Z+X§Z+X§z=;§+x§:§
;§z+;yz+x§z+xyz:;z+xz:z

xyz+x§z+xyz+xy2=x§+xy=x
Vay: g=X+ § +z
c¢. Bing Karnaugh ciia ham 4 bién

Vi bang Karnaugh ctia ham Boole 4 bién gom 16 6 chia 12 4 hang va 4 cot. Cr 2 6 ké
nhau c6 ghi s6 1 duge rit gon thanh hoi so cép 3 tuc bién; 4 6 k& nhau c6 ghi s6 1 duge rit
gon thanh hoi so cép cd 2 tuc bién; 8 6 k& nhau rt gon thanh hoi so cép 2 tuc bién va cac
16 6 ké nhau rit gon thanh hing 1.

Thi du 3: Dung bang Karnaugh rit gon ham Boole sau:

f(X,y,z,u)=Xyzu+ Xyzu+Xyzu+Xyzu+Xxyzu+Xxyzu+Xxyzu

ZUu Zu ZUu ZUu
Xy (1]
Xy : 5
S Wi i
xy | \_L__| il 1]

Tacé: Xyzu+Xyzu+Xyzu+Xyzu=XxzU+Xzu=2zu
XYZU+XyZU+ XYyZU+XyZU=XYZ+XyZ=XZ

XyzZU+Xyzu=xyu

Vay: f:x2+2u+x§u
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Thi dy 4: Mot hoi dong c¢6 3 thanh vién nhém hop nham théng qua mot van dé nao d6
theo nguyén tic da sd. Mdi thanh vién bo phiéu tan thanh hodc khong tdn thanh cho van dé
duoc dat ra. Van dé dugc thong qua néu ¢6 it nhét hai thanh vién hoi déng bd phiéu tan
thanh. Hay thiét ké mot mach logic cho phép xdc dinh van dé dugc thong qua hay khong?

Gidi: Goi X, y, z 12 ba thanh vién cua hoi ddng. Mbi bién x, y, z nhan gia tri 1 khi thanh
vién tuong Ung tan thanh va nhan gid tri 0 khi khong tén thanh, ta c6 bang gia tri chan ly
cua bai toén:

X y z f
1 1 1 1
1 1 0 1
1 0 1 1
1 0 0 0
0 1 1 1
0 1 0 0
0 0 1 0
0 0 0 0
Vay f(x,y,z)= xyz+ xyz + X;Z + ;yz
Téi thiéu héa ham thu dugc bang bang Karnaugh:
yz yz yz yz
X 1
x o aTe

N < N X < X
N
b
<
+
b
N
+
<
N

Hinh 7. Mach bo phiéu theo da s6 ctia 3 thanh vién

Thi dy 5: Cuyc tiéu héa cdc ham Boole sau bang bang Karnaugh:

a) f(x,y,z) =%(0,1,2,6,7).
Dé thiét 1ap bang Karnaugh cho ham Boole cho theo dang sb nguyén nén thay ky hiéu
bién bang s6 1 va phua dinh cia bién bang s 0 va dugc dang bang sau:
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Y2 00 01 11 10

Ta c6:
XyZ+XyzZ=Xzi XYZ+XYZ=Xy: XYZ+XyZ=Yyz. XyZ+Xyz=Xxy
Chd y rang c6 the Vlet 4 t6 hop trén | trong ung nhu sau:
(02) = xz; 20,1)=xy; ¥(2,6)= X(6,7) = xy
Vay: f:xy+xz+y2+xy

b) g(x.y.zu) =X(2,4,5,6,7, 11, 12, 13, 14, 15).

200 01 11 10

Xy RELLIIDN

00 ]

01 T T '"_5.:_1_},5

T r'_‘ I

11 L 1___-___l_____'__1J______1/
10 1

Ta c6: Xyzu+xyzu + xyzu +XYZU+ XyZU + XYZU+ XyZU + XyzZu =y;

xyzu+xyzu—xzu Xyzu+xyzu—xzu
Hay: X(4,5,6,7,12,13,14,15) = y; £(2,6) = xzu X(11,15) = xyz.
Vay: f=y+;za+xyz.

n n
Béang Karnaugh ctia ham Boole n bién c6 2" 6 gdm 22 c6t va 22 hang néu n chin;
n+1 n-1

con néu nléco 2 Z cot va 2 2 hang; va cu 2% (1 <k <n) 6 k& nhau dugc rdt gon thanh
hoi so cap c6 n — k tuc bién. Nhu vdy bang Karnaugh ciia ham Boole 7 bién gém 16 cot, 8
hang do d6 khong c6 kha nang quan sat hét cdc 6. Trong thyc t€ bang Karnaugh 5 bién da
rat kh6 str dung. Phuong phdp Quine — Mc Cluskey sau day s€ khac phuc dugc tinh trang
dé.
6.3. Phuong phap xau bit (Phwong phap Quine — Mc Cluskey)

Phuong phap Quine — Mc Cluskey ra doi nam 1950 co thé ap dung dé rat gon ham
Boole véi s6 bién tuy y. C6 thé chia phuong phap nay thanh 3 budc:
Buéc 1:  Gén xau bit cho cac hoi so cip ciia ham da cho bang cach thay bién bang bit
1 va phan bi ctia bién bang bit 0.
Bude 2: T6 hop cic cip xau bit thanh xau bit ngén hon. Budc nay duoc lp cho cic
cap xau bit ngan hon thu dugc & bude lap trude cho dén khi khong td hop duogc nita thi

Truong Pai hoc Nong nghiép Ha Noi — Gido trinh Gido trinh Todn ROT rqc............cccovvuevenvinnaennn. 190


www.VIETMATHS.com
www.vietmaths.com

dimg. Cudi ciing dugc cdc xau bit 1a cc ung vién dé dua vao dang tuyén chuén tic t6i
thiéu.
Buoc 3:Xéc dinh xem trong cac trng vién da chon thi rng vién nao thyc sy dung duoc.
Phuong phap dugc md ta cu thé qua cac thi du sau:
Thi du 1: Tbi thiéu hoa ham Boole sau:

f(x,y,z) = xyz+x§z+;yz+;§z+;§z
BuGe 1. Trude hét biéu dién cac hoi so cap co mit trong ham f bang cac xau bit
theo nguyén tic sau: Cac bién Boole khong c6 dau phu dinh duoc gan sd 1, va co dau phu

dinh thi gan s6 0. C6 thé trinh bay budc nay trong bang sau:

4 4

T.T Hoi so cap Xau bit So cacso 1
1 Xyz I 11 3
2 Xyz 101 2
3 Xyz 01 1 2
4 Xyz 00 1 1
5 Xyz 000 0

Chd ¥ rang trong bang vira lap, can phai liét ké cdc hoi so cap theo thir ty giam dan
cua sO cac bit 1 cua xau bit tuong tng.

Buéc 2. Tiép theo, 2 hdi so cip co thé td hop duoc voi nhau néu ching chi khéac
nhau mot tuc bién, nghia 1a 2 x4u bit twong tng chi khac nhau mot bit & ciing mét vi tri.
Khi t6 hop 2 xau bit nhu vay, hai bit khdc nhau ¢ cung vi tri ciia 2 xau d6 duoc loai bd
trong xau bit t& hop va dugc thay bang mot ddu gach ngang con céc bit khic duoc giir
nguyén. Trong thi du dang xét, cac cip xau bit (1, 2) ; (1, 3) ; (2, 4) ; (3, 4) va (4, 5) ¢o thé
to hop dugc véi nhau. Cap (1,2) 1a xyz+ xglz =x2z vanhu vay cdp xau bit (1, 2) 1a 2 xau
111 va 101 dugce td hop thanh xau 1-1. Tuong tu véi cac cap con lai va tiép tuc nhu vay
trong cac bude 1ap tiép theo. C6 thé trinh bay budc nay trong bang:

Khai qéu T6 hop lan I T6 hop lan II
TT | Hoisocap | Xaubit | HoOisocap | Xaubit | Hoisocap | Xau bit
1 XyZ 111 (1,2 xz 1 -1 (1,234) z| --1
2 Xyz 101 [(13) yz - 11
3 Xyz 011 |24 vyz -0 1
4 Xyz 001 |(34) xz 0-1
5 Xyz 000 |45 xy 00 -

Céc tng vién dé dua vao dang tuyén chuan tac toi thiéu la cac hoi so cap chua dugce dung

dén dé to hop thanh cac hoi so cép ¢6 s6 tuc bién it hon (trong thi du trén 1a z va ;§) Cac
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mg vién nay khong nhat thiét phai c6 mat trong dang tuyén chuén tic tbi thiéu ciia ham
Boole.

Buée 3. Cudi cing 1a kiém tra xem cac tng vién c6 phu hét cac hoi so cap ban dau
cua ham Boole da cho khong. Khai niém phu c6 nghia 1a tng vién dé c6 mat trong hoi so
cAp ban dau thi n6 thay thé duoc cho hoi so cip d6. Néu tmg vién c6 mit trong hdi so cap
ban d4u nao thi ta ddnh déu x cho hoi so cip d6. Bang sau ddy lam cong viéc nay:

Ung vién Xyz Xyz Xyz Xyz Xyz
z X X X X
Xy X X

Tir bang trén thay z c6 mat trong 4 hdi so cap ciia ham f con §§ cO madt trong hai
hoi so cdp cudi ctia ham f. Nhu vAy hai tng vién z va x y 1a pht hét cac hoi so cAp ban ddu
cta ham f.

Vay dang tdi thiéu cua ham f(x,y,z) la:  f(x,y,z)=z+ §§

Thi dy 2: Tbi thiéu hoa ham Boole sau:

f(x,y,z,u) = Xy2u+;yzu+xyza+;y2u+X§za+xyzu+xyzu

Buoc 1: Gan xau bit cho cac hoi so cap:

T.T | Hoi so cap Xau bit So6 cacso 1
1 Xyzu 1101 3
2 Xyzu 0111 3
3 Xyzu 1110 3
4 Xyzu 0101 2
5 Xyzu 1010 2
6 Xyzu 0110 2
7 Xyzu 0010 1
Bude 2: T6 hop cac hoi so cap:
Khoi dau T6 hop lan 1 TT6 hop lan 1T
TT | Hoisocap | Xaubit | Hoisocap | Xau bit Hoi so cap Xau bit
1 xyzu | 1101|014 yzu |-101 /3567 zu| --10

2| xyzu |01 11]@24 xyu|O01-1
3 xyzu |1 110]@26) xyz|O011 -
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4 xyzu | 0101 |@35 xzu|1-10
5 Xyzu 101036 yzu |-110
6 xyzu |0110|(57) yzu|-010
7 xyzu | 001067 xzu |0-10

Céc tmg vién (cac hoi so cip khong td hop duoc tiép) c6 thé dugc sir dung trong biéu

thirc tdi thiéu ctia ham Boole 1a: yEu; Xyu; Xyz; zu.

Budce 3: Xét sy co mat cia cac ing vién trong cac hi so cap ban dau

Ungvién| xyzu | xyzu | xyzu | xyzu | xyzu | xyzu | xyzu
yzu X X
Xyu X X
Xyz X X
zu X X X X

Céc hoi so cap: yzu; xyu; zu phu hét cac hdi so cap ban dau. Vi vay dang toi

thiéu ctia ham f la:
f(x,y,z,u) = yzu + xXyu + zu

Céc hoi so cap: yzu; xyz; zu; cling phu hét cac hdi so cap ban dau, do do c6 dang

t6i thiéu hod thr hai ctia ham f: f(x,y,z,u) = yZu + ;yz +zu
Bai toan c6 hai dap sd.

BAI TAP CHUONG 7
Ham Boole va Biéu dién ciac ham Boole
7.1 Bang cach lap bang gia tri, hdy chung minh rang:
a) x§+ y2+;2 =;y+§z+x2
b) Cac luat giao hoan, két hop va BPo-Moocgan.

7.2. Phép toan XOR, ky hiéu @, dugc dinh nghia nhu sau:
1®©1=0, 1®0=1, 0®1=1, 0®©0=0

a) Rﬁtgoncécbiéuthﬁcsau: x®@0;, x®1; xDx; X®x
b) Chimg minhring: x@®y = (X+y) (X_y)
X@y = x§+;y
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7.3. Tim do6i ngau cua cac bicu thirc sau:

a) XyZ+ XyZ; b) xz+x.0+x.1

7.4. Tim dang tuyén chuan tic ciia cac ham Boole sau:

a) f(x,y)= x?; b) f(x,y)=1; c) fx,y,z)=x+y+z
d) fx,y,2)=(x+2)y; e) f(x,y,z)=x; f) f(x,y,z) = x§
7.5. Tim dang tuyén chuan tic ctia cic ham Boole 3 bién, biét f(x,y,z) bang 1 néu va chi
néu:
a) x=0; b) xy=0; c) x+y=0; d) xyz=0

Cac cong logic
7.6. Tim dau ra cho cac mach sau:

)
v T3 )1,
Z o =

b

e
S >

7 —>[>o0—>

7.7. Dung cac mach g6m bo dao, cac céng OR, AND dé tao cac diu ra sau:

a) ;§, b) (x+y) x C) Xyz +;§2

7.8. Thiét ké mot mach thuc hién viéc diéu khién mot bong dén bang 3 cong tic, sao cho
khi thay doi trang thai caa bat ky mot cong tic nio thi dén dang sang sé tit va nguoc lai.
7.9. Xay dung mot mach dé so sanh hai s6 nguyén hai bit x = (x;X0)2 va y = (y1yo)2 va cho
dau ra bang 1 néu x >y va bang 0 trong cic trudng hop con lai.

T6i thi¢u ho4 ham Boole
7.10. Dung bang Karnaugh t6i thiéu hoa cac ham Boole sau:
a) fxy) =xy+xy ; b) f(x.y) =Xy + Xy +Xy+xy;
c) f(x,y,z) =;yz+;§z ; d) f(x,y,z)=xyz+ xy2+;yz+;y2;
7.11. Dung bang Karnaugh tim mach don gian hon c6 cuing dau ra nhu mach trong hinh

dudi day.

Truong Pai hoc Nong nghiép Ha Noi — Gido trinh Gido trinh Todn ROT rqc............cccovvuevenvinnaennn. 194


www.VIETMATHS.com
www.vietmaths.com

<

=
s

7.12. Thiét ké mot mach logic thuc hién viéc bd phiéu theo da sé cho mét hoi déng gém
nam thanh vién.

7.13. Cuyc tiéu hod cac ham trong bai 7.10 bang phuong phap x4u bit.

7.14. Cuyc tiéu hoda cadc ham sau bang hai phuong phép: xau bit va Karnaugh:
a) f(x,y,z) = Xy2+x§z+x§2+;yz+;§z
b) f(x,y,z) = xyz+x§z+ x§2+;yz +;y2+;§z

c) f(x,y,z,u)= xyzu +X§Eu+ x?Zu +;y2u +;§zu

d) f(x,y,z,u) = Xygu +;§Zu +;yzu+x§za+;y2u+xyzu

e) f(x,y,z,u) = xyzu+xy2u+x§zu+;yzu+;yzu+xyza+

+XyZU+XyzZu+xyzu

7.15. Cuyc tiéu hod cac ham sau bang hai phuong phap: x4u bit va bang Karnaugh:

a) f(x,y,z) =%(0,2,4,6,7); b) f(x,y,z) =%(0,1,2,3,4,5,6);
c) f(x,y,z,u) =%(0,4,6,8,10,12,14); d) f(x,y,z,u) =%(1,3,8,9,10,11,14,15)
DAP SO
7.2. a) x®0=x; x(-BI:;; Xx®x=0; X®x =1
74. a) X;; b) Xy+Xy+Xxy+xy;
C) ;§2+x§2+;y2+;§z+xy2+x§z+;yz; d) xyz+xy2+;yz
e) xyz+xy2+x§z+x§2; f) x§z+x§2
7.5. 2) XYZ+XyZ+XyzZ+XyzZ; C) Xyz+Xyz;

d) xyz+x§2+;y2+xyz+xy2+x§z+;yz
7.8. V& mach logic c6 dau ra Ia xyz+;y2+;§z+;y2
7.9. V& mach logic c6 dau ra la xly_1+ xoy_o(xly1 +x_1x_2)
7.10. a) x;  b) 1 ¢) Xy; d) y
7.12. V& mach la tong céc tich cua 3 trong 5 bién X, y, z, u, t
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7.14. a) ;z+x§+§z+x2; b) 2+;y+x§;
c) xyz+x§u+;y2u+;§zu; d) ;§z+;zu+;yga+xy2u+x§za
e) ;y+yu+yz+xzu+gza

7.15. a) Xz+y2+xz; b) y+z; c¢) za+y2+x§a+xza; d) X§+XZ+;§Z

CAU HOI ON TAP CHUONG 7

1. Phat biéu dinh nghia dai s6 Boole, ham Boole va céc tinh chit cta biéu thire Boole. Thé
nao 1a d6i ngiu cia biéu thirc Boole? Nguyén 1y d6i ngau 1a gi? Thé nao 1a quy tic thay
thé?

2. Cic phuong phap cho ham Boole? Thé nao 1 dang tuyén chuan tic ctia ham Boole?
Trinh bay céch dwa mot ham Boole vé dang tuyén chuan tic.

3. Thé nao 1a tap day du céc phép todn cua dai s6 Boole? Hiy chi ra cdc tap day du gdm ba
phép todn, tap day di gom hai phép todn va tap day du chi mot phép todn ctia dai s6 Boole.
4. Dinh nghia cdc cong Logic va céch t6 hop cdc cong Logic. Xy dung mach Logic biéu
quyét ctia mot hoi dong c6 5 thanh vién, biét moi van dé dem biéu quyét duogc quyét dinh
theo da sd. Ruit gon ham Boole thu duogc.

5. Trinh bay phuong phdp bang Karnaugh dé riit gon cdc mot ham Boole 2, 3 hodc 4 bién
dugc cho dudi dang tuyén chuén tac.

6. Trinh bay phuong phép Quine — McCluskey (phuong phép x4u bit) dé rit gon mot ham
Boole dugc cho dudi dang tuyén chuan tic.
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PHU CHUONG .

DAI CUONG VE TOAN LOGIC

1. Logic ménh dé
1.1. Khdi niém ménh dé
1.2. Céc phép todn ménh dé
1.3. Dich céc cau thong thuong
1.4. MGdi lién hé giira cdc phép todn logic va céc phép todn bit
2. Cong thirc dong nhét diing va cong thirc dong nhat bang nhau trong 16gic ménh dé
2.1. Céc khdi niém vé cong thirc trong 16gic ménh dé
2.2. Luat dbi ngiu
2.3. Luét thay thé
2.4. Luatkét lugn
3. Piéu kién dong nhét diing trong 1dgic ménh dé
3.1. Tuyén so cap va hoi so cap
3.2. Dang tuyén chuén tic va dang hoi chuan tic
3.3. Thuat todn nhan biét mot cong thirc 12 dong nhat ding hay dong nhat sai
4. Logic vi tu.
4.1. Vit
4.2. Luong tu
4.3 Khdi ni¢m cong thic trong logic vi tir

Cic quy tic cua logic cho ¥ nghia chinh xdc cia mot ménh dé. Céc quy tic nay duoc
str dung dé phan biét gitra cdc 1ap luan diing va khong diing.
1. Logic ménh dé
1.1. Khai niém ménh dé

Ménh dé 1a co so cua todn logic. O day chi dé cap dén cdc ménh dé hodc ding, hoic
sai. Chang han "Trudng Pai hoc Néng nghiép I ¢6 khoa Cong nghé thong tin" 1a ménh dé
diing; con "5 1a nghiém ctia phuong trinh x> + 1 = 0" 1a ménh dé sai.

Logic ménh dé khong quan tim t6i cic ménh dé khong dii nghia dé khang dinh né 1a
diing hay sai, chang han "Bay gio 1a my gid"; "T6i néi doi" hay "x + 1 =2".

Pinh nghia 1: Cic ménh dé hoac ding, hodc sai dugc goi la cdic ménh dé so cép hay
con goi 1a bién ménh d¢, va dugc ky hiéu bang céc chir ci thuong: p, q, 1, s, ...

Ménh dé chi nhan mét trong hai gia tri la ding, ky hiéu T (viét tit cua tir True trong
tiéng Anh) va sai, ky hi¢u F (viét tit cua tir False). T va F goi la cac gid tri chan 1y cua
ménh dé.
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Pinh nghia 2: Hai ménh dé so cip duoc goi 1a twong dwong néu né ciing diing hoic
cung sai.
Hai ménh dé p va q tuong duong véi nhau dugc ky hiéu la p < q.

r
AN

Thi du 1: "Sb 3 1a s6 nguyén t6" va "Truong Pai hoc Nong nghiép c6 khoa Nong
hoc" 1a hai m¢nh dé twong duong.
Thidu2: "1+ 1=23"va"6chiahét cho 3" la hai ménh dé khong twong duong.

1.2. Céc phép toan ménh dé

Tt cdc ménh dé so cap c6 thé td6 hgp thanh cic ménh dé€ phirc hop nho cic todn to
logic. D6 1a cac phép todn: tuyén, hoi, phu dinh, ... dugc dinh nghia trén tap hop cdc ménh
dé so cap.

Phép tuyén: Cho p, q 1a hai ménh logic. Ménh dé "p hodc q", ky hiéu pvq, 1a mot
ménh dé méi, né sai khi ca p va q sai va ding trong céc truong hop con lai.
Ménh dé pvq goi 1a tuyén ciia hai ménh dé p va q.

Phép hoi: Gia sir p va q 12 hai ménh d¢ logic. Ménh dé "p va q" 12 mot ménh dé mdi,
ky hiéu pAq, né ding khi ca p va q ding va sai trong cac truong hop con lai.
Ménh dé paq goi 12 hoi ctia hai ménh dé p va q.

Thi du: Cho cdc ménh dé p: "Hom nay 1a thir bay",
q: "HOm nay tro1 mua".
Ta c6:

pvq 1a ménh dé "Hom nay Ia thir bay hodc hom nay trdi mua". Ménh dé nay diing vao
bat ky ngay nao 1a thir bay hodc bat ky ngay nio c6 mua ké ca ngay thir bay c6 mua. NG
chi sai vao ngay khong phai la thir bay va ngay dé troi khong mua.

pAq 1a ménh dé "Hom nay la thir bay va trdi mua". Ménh dé nay chi ding khi ngay
thtr bdy nao dé c6 mua.

Chd y rang lién tir "hodc" trong cdch néi thong thudng doi khi duoc str dung nhu mot
su Iya chon loai trir. Chang han ciu néi: " Khi tring thuong c6 thé chon giai thuong 14 tién
hodc hién vat" phai hiéu 1a chi duogc Iy tién hodc lay hién vat chir khong thé ldy cé hai.
Piéu nay khong duoc dung trong logic ménh dé.

Phép tuyén loai: Cho p va q la hai ménh dé logic. Ménh dé tuyén loai cta p va q
duogc ky hiéu 12 p@®q 12 mot ménh dé ding khi chi mot trong p hodc q diing va sai trong cic
truong hop con lai.

Phép phii dinh: Gia sir p 1a mot ménh d logic, khi d6 "Khong phai p" 1a mot ménh
d& khac duoc goi 1a ménh dé phu dinh cia ménh dé p, ky hiéula p.

Thi dy: Ménh dé p 1a: "Hom nay Ia thi sdu", khi dé 5 la: "Hom nay khong phai la
thtr sdu".

Phép kéo theo: Cho p va q 1a hai ménh dé logic. Khi d6 "p kéo theo q" 12 mot ménh
de, ky hiéu p — q, n6 chi sai khi p ding va q sai, va ding trong moi trudng hop con lai.
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Trong phép kéo theo ndi trén thi p dugc goi 1a gia thiét, con q 1a két luan.

C6 nhiéu cach néi twong duong véi "p kéo theo q", cdc cach néi twong duong thuong
gap la:
"psuyraq"
"Néu p thi q"
"p 1a diéu kién du cta q"
"q 1a diéu kién can cua p"

Ngoai ra con ¢6 mot sd khai niém lién quan dén phép kéo theo. Gia sir c¢6 ménh dé
p — q (goi la ménh dé thuan), khi d6 q — p goi 1a ménh dé ddo, va ¢ — p 1a ménh dé
phan ddo.

Thidu 1:

"Néu tam gidc ABC la tam gidc déu thi ba géc A, B, C bang nhau" 1a ménh dé thuan.
Ta co:

"Néu ba géc A, B, C bang nhau thi tam gidc ABC 1a tam gidc déu" 1a ménh dé dao.

"Néu ba géc A, B, C khong bang nhau thi tam gidc ABC khong 1a tam gidc déu" Ia
ménh d¢ phan dao.

Chu y rang khai niém kéo theo p — q chi sai khi p ding va q sai, nhu vay né diing
trong cdc truong hop: ca p va q déu ding va khi p sai (bat ké q ding hay sai). Diéu nay
hoan toan khéc véi mbi quan h¢ nhan — qua gitra gia thiét va két luan.

Chang han ménh dé: "Néu hom nay trdi ning, ching t61 s€ di choi” la mot phép kéo
theo. Néu dung theo ngdn ngir thong thuong thi vi né c6 mbi quan hé nhan qua giita gia
thiét "hom nay troi nang" va két luan "chdng t6i di choi" nén ménh dé 1a ddng trir trudong
hop hom nay troi nang nhung chiing t6i khong di choi va truong hop hom nay troi khéng
nang nhung ching t6i ¢6 di choi. Con néu hiéu theo kéo theo trong logic thi ménh dé d6
dting ca khi hdm nay troi khong ning nhung chiing t6i c6 di choi hodc khong di choi.

Thi du 2: Phép kéo theo: "Néu hom nay trdi nang thi 2 + 3 = 5" 1a ludn ludn ding vi
ménh d¢ "2 + 3 = 5" ludn ludn ding (gid tri chan 1y ctia "H6m nay troi nang" 1a khong
quan trong).

Thi du 3: Phép kéo theo: "Néu hom nay 1a thtr sdu thi 2 + 3 = 6" 1a diing trong moi
ngay, trir ngay thir sau.

Gid tri chan 1y ctia cdc phép todn ménh dé dugc tong két trong bang 1

Bang 1. Bang gia tri chan Iy ciia cac phép toan ménh dé

p q pVq pAq p®q p p—q | p<>q
T T T T F F T T
T F T F T F F F
F T T F T T T F
F F F F F T T T

1.3. Dich cac cau thong thuwong
C6 thé tao ra cdc ménh dé phirc hop bang cich st dung cic todn tir da dinh nghia &
trén. Cac dau ngoac s€ dugc dung dé chi thir tu thuc hién cdc toén tu. Tuy nhién dé don
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gian nguoi ta quy dinh todn tir phu dinh khong can dé trong dau ngodc, chang han
pvq A (;) 12 héi cua pvq véi r ¢6 thé viét 1a (pvQq) AT.

N6i chung, cic ciu théng thuong déu khong rd rang. Dich cdc cdu thong thudng ra
céc biéu thuc logic 1a 1am mat di tinh khong r6 rang d6. Mudn vay, phai tich cAu néi thong
thuong thanh cdc ménh dé so cép (ménh d& hoic ding, hoac sai) dya trén y nghia ham dinh
ctia ciu d6, sau d6 ding cic todn tir logic dé lién két chiing lai.

Thi du: Xét cau: "Ban khong dugc 14i xe may néu ban chua cao to1 1,5m trir khi ban
da du 18 tudi". Bé dich ciu nay ta c6 thé dit:
p: "Ban duogc ldi xe mdy"
q: "Ban cao duoi 1,5m"
r: "Ban du 18 tudi"

Khi d6 cau da cho c6 thé viét thanh biéu thic logic: q AT — p
1.4. M&i lién hé giira cac phép toan logic va cac phép toan bit

Mady tinh ding cic bit dé biéu dién thong tin (bit 12 viét tit cia tir tiéng Anh binary
digit: ) nhi phan). Mdt bit ¢6 hai trang thai [a 0 va 1 (c6 thé xem hai trang théi nay la cac
gid tri c6 thé c6 cua bit).

Bit ciing dugc dung dé biéu dién cdc gid tri chan ly: 1 dé biéu dién gid tri True, con 0
dé biéu dién gid trj False.

Trong tin hoc con cé bién Boole (Boolean variable) cling chi nhan c6 hai gié tri la
True va False. Do d6 bit ciing ding dé biéu dién mot bién Boole.

Céc phép todn co ban vé bit ding trong may tinh tuong tng véi cic phép todn logic.
Céc phép todn bit gdm c6: OR, AND, XOR tuong tng v6i cic phép todn v, A, ®. Néu thay
False bang 0 va True bang 1 duoc bang cic két qua cia cdc phép todn bit nhu trong bang 3.

Bing 2. Cac két qua ciia cac phép toan bit

OR | O 1 AND | O 1 XOR | O 1
0 0 1 0 0 0 0 0 1
1 1 1 1 0 1 1 1 0

Thong tin trong may tinh dugc biéu dién bang cdc xau bit. Xau bit 1a diy cic s6 0 va
1. D6 dai ctia mot xau bit 12 s6 cdc s6 0 va sd 1 ¢6 trong xau. V§i hai xau bit cing do dai
¢6 thé thyc hién cdc phép toan OR, AND, XOR cho hai xu bit d6 bang cdch thyuc hién cic
phép toan nay dbi véi timg bit twong tng.

Thi du:
01101 00101 01101 00101 01101 00101
OR 11000 10110 AND 11000 10110 XOR 11000 10110
11101 10111 01000 00100 10101 10011
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2. Cong thirc dong nhat ding va cong thirc dong nhit bing nhau trong logic
ménh dé
Trong céc 1ap luan todn hoc thuong phai thay mot ménh dé phirc hop nay bang mot
ménh dé phirc hop khéc c6 cung gid tri chan ly. Vi thé cac phuong phdp tao ra cdc ménh dé
c6 cung gid tri chan ly 1a rat quan trong trong cdc 1ap luan toan hoc.
2.1. Cac khai niém vé cong thirc trong 1dgic ménh dé
Cong thirc trong 16gic ménh dé dugc dinh nghia bang dé quy nhu sau:
Dinh nghia 1: Dinh nghia cong thuc.
e Modi ménh dé so cép pP,q 1, ..., va T, F 1a mQt cong thuc.
e Néu A, B 12 hai cong thuc thi cdc ky hiéu (A v B), (AAB), (K), (A — B) ciing la
céc cong thuc.
Chu y: Mbi cong thtrc chi chira céc ky hiéu p, q, r, T, F; cdc phép todn v, A, _, — va
cac ky hiéu mo ngodc "(", ky hiéu déng ngodc ")". Ban than AvB, AAB, A, A—B khong
phai la céc cong thirc, tuy nhién dé cho gon thuong viét AvB thay cho (AvB). v. -v... Khi

khong ding dau ngodc thi th ty thyc hién cic phép tinh trong mot cong thic la |, —, A
va cudi cung la v.

Pinh nghia 2: Dinh nghia cong thirc ddng nhat ding va cong thirc ddng nhat sai

e (Cong thirc A duge goi 1a dong nhat ding (con goi 1a hang ding), ky hiéu |=A khi va
chi khi A ludn luén nhén gid tri ding (True) v6i moi gid tri ¢6 thé ctia cic ménh dé
so cap thanh phan c6 trong A.

e (CoOng thiic A dugc goi la d@)ng nhét sai (con goi la mau thuan), khi va chi khi A
ludn ludn nhén gid tri sai (False) v&i moi gid tri ¢ thé cua cdc ménh dé so cép
thanh phan c6 trong A..

e (Cong thitc A khong phai 1a hang dang, cling khong phai 1a méau thuin dugc goi
cng thue thyc hién dugc. Nghia la ton tai it ra 1a mot bo gid tri ctia cic ménh dé so
cAp c6 trong cong thic dé cong thirc 46 nhan gid tri diing.

D& thay phii dinh cta cong thirc dong nhat ding 1a cong thirc dong nhat sai va
nguoc lai. ) i )

Sau day 1a mdt s6 cong thirc dong nhat ding thuong gap:

. FA->B-A)
|=(A—>(B—>C)) - (A—->B)—>A—-0
E(AAB)—> A
F(AAB)—B
|=(A—>B) > (A0 >A->B—-0)
FA—(AVB)
EB— (AVB)
|=(A—>C) - (B—>C)—>(AvB)—>0))
F(A—>B) - (B—A)

e o
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10. FA— A
1. FA 5A

Pinh nghia 3: Pinh nghia céng thirc ddng nhat bang nhau
Hai cong thirc A va B dugc goi 1a ddng nhat bang nhau, ky hiéu A = B hoic A < B,
khi va chi khi A, B nhan ciing gid tri chan 1y d6i véi moi bo gid tri ¢6 thé ciia cdc ménh dé
S0 cAp c6 trong ching.
NG6i cach khac, A = B khi va chi khi A < B 12 hing diing
Hai cong thirc ddng nhét bang nhau con duoc goi 12 hai cong thic twong duong 16gic.
Céc cong thirc dong nhat bang nhau thuong gip dugc cho trong bang 3.

Bang 3. Cac cong thirc twong dwong légic thwong gap

S6TT Tén goi Cong thiic

1. Quy tic phu dinh kép A=A

2. Tinh chét giao hodn AvB=BVA
AAB=BAA

3. Tinh chat két hop (AvB)vC=Av (BvC)
(AAB)AC=AA B AC)

4. | Tinh chat phan b Av (B AC) = (AVB) A (AVC)
A A (BVC) =(AAB) v (AAC)

5. Quy tac Po-Moocgan AvB=AAB
AAB=AVB

6. | Tinh liy dang AVA=A
AAA=A

7. Tinh dong nhat AAT=A
AvF=A

8. Tinh nudt AvT=T
AAF=F

9. | Mot sb tién ich AB=AvB
AVA=T
A AA=F

Dé chimg minh cic cong thiic trén, ¢6 thé ding phuong phép 1ap bang gid tri chéan ly
cua chung.

Thi dy 1: Ching minh réng: |=A — (B — A) (Cdng thirc 1 sau dinh nghia 2).

Ta 1ap bang gia tri chan ly:
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A B B—A A— (B —>A)
T T T T
T F T T
F T F T
F F T T

Viy A — (B — A) la cong thiic ddng nhét diing, boi cot cudi néi 1én didu do.

Thi dy 2: Chung minh rang Av B = AAB (Cong thic 5, quy tic Po-Moocgan sau
dinh nghia 3).
Lap bang gi4 tri chan 1y cua ca hai vé:

A B | AAB | AAB | A B | AvB
T T T F F F F
T F F T F T T
F T F T T F T
F F F T T T T

Quan sat cdc gid tri chan ly ¢ hai cdt AAB va AVB thdy ching giéng nhau. Vay

AAB=A VB
Chd ¥ rang, néu trong cong thirc ¢6 3 thanh phan thi bang cdc gid tri chan 1y s& ¢6 2° =
8 hang (Téng quat 12 bang 2" hang d6i v&i cong thirc ¢6 n thanh phan). Chang han ching
minh tinh cht két hop cua phép hop:
(AvB)vC = Av(BvO
Bang gid tri chan 1y ctia cong thurc la:

>
vs)
@

AVvB (AvB)vC B
T T

@

Av(BvO)
T

esllesiesiBesi IR I M
ol I e I sl e I

| 4| 3| 3 ™33] 3] <

| | ™ | T3] |
il R IR I I
IR IR IR I N I
IR IR I N I

Mot phuong phdp chirmg minh khac 1a dung cac cong thirc thuong gép duogc trinh bay
sau cdc dinh nghia 2 va dinh nghia 3 dé bién d6i cong thirc da cho.
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AAB.

Thi du 4: Ching minh ring: AV (A AB)

Ta co6: AV(AAB) = AA(AA B) Theo quy tic Po-Moocgan
= An (Z \% ﬁ) Theo quy tac Dbo-Moocgan
= AA(AVB) Theo quy tic phu dinh kép
= (AAA)V(AAB) Theo tinh phan phéi
= Fv(AAB) Vi AAA=F
= (AAB)VF Theo tinh giao hodn
= (K AB) Theo tinh dong nhét

Thi dy 5: Chung minh réng: |= (AAB)—> (A VvB).
Trude hét dung bang gid tri chan 1y ching minh (A — B) = (A Vv B).

A B A AvB A—B
T T F T T
T F F F F
F T T T T
F F T T T

Tu do:
(AAB)— (AvB) = (AAB)V(AVB)
(K v E) v (AvB) Theo quy tic Po-Moocgan

(K VAV (BvB)  Theo tinh giao hodn ctia phép tuyén
TvT = T

2.2. Luit ddi ngiu.

Gia sir A 1a mot cong thire chi chira cdc phép todn tuyén, hoi va phu dinh ma khong
chira céc phép toan @, —. Néu trong A chiing ta d6i mdi v thanh A, mdi A ddi thanh v,
moi T thanh F va mdi F thanh T thi dugc mot cong thirc méi, ky hidu 1a A*. Cong thirc A*
goi 12 cong thirc d6i ngdu cua cong thirc A.

Thi du: D6ingdu ciia A= (pvq) Ar 1a A* = (pAQ)V T.

Ddi nglu cia B = (pAT) v (r Aq) VF 1a B* = (pvF)Ar vq) AT.

Pinh 1y 1: Gia st A = A(py, p2, ..., Pn) 12 mot cong thire, trong d6 p; i=1, 2, ...,n) Ia

cac ménh dé so cap c6 trong A. Khi d6 luon ludn cé:
A*=A(P;,Pss5 Py )

Chirng minh: St dung dinh nghia dé quy vé cong thirc trong logic ménh de.

bé cho gon, ching ta viét A(X) thay cho A(pi, p2, ---» Pn)
va A(X) thay cho A(p,,p,s...P, )
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1- Néu A = p, & day p 1a ménh dé so cép nén hién nhién ta c6:
AX)=X=X hay A*= A(X)
2- Gia su da chung minh dugc cho cidc cong thirc A va B, nghia la:
A*= A(X) vaB* = B(X)
Chiing ta phai chirng minh dinh 1y cling diing cho (AvB), (AAB) va (K )
Xét cong thirc (AvB), ta co:
(AVB)* = A* A B* = A(X)AB(X) = (A v B)(X)
Xét cong thirc (AAB), ta co:
(AAB)* = A*vB* = A(X)vB(X) = (A AB)X)

Xét cong thuc (X), ta co:

A) = A* = AX
Dinh 1y dugc chirng minh.
Thi du: Cho A=(pvq) A r

Theo dinh nghia ta ¢6: A* = (pAQ) VT
Theo dinh ly thi:

AX)=(pVAT=(pvaVr=(pAQvr=(pAaqvr=A*

Nguyén 1y d6i ngiu: Néu A =B thi A* = B¥, trong d6 A*, B* la cong thic dbi ngau
twong Ung cla céc cong thirc A, B. (Tat ca cdc cip cong thirc 2-8 trong bang 3 déu thoa
man nguyén ly nay).

2.3. Luit thay thé

Pinh Iy 2: Gia sir A 1a cong thirc chira ménh dé so cap p thi khi thay p boi mot cong
thire E nao d6 dugc cong thire méi ky hiéu la B. Khi d6: Néu A thi FB.

DPinh 1y dugc suy ra tir dinh nghia cong thirc dong nhat ding.
2.4. Luit két luin

Pinh Iy 3: Néu A va (A — B) la céc cong thirc dong nhét ding thi B ciing 1a cong
thirc ddng nhét ding. (Néu |=A va |=(A%B) thi |=B)

Chitng minh: Pinh 1y dugc ching minh bang phan chimg.
Gia st FA va Ff(A—B) nhung B khong dong nhét ding, khi d6 c6 mot ménh dé so cap

p dé B(p) 1a sai, nhung do A—B 1a dong nhét ding nén A(p) 1a sai vay A khong thé Ia
ddng nhat ding, diéu nay trai v6i gia thiét |=A. Dinh 1y dugc chirng minh.
3. Piéu kién dong nhét diing trong logic ménh dé

Phuong phép diing bang gid tri chan 1y dé nhan biét mot cong thirc trong 16gic ménh
dé 1a dong nhit ding (dong nhat sai) s& gap kho khian khi trong cong thirc ¢6 nhiéu ménh
dé thanh phan. Phan nay xét thudt toan dé khac phuc tinh trang d6.
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3.1. Tuyén so cap va hdi so cip
Dinh nghia:
e Biéu thirc 1dgic 12 tuyén ctia cic ménh dé so cap hodc phu dinh ctia né dugc goi la
mot tuyén SO cép (TSC).
e Biéu thirc 16gic 1a hdi cua cdc m¢nh dé so cép hodc phu dinh cua né dugc goi la
mot hoi so cap (HSC).

Thidu: pv c_l v 12 mot tuyén so cap; a/\ rA p 12 mot hoi so cip.
Pinh ly: Pinh Iy c¢6 hai phan:

e Dicu kién can va da dé mot tuyén so cap 1a dong nhét diing 1a trong tuyén so cap d6
6 chira dong thoi mot ménh dé so cip cliing véi phi dinh cia né.

e Diéu kién can va du dé mot hoi so cdp la dong nhat sai 1a trong hoi so cap d6 c6
chira dong thoi mot ménh dé so cép cling v6i phu dinh cia nd.

Chitng minh: Chtng minh phan thtr nhét cua dinh 1y.

Piéu kién can: Gia st TSC 1a dong nhat ding, phai chi ra rang tuyén so cap dé chua
mot ménh dé so cp cing voi phi dinh ciia né.

Gia str nguoc lai trong TSC dong nhat ding d6 khong c6 ménh dé so cép cling véi phu
dinh cta né. Khi d6 néu cho cic ménh dé so cap khong c6 dau phu dinh c6 trong TSC nhén
gid tri F, con cdc ménh dé so cép c6 dau phu dinh nhan gid tri T thi TSC nhan gia tri F.
Diéu nay trdi véi gia thiét dong nhat ding cua TSC. Vay TSC ddng nhat ding phai chira
mot ménh dé so cp cing voi phit dinh ciia né.

Piéu kién di: Gia sit mot TSC ¢6 chira mot ménh dé so cdp ciing voi phu dinh cua
no, chéng han:

TSC=pv E V..Vr
Khi d6 vi p v p 1a ddng nhat ding nén TSC la ddng nhét ding.
Phén hai cta dinh 1y dugc chirng minh tuong tu.

3.2. Dang tuyén chuin tic va dang hdi chuén tic
Pinh nghia: Gia sir A 12 mot cong thic trong 16gic ménh dé.
e Néu A=A, trong d6 A' Ia tuyén cta cdc hdi so cip thi A' goi 1a dang tuyén chuan
tac (TCT) ctia A. Nghia 1a:
A=A"=HSC); v(HSC), v ... v (HSO), .
e Néu A=A trong d6 A'1a hdi clia céc tuyén so cip thi A' goi 1a dang hoi chuan tic
(HCT) ctua A. Nghia la:
A=A"=(TSC); A(TSC) A ... v (TSCO), .
Thidu: Cho: A=pA(q—q),tacd:
A'=pA(pvq) ladang HCT cua A.

A'=(pAp)Vv(pAq) ladang TCT cua A.
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Pinh 1y 1: Moi cong thirc trong 16gic ménh dé& déu c6 dang tuyén chuan tic va dang
hoi chuan tac.

Chitng minh: Gia sir A 1a mot cong thirc bat ky trong 16gic ménh dé.

Néu A c6 chira phép todn — thi ¢ thé khir phép todn — bang cong thirc ddng nhat
bang nhau p — q = }_) v q. Vi vdy c6 thé gia thiét A chi chira cdc phép todn v, A va .

Néu phép phu dinh con chua tryc tiép dbi voi cdc ménh dé so cip trong A thi sir dung
cic cong thic dong nhat bang nhau m EI_)/\a hodc m Eﬁva (Quy tic Po-
Moocgrfm). i ‘ o

Tiép theo dua A vé dang HCT va dang TCT nho céc cong thirc dong nhat bang nhau

pv(@Ar)=(pvq) A (p vr) hoacp A (qv )= (pAq) V (pAr) (Tinh phan bé).
Dinh 1y dugc chirng minh.

Thi dy: Tim dang TCT va dang HCT cua cong thuc A=p —> (q > 1)
Ta co: p—)(q—)r)EEv(qar)EEvavr

Cong thuc A' = Bv a vr la dang HCT ddng thoi ciing 1a TCT ciia cic HSCE , a var.

Pé thuan tién trong viéc chuyén mot cong thic vé dang tuyén chuan tic hoic hoi
chuan tac c6 thé sir dung dinh ly sau goi la dinh 1y khai trién:

Dinh Iy 2: Dinh Iy ¢6 hai phan:
e Diéu kién can va du dé cong thic A dong nhat ding 1a moi tuyén so cap trong dang
HCT cua A deu chira mot ménh dé so cap cung véi phu dinh cua né,
e Diéu kién can va du dé cong thirc A dong nhat sai 12 moi hoi so cip trong dang
TCT caa A déu chira mot ménh dé so cdp ciing v6i phi dinh ctia né.

Chitng minh: Chtng minh phan thir nhit cua dinh Iy.
Piéu kién can: Gia si A 1a cong thic dong nhét ding. Theo dinh 1y 1 thi A c6
dang hdi chuén tic:
A'=(TSC); A(TSC)a A ... A(TSC), .
Vi A dong nhét ding nén (TSC);, i =1, 2, ..., n la dong nhat diing. Theo dinh 1y trong
3.1 thi trong moi tuyén SO cép (TSC);,1=1, 2, ..., n c6 chira mot ménh dé so cép cung voi
phu dinh cua né.

Piéu kién di: Gia st A' = (TSC); A (TSC); A ... A (TSC), 1a dang HCT cua A,
trong dé mdi (TSC);, i = 1, 2, ..., n ¢6 chtra mdt ménh dé so cép cung phu dinh cta né.
Theo dinh 1y trong 3.1 thi mdi tuyén so cap (TSC);, i =1, 2, ..., n 1a dong nhat ding do d6
A 1a cong thirc dong nhat diing.

Phan hai cta dinh 1y duoc chting minh tuong tu.

3.3. Thuat toan nhin biét mot cong thirc la dong nhit ding hay dong nhit sai

Tir céc dinh 1y trén suy ra thudt todn nhan biét cong thic A 1a dong nhit ding hay
dong nhat sai nhu sau:

Bude 1: Tim dang hoi chuén tic A' va dang tuyén chuén tic A" clia A.

Burde 2: Két luan:
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- Nén moi t’uyén so cap trong A' déu chita mot ménh dé so cap cling phii dinh ciia né
thi A la dong nhat diing. . . )

- Néu moi hoi so cap trong A" déu chira mot ménh dé so cap cung phu dinh cua n6 thi
A la dong nhat sai. i ) )

- Néu c@ mot tuyén so cap trong A' (hodac mot hoi so cap trong A") }(héng p(’) mot
menh d€ so cap nao cung phu dinh cua n6 thi A khong phai la cong thirc dong nhét dung
cling khong phai l1a cong thirc dong nhat sai.

Thi du: Chung minh rang: |=(A AB)— A

Tacé: AAB—>A =(AAB)VA = (A\/B)\/A AVAVB

Vay (A AB) — A la cong thirc dong nhat ding vi tuyén so cap trong dang hoi chuan
tac cia né chira A va A

4. logic vi tir

4.1. Vit
Trong todn hoc cling nhu trong céc chuong trinh mdy tinh, ching ta thuong gap céc
cau nhu: "x > 3", "x + y =3", "x —y = 2", ... Cdc cdu nay khong diung cling khong sai

chirng nao cdc bién x, y, z con chua duoc cho cdc gid trj cu thé.

Phéan nay trinh bay cdch tao ra cdc ménh dé tir cic ciu nhu da néu.

Cau "x > 3" ¢6 hai bd phan: bo phan thir nhat 1a bién x déng vai trd chu ngir trong
cau; bo phan thu hai "lén hon 3" dong vai trd vi ngit ctia cAu, n6 cho biét tinh chat ma chii
ngir ¢6 thé ¢6. C6 thé ky hi¢u cau "x 16n hon 3" 1a P(x) v6i P 1a ky hiéu vi ngit "lén hon 3"
vaxla bién. Nguoi ta cung goi P(x) la gid tri cia ham ménh dé P tai x. Xét trong tap hop
cic so thuc, mot khi bién x dugc gan mot gid tri cu thé thi cu P(x) s€ c6 gid tri chan ly.
Chang han P(4) la ding con P(2,5) 1a sai. Chd y rang ham ménh dé P(x) cling c6 thé xét
trong tap hop céc sd nguyén hodc tap hop cdc sb tu nhién, ...Bdi vay c6 dinh nghia:

Pinh nghia 1: Gia st o 12 mot tdp hop cdc phan tir nao d6. Thanh 1ap trén ar cic
ménh dé P(x), trong d6 x nhan céc gid tri trong & va P(x) nhan gia tri trong tap hop {True,
False} thi P(x) dugc goi 1a mdt ham ménh dé xé4c dinh trén a7 va o goi la khong gian cua
ham mémh dé P.

Ham ménh dé P(x) con duogc goi 1a vi tir mot ngdi xdc dinh trén khong gian a7 .

Xét cau lénh “if x < 0 then x := x + 17 thuong gap trong cdc chuong trinh may tinh.
Khi thyc hién cau 1énh nay, gid tri ctia bién x tai thoi diém nao d6 dugc dit vao ciu P(x) =
"x < 0". Néu P(x) 1a True d6i véi gid tri nay thi 1énh gdn x := x + 1 dugc thuc hién va x
tang thém 1. Néu P(x) 1a False d6i v6i gid tri nay thi 1énh gdn x := x + 1 khoéng duogc thuc
hién va gia tri ctia x khong doi.

Vén dé dat ra hoan toan twong tu véi cdc ciu nhiéu bién hon, ching han Q(x,y) 1a ky
hidu cAu "x +y = 3", va R(x,y,z) la ciu "x —y = z", & ddy X, y, z 1a c4c bién.

Dinh nghia 2: Cho o "1a tich DPé-céc cta n tap hop ar; voi1=1, 2, ..., n. Thanh I3p
trén & " cac ménh dé P(xi, X2, ..., Xy), trong d6 xj€ a ; va P(xy, X,....,Xy)€ {True, False}
thi P(x, X2, ..., Xn) duoc goi 12 mot ham ménh dé xdc dinh trén a7 " va a7 " goi 1a khong
gian cia ham ménh dé P.
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Ham ménh dé P(x1, X2, ..., X,) con dugc goi 12 vi tir n ngdi xdc dinh trén khong gian o "

Viéc nghién ctru cédc vi tir dugc goi 1a logic vi tir. Chi ¥ rang, cling nhu trong 16gic
ménh dé, trong logic vi tir cling chi quan tim dén cdc gid tri cua vi tir hodc ding, hodc sai
ma khong xét dén cac gia tri khong diing ciing khong sai.
4.2. Lwong tir

Trong mot vi tir ¢6 thé xay ra cdc diéu sau: vi tir dd cho ding v6i moi phan tir trong
khong gian xéc dinh ciia né; ciing ¢6 thé vi tir d6 chi diing véi mot s6 phan tir nao d6 trong
khong gian x4c dinh cua né. Nguoi ta goi d6 la su lugng héa hay luong tir cic ham ménh
de.

Pinh nghia: Gia su P(x) 1a mot vi tir x4c dinh trong khong gian a7 .

1/ Biéu thic VxP(x) duoc goi la lugng tir véi moi x cua P(x); VxP(x) 1a ménh dé
"P(x) diing v&i moi phan tir x trong khong gian a7 ".

2/ Biéu thuc IxP(x) dugc goi la luong tur tdn tai x cua P(x); IxP(x) 12 ménh dé& "Cé
phan tir x trong khong gian a7 dé P(x) ding".

Ky hiéu V doc 12 "véi moi" va ky hiéu 3 doc 12 "tdn tai" hay "cé".
Gid tr1 chan ly ctua céc luong tir "voi moi” va "ton tai" dugc cho trong bang 4.
Bang 4. Y nghia ciia lwong tir "'véi moi'" va lwgng tir "'ton tai"

Ménh dé Khi n?to Qﬁng Khi ‘néo'sai

i (Nhan gi4 tr1 True) (Nhan gia tr1 False)
VxP(x) | P(x)la ding v6i moi phan tir x C6 it nhat 1 phan tir x dé P(x) 1a sai
JxP(x) | C6 it nhét 1 phan t x dé P(x) ding | P(x) 1a sai v&i moi phan tir x

Thi du 1: Xét trong khong gian cic s thuc, ta c6:
1/ Cho P(x):= "x+1 > x", khi d6 c6 thé viét: VxP(x).
2/ Cho P(x):= "2x = x+1", khi d6 c6 thé viét: IxP(x).

Thi du 2: Cho vi tir P(x):= "x tu hoc & nha hon 4 gi& mdi ngay", & diy khong gian 14
tap hop cdc sinh vién. Khi d6 dé dién dat ménh dé "Cé it nhat mot sinh vién da tu hoc hon
4 gid mdi ngay" chi can viét IxP(x).

Tir bang 4 c6 thé thay rang dé chimg minh VxP(x) 1 sai chi can chi ra mot phan tir
ctia khong gian dang xét dé khi thay vao thi P(x) 1a sai. Chang han trong khong gian cic sd
thuc, ménh dé& Vx"2x > x" 12 ménh dé sai boi vi chi can 1dy x = — 1 thay vao ménh dé 1a du
thay sai.

Con viéc ching minh 3xP(x) 1a sai sé khé khan hon rat nhiéu vi phai chi ra P(x) la
diing moi phan tir ctia khong gian.

Chu y rang néu tat cic phan tir cia khong gian a7 ¢6 thé liét ké ra duoc, chang han o
= {X1, X2, ..., Xy) thi ta co:

VXP(x) = PX)APXo)A ... AP(Xp)
dxP(x) =Px)VPXo)V ... VP(X,)

Truong Pai hoc Nong nghiép Ha Noi — Gido trinh Gido trinh Todn ROT rqc............cccovvuevenvinnaennn. 209


www.VIETMATHS.com
www.vietmaths.com

Déi v6i cdc vi tir nhidu ngdi ciing cic khai niém tuong ty. Chang han bang 5 cho ¥
nghia cdc lwong tir ddi voi vi tir hai ngdi P(x,y) xdc dinh trén a0 = a6 (X 94 5 .

Bang 5. Y nghia ciia cic lwong tir di véi vi tir hai ngdi

Ménh d Khi nao ding Khi nao sai
i (Nhan gia tri True) (Nhan gia tri False)

VxVyP(xy) | P(xy) ding v6i moi phan tr | C4 it nhat | cap phan tir (x,y)e 2 2
VyVxP(x,y) | (X,y)em : sao cho P(x,y) la sai

Voi moi phﬁn th xem | c6 mot | Co it nhét 1 phﬁn tr XeEM | sao
Vx3yP(x.y) L .

yE M 5 sao cho P(x,y) la ding cho P(x,y) 1a sai voi moi ye # ,

C6 it nhat 1 phén th Xxe™ | sao | VoI moi ph'ém tr Xe€ M | c6 mot
IxVyP(x,y) e oo

cho P(x,y) 1a ding v6i moi ye a0, | ye M , sao cho P(x,y) la sai
dx dyP(x,y) | C6 1 phﬁn tr (X,y)e M ? sao cho P(x,y) 1a sai v4i moi (x,y)e M 2
Jx dyP(x,y) | P(x,y) la diing

Thi du: Cho P(x,y):="x +2y=2x —y" trong khong gian 1a cdc s6 nguyén, khi d6
ta co:
Meénh dé P(3,1) ¢6 gid tri chan 1y 1a True, con P(1,0) c¢6 gid tri chan ly 1a False.
Ménh dé& VxP(x,1) c6 gid trj chan 1y 1a False.
Ménh dé Vx3yP(x,y) 1a False vi, chang han x = 1 thi khong c6 gid tri y nguyén nao

thoa mén (dé thdy y = % ).

Ménh dé Vy3xP(x,y) 12 True vi chi can lay x = 3y thi P(x,y) luén thoa mén.

Chi ¥ rang th tu cdc lugng tir trong vi tir nhiéu ngdi 1a quan trong. Nhiéu khi doi thir
ty cdc luong tir dan dén viéc mot ménh dé dang dung tré thanh sai hoac nguoc lai. Chéng
han, xét vi tir hai ngoi:

P(x,y) = "X + y = 0; X,y 1a cic sd thuc"
Ta c6: Ménh dé Vx3dy P(x,y) 1a ménh dé ding (cu thé y = — X), nhung:

Ménh dé JyVxP(x,y) 1a ménh d& sai vi khong c6 mot gia tri nao ciia y dé x+y=0 voi
moi gid tri cua x dugc.

D6i véi vi tir nhidu ngdi hon nita, chang han vi tir ba ngdi P(x,y,z), van dé cang phirc
tap hon.

Thi dy: Trong todn giai tich, dinh nghia gidi han cta ham sb:

lim f(x) =b

X—a
1a: "V&i moi s6 thuc € > 0 déu ton tai mot sb thue 8>0 sao cho [f(x) — bl<e khi 0< Ix—al< §".
Trong logic vi tr dinh nghia dé dugc dién dat nhu sau:
Ve 3§ Vx (0 < Ix —al < & — If(x) — bl < €)
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& day khong gian cua € va § 1a cdc sb thuc duong, con khdng gian cta x 12 tap céc s thuc.
Cudi cting ta xem xét van dé& phu dinh cic luong tir va vi tir. Diéu nay duogc tém tat
trong bang 6.
Béang 6. Phi dinh cia vi tir va lwgng tir

Phu dinh | Céch viét tuong duong Khi nao ding Khi nao sai
KP(x) VxP(x) P(x) sai v6i moi x C6 mot x dé P(x) 1a ding
VP(x) IxP(x) C6 mot x dé P(x) lasai  |P(x) diing véi moi x

Thi du: Gia st P(x):= "x da thi dat mon giai tich" voi khdng gian 1a sinh vién cua 16p
thi dé dién ta ménh dé "khong phai moi sinh vién clia 16p déu da thi dat mon gidi tich" c6
thé viét ¥V xP(x) hodc IxP(x).

4.3. Khai niém cong thirc trong logic vi tir
DPinh nghia 1: Cong thirc trong logic vi tir dugc dinh nghia dé quy nhu sau:
e MObi ménh dé 1a mot cong thirc. Mdi vi tir 1a mot cong thic.
e NéuA,Bla cong thtc thi (AvB), (AAB), (A — B), (K) la cac cong thurc.
e Néu A Ia cong thirc thi biéu thirc VxA, IxA 1a cic cong thirc.

Chii thich 1: Trong cic cong thirc VXA va 3xA thi cong thic A goi 1a mién tic dung
cua lugng tu V va 3.

Chii thich 2: Néu trong cic cong thirc A ctia cong thirc VxA hodc IxA chira bién x va
6 thé c6 mot s6 bién khac khéng nam dudi dau v, 3 thi bién x goi 1a bién rang budc con
céc bién khéc goi 12 bién tu do hay bién doc lap.

Chii thich 3: Khéc véi cong thirc trong 16gic ménh dé chi c6 mot loai bién d6 1a bién
ménh dé. Trong cong thic trong 16gic vi tir c6 thé c6 2 loai bién khéc nhau d6 1a:

- Mbi ménh dé 1a mot bién va duoc goi 1a bién ménh de.
- MGdi vi tir 1a mot bién va duoc goi 1a bién vi tir.
Ngoai ra trong bién vi tir con phai phan biét bién rang budc va bién tu do.

Thi du 1: VxA(x) — F(x)1a mdt cong thirc va né cling 1a ndt vi tr ma mién tic dung
1a toan thé A(x), x ¢6 mit trong A 1a bién rang budc. Con x trong F 1a bién ty do, vi né
khong bi rang budc boi V.

Thi du 2: A(x)y) — VxB(x) 1a mdt cong thire, B(x) la mién tac dung cua V, bién x
trong B 1 bién rang budc, con bién x trong A 12 bién tu do, bién y trong A ciing 12 bién tu
do.

Qua céc thi du trén thay rang mot bién trong mot cong thirc 16gic ¢6 thé vira 1a bién tu
do vira 12 bién rang budc.

Pinh nghia 2: Dinh nghia cong thirc d6ng nhét bang nhau.

e Hai cong thiic A va B duoc goi 1a ddng nhit bang nhau trén khong gian a7, ky hiéu
A & B, hay A = B néu chiing nhan gid tri ding sai nhu nhau khi céc bién vi tir
dugc thay boi cdc ménh dé cy thé trong khong gian ar.
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e Hai cong thuc A va B duoc goi 1a dong nhat bang nhau néu né déng nhat bang
nhau trén moi khong gian.
Pinh nghia 3: Dinh nghia cong thirc dong nhat diing.
e (Cong thiic A goi 1a dong nhat diing trén khong gian 4 néu né ludn ludn nhan gid tri
dting khi céc bién vi tir dugc thay boi cdc ménh dé cu thé trong khong gian ar.
e (Cong thirc A goi 1a dong nhét diing néu né dong nhat diing trén moi khong gian.
Chi ¥ rang cdc cong thirc ddng nhat bang nhau trong 16gic ménh dé cling 1a cong thirc
dong nhat bang nhau trong l6gic vi tir. Chang han:

A— B = AVB (1)
AAB = AvB )
AVB = AAB 3)
Ngoai ra trong 16gic vi tir con cédc cong thirc dong nhat bang nhau sau:
VxA = 3xA 4)
IxA = VxA (5)

Pinh nghia 4: Pinh nghia cong thic so cip va cong thic rit gon.
e Mot cong thirc ma trong d6 chi chira cic phép toan hoi, tuyén va phu dinh dugc
goi 1a cong thirc so cap.
e MO0t cong thirc so cap ma phép todn phu dinh khéng thuc hién véi céc luong tir V
va 3 goi la cong thuc riat gon.
C6 thé sir dung cac cong thirc d@)ng nhét béng nhau (1) — (5) dé dua mot cong thuc da
cho vé cong thic riit gon.

Thi du:
Ta c6: Ix(A(x) > VyB(y))

x(Ax) v VyB(y))
Vx(m A Hywy))
vx(A(x) A 3yB(y))
Vay: Cong thuc VX(A(X) A EIyYy)) la cong thuc rdt gon cua cong thuc
Ix(A(x) — VyB(y))

Khac voi 16gic ménh dé, trong logic vi tir chua c6 thuét todn chung dé nhan biét mot
cong thire 12 ddng nhét diing hodc dong nhat sai. Bai todn chi dugc giai quyét trong mot sb
16p cong thire cia 16gic vi tir. O ddy ching ta khong dé cap dén véan dé nay.
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BAI TAP
8.1. Cho p va q la hai ménh dé :
p: Tbi di xe may véi toc do trén 60 km/h.
q: T6i bi phat vi vuot qué toc do cho phép.
Hay viét cac ménh dé sau bang cach dung p va q va cac phép toan logic:
a) Toi khong di xe may vai toe do trén 60 km/h.
b) T6i s€ bi phat vi vuot qua tdc do cho phép néu toi di xe may voi tbc do trén 60 km/h.
¢) Néu toi khong di xe may véi téc do trén 60 km/h thi toi s& khong bi phat vi vuot qua
tdc do cho phép.
d) T6i di xe may vai toc do trén 60 km/h 14 di dé bi phat vi vugt qué tde do cho phép.
e) MJdi lan t6i bi phat vi vugt qué tbe do cho phép 1a toi d di xe may véi toc do trén 60
km/h.

8.2. Cho p, q, r 1 cac ménh dé:
p: T6i dugc diém gioi trong ky thi hét mon.
q: Toi lam hét cac bai tap ctia mon hoc.
r:  To6i duge cong nhan la hoc sinh gioi cua 16p.
Hay dung p, q, r va cac phép toan logic dé viét cic ménh dé:
a) Toi dugc cong nhan 14 hoc sinh gioi cta 16p nhung toi khong lam hét cac bai tap cia
mon hoc.
b) Pé duoc cong nhan 1a hoc sinh gidi cta 16p tdi can phai duoc diém giodi o ky thi hét
mon.
¢) Nhan dugc diém gioi trong ky thi hét mén va lam hét cac bai tap ciia moén hoc 14 du
dé duoc cong nhan 14 hoc sinh gioi cua 16p.
d) Toi dugc cong nhan 1a hoc sinh gidi cua 16p, néu va chi néu t6i 1am hét cac bai tap
ctia mén hoc hodc nhan diém gioi ¢ ky thi hét mon.

8.3. Lap bang gia tri chan 1y cho cac ménh d¢ sau:

a) PAD b) (pvp) —gq ©) p®p
d) POPA(P®p) e (pPVvoAar ) p—>(q—>r
8.4. Tim cac OR bit, AND bit va XOR bit cta cac xau bit sau:
a) 1011110 va 01 00001 b) 11110000 va 101 01010

8.5. Xac dinh céc biéu thirc sau:
a) 11000 A (11011 v 11011) b) (01010 @ 11011) & 01000

8.6. Dé ching minh cac dang thirc tp hop ngoai cdch chimg minh theo dinh nghia:

A=B & xe A =>xeBvaxeB =xeA
¢6 thé dung bang tinh thudc ciia mot tdp hop, trong bang tinh thudc dé chi mot phan tir
thudc mot tap hop ta dung s6 1 va khéng thudc tap hop ta ding s6 0 va sau d6 dung cac
phép toan bit dé chimg minh.
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Thi dy: Dé chting minh quy tic Po-Moocgan A "B = AUB véi A, B 12 hai tap hop
da cho, c6 thé 1ap bang tinh thudc nhur sau:

A B | AmB | AnB A B |AUB
1 1 1 0 0 0 0
1 0 0 1 0 1 1
0 1 0 1 1 0 1
0 0 0 1 1 1 1
Tirdé: ANB=AUB
Duing bang tinh thudc chimg minh rang:
a) AUBUC = ANBNC; b) A\B = ANB
c) (A\C)n(C\B) = & d) BVA)U(C\A) =(BUO)\A

8.7. Chung minh céc cong thic sau 1 ddng nhat ding bang cédch 1ap bang gid tri chan 1y:

a) (p—=@—=0) > (p>9—>@(p—>0)

b) p=>q—=>p—=>1—=>0p—=>=qAD).
8.8. Dung ‘tgéng chéan 1y chimg minh cac trong duong ldgic (dong nhét bang nhau) dugc
goi 1a luat hap thu sau:

a) pv(pArq & p; b) palpvy < p
8.9. Chung minh rang: a) peq & paqg v 5/\ a)
b) p®q) & (peq
) p®qe (PVQAPAQ

8.10. Tim ddi ngdu ciia cic cong thirc sau:
a) (PAQAT)VS; b) pvT)A(@vT)

8.11. Ti‘m dang héi chuan tic cua f;éc cong thtrc trong bai 7. T d6 suy ra céc cong thirc da
cho l1a dong nhat ding ma khong can 1ap bang gié tri chan ly.
8.12. Tim dang tuyén chuén tic clia cdc cong thirc trong bai 7.
8.13. Bing phuong phép quy nap chimg minh rang:
Q) pVQIAQRA...AQn) © PVADAPVA@RIA...A(PVQn)
b) (p,Ap,A..Ap,) & [Tlvgv... \/E

8.14. Mot tap hop cdc phép toan 16gic duge goi 1a day du néu moi cong thirc déu twong
duong 16gic voi cong thire chi chira cac phép toan do.
a) Chimg minh ring cdc phép todn v, A va  lap thanh mot tdp hop ddy du cua céc
phép todn 16gic.
b) Chimng minh ring cdc phép todn v va  l4p thanh mot tap hop day du cua cc phép
toan logic.
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¢) Ching minh ring cdc phép todn A va  1ap thanh mot tap hop day du cua cc phép
todn logic.
8.15. Ngoai cac phép toan da dinh nghia trong muc 1.2. nguoi ta con dinh nghia thém hai
phép todn 16gic NAND (not and) va NOR (not or) va dugc dinh nghia nhu sau:

p p p NAND q pNOR q
T T F F
T F T F
F T T F
F F T T

Phép todn p NAND q duoc ky hiéulap T g, con p NOR q duoc ky hidup 4 q
Hiy chimg minh rang:

a) pTq © PAQ: b) plq & pvg
o plpe p d pllplg & pvg

8.16. Chimg minhrang p T (q Tr)va (p T q) T r 1a khong twong dwong 16gic (do d6 phép
todan NAND 1a khong c6 tinh két hop).

8.17. Cho vi tir hai ngdi P(x,y) 1a cau "x la thu phu cua y" va vi tr mot ng6i Q(x) la cau
"Tu x chira chir cdi a". Hay x4c dinh gia tri chan 1y cia cic ménh dé sau:
a) P(Ha noi, Viét nam); b) P(Bing cbc, Lao);
¢) Q(Quyt); d) Q(Cam).
8.18. Hay xdc dinh gid tri chan 1y cdc lugng tir sau:
a) Cho vi tir P(x): "x + 2 > x +1", hdy xdc dinh gi4 tri chan ly cua VxP(x) trong khong
gian céc so thyc.
b) Cho vi tor Q(x,y): " x + y = 0", hdy x4dc dinh gia tri chan 1y cta JyVxQ(x,y) va
Vx3yQ(x,y) trong khong gian céc sb thuc.
¢) Cho vi tor R(x,y,z): "x + y = z", hdy x4c dinh gid tri chan 1y cua VxVydz R(x,y,z) va
32VxVy R(x,y,z) trong khdng gian cic s thuc.

8.19. Chung t6 rang cac ménh dé: IxVy P(x,y) va VxIyP(x,y) cb cung gié tri chan 1y

8.20. 3I!x P(x) 1a ky hiéu cua ménh dé “ton tai duy nhét mét x sao cho P(x) la dang”.
a) Trong khong gian 14 tap cac s6 thuc, hidy xac dinh gia tri chan 1y ciia cic lugng tir
sau:
o) dx (x>1); B) 3Ix (x2=1); Y 3lx (x+3=2x)
b) Xac dinh gid tri chan ly cia cac ménh dé sau:
a) dx Px) —» dx P(x); B) Vx Px) —» 3Ix PX).
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MOT SO BAI TAP LAM TREN MAY TiNH

Bang ngdn ngit 1ap trinh Pascal hodc ngdn ngir 1ap trinh ty chon, hiy lap trinh giai cic
bai toén sau.
Yé&u cau phan tich rd cac budce thuc hién trong qua trinh 1ap trinh.

Cdc bai todn lgp trinh vé thudt todn va bai todan dem:

Bang thuat todn quay lui, 14p trinh giai cdc bai todn (két qua in ra man hinh hodc ghi
thanh t¢p dang van ban):

1. Liét ké tat ca day nhi phan (xy, Xz, ...,Xn), X; € {0,1} thoa man phuwong trinh:
Xy +axo+ ... +ax,=b
Trong d6 ay, ay, ..., a,, b 1a cdc sO nguyén duong cho trudc dugce vao tir ban phim.

2. Liét ké tAt ca céc nghi¢ém nguyén khong am (nghia la cac bd gia tri (x4, X, ...,Xp), trong
do6 x; nguyén, khong dm) cuia phuong trinh:
aX;+axs+ ... +ax,=b
Trong d6 a;, ay, ..., ap, b la cic $b nguyén duong cho trude dugc vao tir ban phim.
3. Cho sb nguyén duong N. Hay liét ké tat ca cdc céch biéu dién N dudi dang téng cua
mot sO cdc sO nguyén duong. N vao tir ban phim.
4. Hinh vudng than bi bac n (Ma phwong bac n) 1a ma tran vudng cap n voi cac phan tor
la cdc s6 tu nhién tir 1 dén n? thoa man tinh chét: “Téng cdc phan tir trén moi dong,

moi cét va méi dwong chéo déu bang nhau” . Chang han sau ddy 12 mot ma phuong bac
3:

8 1 6
3 57
4 9 2

D@ thiy tong mdi hang, mdi cot va mdi dudong chéo ctia ma tran déu bang 15.
Hay lap trinh liét k& tat ca cdc ma phuong bac 3, bac 4 khong sai khdc nhau boi cic
phép bién doi don gian nhu phép quay, phép ddi ximg.

Chi y: Hién tai bai todn mdi chi gidi duoc véi céc bac 3, 4, 5.

Cdc bai todn lgp trinh vé do thj
Céc bai todn sau dugc 18p trinh voi:

Input: Do thi n dinh, m canh duge cho dudi dang hodc danh sich ké, hodc danh séch
canh, hodc ma tran ké tir ban phim hoac tur t€p van ban. Can néi ro input dudi dang
nao.

Output: Két qua c6 thé in ra man hinh hodc ghi vao tép dang van ban.

Bang céc thuat todn da hoc, hay 1ap trinh giai cdc bai todn sau:
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b

Chuyén d6i mét dd thi cho tir mot trong ba dang: danh siach ké, danh séch canh, ma

tran ké sang cdac dang con lai. Sau d6 tim bac cua céc dinh.

6. Kiém tra tinh lién thong cia mot d6 thi. Néu d6 thi khong lién thong, hay liét ké cic
thanh phan lién thong cua nd.

7. Cho hai don d thi, mdi d6 thi c¢6 khong qua 6 dinh. Hiy xédc dinh xem hai do thi d6 c6

dang cau véi nhau khong.

oo

. T6 mau mot do thi vo hudng, tir d6 suy ra sac so cua do thi.
9. Tim nhan ctia mdt do thi vd hudng.

10. Nhén biét mot d0 thi 12 d0 thi Euler hogc 1 nira Euler. Liét ké cdc chu trinh (dudng di)
Euler, néu no 1a do thi Euler (ntra Euler).

11. Nhan biét mot do thj 1a do thi Hamilton hoc 1a nira Hamilton. Liét k& cdc chu trinh
(duong di) Hamilton, néu né 1a d6 thi Hamilton (ntra Hamilton).

12. Duyét cay nhi phan.

13. Tim cAy khung nhé nhét ctia mot don d thi lién thong theo thuat toan Kruskal,
14. Tim ciy khung nho nhat ciia mot don d6 thi lién thong theo thuat toan Prim.
15. Tim duong di ngén nhat tir dinh x; dén dinh x; theo thuat todn Dijkstra.

16. Tim ludng cyc dai tir mang di cho theo thuét toan Ford-Fulkerson.

17. Giai bai toan du lich theo thuat toan nhanh can.

18. Giai bai todn du lich bang céc so sanh tat ca cdc hanh trinh ¢ thé bang céch xuit phat
tur dinh x; tuy y.
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MOT SO THUAT NG DUNG TRONG GIAO TRINH

Thuit ngir tiéng Viét

Bic (cua dinh cua db thi)
Ban bac ra

Ban bac vao

Ban kinh (cua d6 thi)
Canh (cta d6 thi)

Canh boi

Canh treo

Cay

Cay ¢6 gbc

Cay khung nho nhét

Cay khung/ Cay bao trum
Cay m phén day du

Cay m-phan

Cay nhi phan

Chiéu cao (cta ciy c6 gdc)
Chinh hop

Chinh hop lap

Chu trinh

Chu trinh Euler

Chu trinh Hamilton

Da d6 thi

Dfmg cAu (do thi)

Danh sach canh

Danh sich ké

bé quy

Dinh (cua d6 thi)

Dinh cat

Dinh cb lap

Dinh cubi

Dinh dau

Dinh phat

binh thu

binh treo

Dinh trong (cta ciy c6 gdc)
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Tiéng Anh twong ing

Degree

Out-degree
In-degree

Radius

Edge

Paralleges

Pendant edge

Tree

Rooted tree
Minimal Spanning Tree (MST)
Spanning tree
Complete m-ary tree
m-ary tree

Binary tree

Height

Arrangement
Arrangement with repetition
Cycle/ Circuit
Eulerian cycle
Hamiltonian cycle
Multi graph
Isomorphie
Incidence list
Adjacency list
Recursion

Vertex

Cut vertex/ Cut point
Isolated vertex
Initial vertex
Terminal vertex
Source vertex

Sink vertex

Pendant vertex
Internal vertex

Trang

61
61
61
129
58
60
62
100
101
115
112
103
103
104
102
29
32
70
83
87
60
69
66
66
17
58
73
62
59
59
130
130

103
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D0 phurc tap cua thuat toan
D0 phtrc tap da thirc
Do phurc tap giai thira
Do phirc tap hing sb
Do phurc tap logarit
Do phurc tap nlogarit
Do phuc tap mil

Do phirc tap tuyén tinh
D0 thi bénh xe

Db thi ¢6 hudng

Do thi ¢6 trong s6

Do thi con

Db thi day du

D6 thi hitu han

D6 thi 1ap phuong

D6 thi phan doi

D6 thi phan d6i day du
D6 thi phang

Db thi v6 han

Db thi vo hudng

D6 thi vong

Don db thi

Pong phoi

Puong di (trong dd thi)
Puong di don

Duong di Euler
Duong di Hamilton
Duyét cay

Hoan vi

Khuyén

Ky phép nghich ddo Ba lan (RPN)

L4 (cua ciy c6 gbc)
Lién thong (d6 thi)
Lién thong manh
Lién thong yéu

Luéng
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Computational complexity theory

Polynominal complexity
Factorial complexity
Constant complexity
Logarithmic complexity
Linearithmic complexity
exponential complexity
Linear complexity
Wheel graph

Directed graph
Weighted graph
Subgraph

Complete graph

Finite graph

Cube graph

Bipartite graph
Complete bipartite graph
Planar graph

Infinite graph
Undirected graph
Circular graph

Simple graph
Heneomorphie

Path

Simple path

Eulerian path
Hamiltonian path

Tree searching
Permutation

Loop

Reverse Polish Notation
Leaved

Connected

Strongly connected
Weakly connected

Flow function

14
14
14
14
14
14
14
63
58
125
72
63
58
63
64
64
91
58
58
63
60
94
70
70
83
87
104
30
59
106
103
72
74

130
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Ludng cuc dai

Ly thuyét do thi

Ma tran ké

Ma tran lién thudc

Mang

Mién (trong do thi phang)
Miic (trong cay c6 gdc)
Sic s6 (cua do thi)

Tam (ctia dd thi)

Thanh phan lién thong
Thuat toan

Thuat toan nhanh can
Thuat todn quay lui

Thut todn tim kiém

Tim kiém nhj phén

Tim kiém tuyén tinh

Tim kiém wu tién chiéu rong
Tim kiém uu tién chiéu sau
T4 hop

T6 hop lap
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Max Flow funtion

Graph theory

Adjacency matrix

Incidence matrix

Network

Face/Region

Level

Chromatic number

Center

Connected component
Algorithm

Branch and Bound algorithm
Backtracking algorithm
Searaching algorithm
Binary search

Linear search

Breadth-First Search (BFS)
Depth-First Search (DFS)
Combination

Combination with repetition

131
58
67
68

130
92

102
76

129
72

136
46
15
16
15

113

112
30
33
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