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CHUONG 1: HAM GIAI TiCH

§1. S0 PHUC VA CAC PHEP TiNH

1. Dang dai so ciia s6 phire: Ta goi s6 phirc la mot biéu thie dang (x + jy) trong do x
va y 1a cac sd thuc va j 1a don vi d0. Cac sb x va y 1a phan thuc va phan 4o cta sb
phtrc. Ta thuong ki hiéu:

Z=X*t]y

x = Rez = Re(x + jy)

y =Imz = Im(x + jy)
Tap hop cac sd phtrc duge ki hiéu 1a C. Vay:

C={z=x+jy|xeR,yeR}
trong d6 R 1a tap hop cac sb thuc.
Néuy=0taco z=x, nghia 13 s6 thuc 13 truong hop riéng cta sé phic véi phan ao
bang 0. Néu x = 0 ta z = jy va d6 1a mot sb thuan ao.
Sb phitc Z=x — jy duogc goi 1a s6 phuc lién hop cua z =x + jy. Vay Re(Z) =Re(2),

Im(z) = -Im(z), z=z.

S6 phirc -z=-x - jy la s6 phirc d6i cua z =x +Jy.
Hai s6 phuc z; = x; +jy; va z, =X, +jy, goi la bang nhau néu x, = x, va V1 =Y.

2. Cac phép tinh vé s6 phirc:
a. Phép céng: Cho hai sd phiic z, = X, + jy; va z, = X, + jy,. Ta goi s6 phiic
z=(x1+%)+j(y1 Tjy2)
la tong ctia hai sb phtrc zy va 7.
Phép cong c6 cac tinh chét sau:
21 tzm=2t 7 (giao hoan)
Z) + (22 + Z3) (Zl + Z2) + 73 (két hO'p)
b. Phép trir: Cho 2 sb phirc z; = x; + jy; va z, = X, + jy,. Ta goi sd phirc
z=(X1-%X) Tj(y1-]jy2)
1a hi€u cta hai s6 phuc z; va z,.
¢. Phép nhin: Cho 2 sb phtic z; = x; + jy; va 2, = X, + jy,. Ta goi s6 phtc
z=121.2, = (XiX2-y1y2) T j(X1y2 t Xoy1)
1a tich cua hai s0 phtic z; va z,.
Phép nhan c6 cac tinh chat sau:
71,20 = 7.7 (tinh giao hoan)
(21.22).23 = 71 (25.23) (tinh két hop)
21(22 + Z3) =712y + 7,.73 (til’lh phﬁn bé)

(-l.z)=-z
z.0=0.z=0
jj=-1

d. Phép chia: Cho 2 s6 phtic z; = X, + jy; Vi z, = X, + jy,. Néu z, # 0 thi ton tai
mot s6 phtic z = x + jy sao cho z.z, = z;. SO phuc:
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. X1 Xo T V1Yo " . Y1Xo Yo Xy

2 2 2 2
Z, X, +Yy, X, +Yy,

dugc goi 1a thuong ctia hai sb phirc z; va z,.

e. Phép ning lén luy thira: Ta goi tich cia n s6 phic z 14 luy thira bac n cla z
va ki hiéu:

z"=27-2
bat w = z" =(x + jy)" thi theo dinh nghia phép nhén ta tinh dugc Rew va Imw theo x
vay.
Néu z" = w thi nguoc lai ta ndi z 12 cin bac n ciia w va ta viét:

z=Aw

f- Cac vi du:
Vidul: j=-1

PERi=li=

Vidu 2: (2+j3) + (3-5j) = 5-2j

1 :
~=7]
J
2455 2+5pd+)) _—3+7j__§+z.
-] -7 2 22!
Vidu 3: z+Z=(x+)y)+(x—jy)=2x=2Rez
Vi du 4: Tim cac s thuc thoa méin phuong trinh:

L Gx-DR DIy 2) =5+ 6
Can bang phan thyc va phan 4o ta co:
L2036
7717
Vi du 5: Giai hé phuong trinh:

z+je=1
2z+e=1+]

Ta giai bang cach dung phuong phap Cramer va duoc két qua:

L]
1+ 1‘:2—j:(2—j)(1+2j):4+3j
1l 1-2j 5 5
B
s
12 Wil -1 (-ha+2) _-3-]
1l T 1-2j 5 5
2

Vi du 6: Ching minh rang néu da thirc P(z) 1a mot da thirc cta bién sd phitc z véi cac
hé s thuc:
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P(z) = apz" + alzn'l + -t a, thi % P(Z)
That vay ta thdy 1a sd phtrc lién hop cua tong bang tong cac sb phuc lién hop cua timg

so hang, sb phirc lién hop cua mot tich bang tich cac sé phire lién hop cia ting thira
s6. Do vay:

n-k _ _ _n-k
a,z =a,.z

Do do:
P(z)=>az" =>az""=>az""=P(z)
k=0 k=0 k=0

Tir két qua nay suy ra néu da thirc P(z) c¢6 cac hé sb thuc va néu o 1a mot
nghiém phtrc cua né tic P(a) = 0 thi a cling 1a nghiém cua no, tirc P(a ) = 0.

3. Biéu dién hinh hoc: Cho so phtc z = x + jy. Trong mit phiang xOy ta xac dinh
diém M(x,y) goi la toa vi cua s6 phuic z. Nguoc lai cho diém M trong mit phang, ta
biét toa do (x,y) va lap duoc 5O phuc z=x + jy. Do d6 ta goi xOy la mat phang phirc.
Ta ciing ¢ thé biéu dién s6 phirc bang mét vec to tu do c6 toa do 1a (x,y).

4. Modun va argumen cda 50 phirc z: So phuc z co6 toa vi la M. Ta goi do dai r cua
vec to OM la modun ciia z va ki hidu 1a |z|.
Goc ¢ xac dinh sai khac 2kn duge goi la argumen
cua z va ki hi¢u 1a Argz:

r= ‘Z‘ =OM

a YT
Argz = (Ox, OM): ¢+ 2km |
dic biét, tri sé cua Argz nam gifta - va m goi la gia > '
. , DT \ O X
tri chinh cua Argz va ki hi¢u 1a argz. Truong hop z =
0 thi Argz khong x4c dinh.
Gitra phan thuc, phan 40, modun va argumen c0 lién hé:
X = ICOSQ
y = 1sinQ
r=+x>+y’
y
tgp ==
X
acrtgz khix >0
X
argz = n+acrtgz khix <0,y >0
X
—m+acrtg?y khix <0,y <0
X

V61 x = 0 tir dinh nghia ta co:
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hid khi y >0
argz =

_r khi y <0

2
Hai s6 phtrc bang nhau c6 modun va argumen bang nhau.
z|=[7|
— 2

zZ= ‘ z‘

Tir cach biéu dién sd phuc bing vec to ta thdy sd phic (z; - z) biéu dién
khoang cach tu diém M, 1a toa vi cia z; dén diém M, 1a toa vi cua z,. T do suy ra
| z | = r biéu thi dudng tron tdm O, ban kinh r. Tuong tu | z - z; | = r biéu thi dudng
tron tdm z;, ban kinh r; | z - z; | > r 1a phan mat phirc ngoai dudng tron va |z -z | <r
1a phan trong duong tron do.

Hon nita ta c6 cac bit dang thirc tam giac:

|zt |<|zi|+[2] 5 |zi-2] 2]z |- [ 22|
Twr dinh nghia phép nhan ta co:

Z1.Zy = 11.15 [(COSQCOSQ; - SINQSINP,) - J(SINQ;COSP, + SINP,COSP;)]

= r11.12 [cOS(@1 + @) + jsin(@; + @,)]
Vay: |z1.z2|=|z1|.| 22 |

Arg(z,.z, ) = Argz, + Argz, + 2kn

Tu’omg tu, néu z, = 0 thi:

. a [cos(@1 - @2) + jsin(@; - ¢2)]
2 2

2

z_
Arg( j Argz, + Argz, + 2kn

5. Cac vi du:
Vidy 1:[342j[=43 +2° =413
Vi du 2: Viét phuong trinh duong tron A(X* +y%) + 2Bx + 2Cy + D = 0 v6i cac hé sd

A, B, C, D 1a céc s6 thuc trong mit phang phirc.
Tadatz=x+jynén z=x—jy.

Mit khac x> +y’ =lzlP=2z

2Xx=7+7

Z—7Z . _
2y=""=-j(z-7)

Thay vao phuong trinh ta cé:
Azz+B(z+72)-Cj(z-2)=0
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hay Azz+Ez+EzZ+D=0

6. Dang lwong giac ciia sé phire: Néu biéu dién sé phiic z theo r va ¢ ta co:
z=X+]jy =r(cos@ + jsinQ)

Pay 14 dang luong giac s6 phuc z.

Vidu: z=-2 =2(cosm + jsint )

Céc phép nhan chia dung sb phirc dudi dang luong giac rét tién loi. Ta c6:
Z, =1, (coscp + jsin (p)

z,= rz(cosw + jsin \|/)
zZ=127,7,=1[, [cos(q) + \|l)+ jSin((P + ‘lf)]

z="1="[cos(p—y)+ jsin(p—y)]
Z, L
Ap dung cong thirc trén dé tinh tich n thira s6 z, tirc 13 2™ ta c6:
[r(cose + jsin@)]" = r'(cosn@ + jsinng)
bac bi¢t khi r=1 ta c6 cong thirc Moivre:
(cos@ + jsing)" = (cosn + jsinne)
Thay ¢ bang -o ta cé:
(cos@ - jsing)" = (cosn@ - jsinne)
Vi du: Tinh cac tong:
s =cosp + cos2¢ + -+ cosn@
t=sing + sin2¢ + --- + sinn@
Ta cé jt=jsing + jsin2¢ + --- + jsinne
bit z = coso + jsing va theo cong thurc Moivre ta co:
stijt=z+72 4+ +2"
V& phai 13 mot cap s6 nhan gdm n sd, sb hang dau tién 13 z va cong boi 1a z. Do d6 ta
co:
z"-1_ z™' -z cos(n+1)¢+jsin(n+1)¢—cose—jsing

s+ijt=z = -
z—-1 z—1 cos@+jsing—1

[cos(n + 1)@ — cos @]+ j[sin(n + 1) — sin @]

(cosp—1)+jsing
[cos(n + 1)@ — cos @]+ jlsin(n +1)p—sin@] (cosp—1)—jsine

(cosp—1)+jsing (cos@—1)—jsin¢@
Nhu vay:
cos(n +1)@.cos ¢ —cos” @ — cos(n + 1)@ + cos ¢ + sin(n + 1)@.sin ¢ —sin* ¢

s=Re(s+jt) =
(5+J9 (cosp—1)* +sin” @

_ cos(n+1)¢p.cos@+sin(n + 1)¢.sin ¢ —cos(n + 1) +cosp—1

2—2cos@
_cosp—cos(n+1)p+cosnp—1
2(1—-cos o)
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Tuong tu ta tinh dugc

t = Im(s+jt)
Khi biéu dién sé phtrc dudi dang luong giac ta cling dé tinh duoc cin bac n cua nd.
Cho sb phtc z = r(cosg + jsing) ta can tim cin bac n cua z, nghia 1 tim s6 phic ¢ sao
cho:

&=z
trong d6 n 1a s6 nguyén duong cho trude.

Ta dat ¢ = p(cosa + jsina) thi van dé 1a phai tim p va a sao cho:

p"(cosna + jsinna) = r(cose + jsing)

Nghiala p"=r
va no =@

e 5 1 +2k
Kétquala: ¢=%r;a=2"""
n
Cu thé, cin bac n cua z 13 sd phtrc:

= %(cos Py jsin Ej
n

n

- =‘{/;(cos(P+2n+jsin(p+2nj
n

n

......

¢ = \/;[Coscp+2(n—l)n+jsin(p+2(n—1)n}

n n

v6i k 14 s6 nguyén va chi can ldy n sé nguyén lién tiép (k =0, 1, 2,....n-1) vi néu k lay
hai s6 nguyén hon kém nhau n thi ta c6 cung mot s6 phtrc.

7. Toa vi cua 50 phire tong, hi€u, tich va thwong hai s6 phlrc

a. Toa vi cia tong va higu: Toa vi cua tong hai sd
phtc 13 tong hay hiéu 2 vec to biéu dién sd phirc do.

b. Toa vi ciia tich hai s6 phirc: Ta c6 thé tim toa vi
ctia tich hai s6 phirc bang phuong phap dung hinh. Cho hai
sb phuc z; va z, nhu hinh v€. Ta dung trén canh Oz, tam
giac Oz,z dong dang voi tam gidc Olz,. Nhu vay Oz 1a tich
cua hai s6 phuc z, va z,.

That vay, do tam giac Oz,;z dong dang véi tam gidc
O1z, nén ta co:

Z

z
— =22 hay z=2,.2
z, 1

c. Toa vi ciia thwong hai sé phirc: Viéc tim thuong hai s phuc dua vé tim tich
1 v A 2 A 3 1 7 A <5 (4 3
z,.—. Vivay ta chi can tim w =—. Trudc hét ta gia thiét | z | < 1(hinh a)
z, z
Ta tim w theo cac budc sau:
- v& duong tron don vi va z
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- dung tai z duong vudng vo1 Oz va cat duong tron don vi tai s
- ve€ tlep tuyen v6i dudng tron tai s va cit Oz tai t.

, 1
- do AOzs & AOst dong dang nénta cd | t |= ﬁ
z
- lay w d6i xtg véi t.
Truong hop | z | > 1 ta v& nhu hinh b:
- v& dudng tron don vi va z
- tr z v€ ti€p tuyén vdi dudng tron tai s
- dung tai s duong vudng voi Oz cat Oz tai t
\ A A . 1
- do Ozs va Ost dong dang néntaco |t |= —|
z
- lay w d6i xtmg véi t.

N

N i%

8. Dang mii ciia s6 phire: Nho cong thic Euler e/ =cosq+ jsing ta c6 thé biéu
dién s6 phirc dudi dang sé mi:
z=1e" =z [N
_3n
Vidu Z=—l—j=\/§e T4
Biéu dién s6 phtrc dudi dang mii rat tién loi khi can nhan hay chia cac s6 phtrc:

_ e
Z, =1 Z, =T,
7,2, =TT g(Pre)
Z; I e
Z2 r2

9. Mt ciu Rieman: Ta xét mot mét cau S tam (0, 0, 0.5), ban kinh 0.5 (tiép xtic voi
mit phang xOy tai 0). Mat phang xOy 12 mit phang phtic z véi Ox 1a truc thuc va Oy
1a tryc a0. Poan thang n01 dlem z =Xt ]y co toa vi la N cia mat phang phuc voi
diém P(0, 0, 1) cia mit cau cat mat cAu tai diém M(a, b, ¢). Ta goi M 1a hinh chiéu

7
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ndi clia dlem z 1én mat cau S voi cuc P. Phép anh xa nay lap nén mot twong tmg mot -

mot gitra tat ca cac diém cua mat phang z va cua mat cau S thung tai P. Vi cac diém P,

M, va N ciing nam trén mot dudng thang nén ta co:
OT a b PM 1-c

ON x y PN 1

hay 2-0_1-¢
Xy 1
b a+jb
h . :i = =
v SRR PEPSL AR PPN P
Tads:  |of =)
' (I-c)’
vado : a®+b*+c’-¢c=0
suy ra: ‘z‘zzi
I-c
hay: cz—‘z‘2 a=—~ b=
' 1+‘z‘2 ’ 1+‘z‘2’ 1+‘z‘2

Hinh chiéu n6i c6 tinh chat dang luu ¥ sau: mdi dudng tron cuia mit phang z(duong
thang ciling dugc coi la dudong tron ¢6 ban kinh ) chuyén thanh mét duong tron trén
Z+7Z Z+7Z

3y = Y ta thdy mdi duong tron cia
J

mat cau va nguoc lai. That vdy dé y x =

mit phang z thoa man mot phuong trinh dang:
A7z +— B(z+ z)——C(Z z)+D=0

Trong do A, B, C, D 1a cac s6 thuc théa min A > 0, B> + C* > 4AD, dic biét ddi vosi
duong thang A = 0. Ap dung céac gai tri cua z, x, y ta co:

(A-D)c+Ba+Cb+D=0
day 1a mot dudng tron trén mit cau S.

§2. HAM MOT BIEN PHUC

1. Khai niém vé mién va bién ciia mién:

a. Diém trong ciia mot tdp: Gia st E 1a tap hop diém trong mat phang phirc z
va 7, 1a mot diém thudc E. Néu ton tai mot sb € 1an can cua z, ndm hoan toan trong E
thi z, dugc goi 1a diém trong cia tap E.

b. Bién ciia mgt tip: Piém ¢ thudc E hay khong thudc E duoc goi 1a diém bién
cta tap E néu moi hinh tron tdm £ déu chira ca nhimg diém thudc E va khong thudc E.
Tap hop cac diém bién cua tap E duoc goi 1a bién cua tap E. Néu diém 1 khong thudc
E va ton tai hinh tron tdm 1 khong chira diém nao cua E thi n dugc goi 13 diém ngoai
cua tap E.
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Vi du: Xét tap E 13 hinh tron | z | < 1. Moi diém ciia E déu 1a diém trong. Bién cta E
1a duong tron | z | = 1. Moi diém | n | > 1 1a diém ngoai cua E.

¢. Mién: Ta goi mién trén mit phang phirc 12 tp hop G c¢6 cac tinh chat sau:

- G 1a tdp mé, nghia 1a chi c6 cac diém trong.

- G 1a tap lién thong, nghia 13 qua hai diém tuy y thuéc G, bao gio cling co thé
no6i chung bang mot duong cong lién tuc nam gon trong G.

Tap G, thém nhimg diém bién goi 1a tap kin va ki hiéu 1a G. Mién G goi 1a bi
chin néu ton tai mot hinh trong ban kinh R chira G & bén trong.

Trén hinh a 1a mién don lién, hinh b 1a mién nhi lién va hinh ¢ 1a mién tam lién.
Hudng duong trén bién L ciia mién la huéng ma khi di trén L theo hudng do thi phan
cua mién G ké vo1 nguoi d6 luén ndm bén trai.

Vidu 1: V& mién %<argz<g

Ta vé& tia Ou sao cho (&,Oul) =%. Sau do vé tia O—u2 sao cho (6’(,0—112 =g.

Moi diém z nam trong u,Ou,déu cé argumen thod man diéu kién bai toan. Nguoc lai
, « R y M .~ T \ T A 9 J4

cac diém c6 argumen nam gitra o va 3 déu o trong goc u,Ou,
A AT T . A < 2 e R \

Vay mién o <argz< 3 la phan mat phang gidi han boi hai canh Ou; va Ou,

vl yA

115)

U

— -
X

7

Vi du 2: V& mién Rez > -1

Moi diém nam bén phai duong thang x = -1 déu thoa méan Rez > -1. Nguoc lai moi
diém z c6 phan thuc 16n hon -1 déu ndm bén phai duong thang x = -1. Vay mién Rez
> -1 1a nira mat phang phtc gach chéo trén hinh vé.
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2. Pinh nghia ham bién phic:

a. Dinh nghia: Gia s E 1a mot tap hop diém trén mit phang phirc. Néu c6 mot
quy luat cho tmg véi mdi sb6 phitc zeE mot sé phuc xac dinh w thi ta noi rang w 1a
mdt ham s6 don tri ctia bién phtic z xac dinh trén E va ky hiéu:

w =1(z), zeE (1)

Tap E duoc goi la mién xac dinh ctia ham sd. Néu ung voi mot gia tri z€E ta co nhiéu
gia tri ciia w thi ta n6i w 1a mot ham da tri. Sau nay khi néi dén ham sé ma khong noi
gi thém thi d6 1a mot ham don tri.

It \ 1 ’ . \ A - 2 J \ < R
Vi du: Him w = — xéc dinh trong toan bo mat phang phtre trr diém z = 0
z

xac dinh trong toan bd mat phing phurc trir diém z = j vi z°+1

Ham w = 5
z-+1

=0 khi z= 4
Ham w =z++/z+1 xé4c dinh trong toan bd mit phang phirc. Pay 1a mot ham
da tri. Chéng han, voiz=0taco w = V1. Vil=cos0+ j sin0 nén w co hai gia tri:
0O .. 0
W, =cos—+Jsin—=1
2 2

T .. 04+2¢n ..
+]smT:cosn+Jsmn:—1

W, = COS

nén tmg voi z =0 ta c6 hai gia triw, =1 va w; = -1

b. Phan thiee va phin do ciia ham phirc: Cho ham w = f(z) nghia 1a cho phan
thuc u va phan 4o v ciia nd. N6i khac di u va v cling 1 hai ham cta z. Néu z= x+jy thi
o thé thay u va v 13 hai ham thuc cta cac bién thuc doc 1ap x va'y. Tém lai. cho ham
phttc w = f(z) twong duong véi viéc cho hai ham bién thuc u = u(x, y) va v = v(x, y)
va co thé viét w = f(z) duéi dang:

W= u(x, y) + (X, Y) @)
Ta c6 thé chuyén vé dang (2) ham phtrc cho dudi dang (1).

Vi du 1: Tach phan thyc va phan ao ctia ham phiic w = 1

Z
Ta co:
wolo 1 _ X—Jy _X—jy _ox )y
. . . 2 2 2 2 2 2
z X+Jy x+jy)x-jJy) x"+y x"+y X' +y
Vay:
X y
u= V=-
X2+y2 X2+y2

Vi du 2: Tach phan thyc va phan a0 ciia ham w = 2’
Taco: w=2"=(x+jy)’ =x> +3jx°y+3i°xy" + 7'y’ = (x’ = 3xy’) + j3x’y - y°)
Vay:u=x"-3xy’ v=3x’y-y’

10
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Vi du 3: Cho ham w =x* —y+ j(x + y*). Hay biéu dién w theo z =x + jy va Z=x -
Jy

Rut gon ta co:

W :2(1—1')@2 +;)+%(1+j)zz+jz

Vi du 4: Cho w =x” - y* + 2jxy. Hiy biéu dién w theo z

Ta co: w = Z+7Z 2+j2 Z—-7Z 2+2j Z+7Z Z—.z
2 2 2 2]
zZ+z ? Z—7Z ? z+z\z—2z z+72° 7-7°
Hay: w= — +2 = + =7
2 2 2 2 2 2

3. Phép bién hinh thue hién béi ham bién phirc: Pé bicu dién hinh hoc mot ham
bién sb thyc ta v& dd thi ctia ham sd d6. Dé mé ta hinh hoc mét ham bién sb phtrc ta
khong thé dung phuong phap db thi nita ma phai lam nhu sau:

Cho ham bién phirc w = f(z) ze€E. Lay hai mit phéng phuc xOy (mat phéng z)
va uOv (mat phang w). Vi mdi diém z€E ta c6 mot diém w, = f(zo) trong mat phang
w. Cho nén vé mat hinh hoc, ham w = f(z0 x4c dinh mot phép bién hinh tir mit phang
z sang mat phang w. DPiém w, dugc goi 1a anh cua z, va z, la nghich anh cua w.

Cho duong cong L c6 phuong trinh tham s x = x(t), y = y(). Anh cta L qua phép
bién hinh w = f(z) = u(x, y) + jv(x, y) 1a tdp hop cac diém trong mit phang w cé toa
do:

u=ufx(t), y(t)] 3)

v =V[x(t), y(V)]
Thong thuong thi anh ctua dudng cong L 1a duong cong I' ¢6 phuong trinh tham s6 (3)
Muén dugc phu’O'ng trinh quan hé tryc tiép gitta u va v ta khir t trong (3). Mudn tim
anh ciia mot mién G ta coi né duoc quét boi ho duong cong L.Ta tim anh I' cua L.
Khi L quét nén mién G thi T” quét nén mién A 1a anh cta G.

4. Cac ham bién phirc thwong giip:

a. Vidu I: Him w = kz (k > 0)
Dit z =1, w = pe®= kre!® . Ta c6 p = kr, 6 = ¢ + 2kn . Vay day 1a mot phép co
dan hay phép dong dang voi hé sb k

11
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>0 e
NV NP

b. Vidy 2: w= 7 (e R)
itz =1, w = pe’=re%e* = 1. Ta c6 p=r, 0 = @ + o + 2kn. Nhu vay day 1a
phép quay méat phang z mdt goc a.
y v

Ar.dunye
NP2

cVidu3: w=z+bvdib=b;+jb,
batz=x+jyw=u+jv, taco:
u=x+b;;v=y+b,
Vay day 1a mot phép tinh tién

y

d. Vidu 4: w=az + b v6i a = ke 1a phép bién hinh tuyén tinh nguyén. No 1a
hop ctia ba phép bién hinh:

- phép co dan s = kz

- phép quay t = ¢

- phép tinh tién w =t + b

e Vidu5:w=12
Dit z=r1e", w=pe® tacé: p=r1"; 0 =20 + 2kn. Mdi tia z = @, bién thanh tia argw
= 2¢,, mdi duong tron | z | = r, bién thanh duong tron | w | = r’. NéuD={z: 0<¢<
2n } thi f(D) = {-w: 0 <0 <2r } nghia 1a nira mat phang phtic c6 Imz > 0 bién thanh
toan by mat phang phic w.

12
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fVidu6:w=|z|.z
Pitz=re, w=pe® taco: p=1";0=¢ +2kn. Mién D = {z: 0 < ¢ <7 } dugc bién
don di¢p len chinh nd, nghia 13 nira mit phang phic Imz > 0 duoc bién thnah nira mit
phang phirc Imw > 0.

g Vidu 7 w=3z
Vé6i z # 0 thi w c¢6 3 gia tri khac nhau. Pit z = r® , w = pe® ta c6: p=3\/;;

Gk:§+%. Mién D = {z: 0 < ¢ < m } ¢6 anh la ba mién: Blz{w:o<9<§};

Bzz{wzz—n<9<n}; B3={w:—2—n<6<—z}
3 3 3

§3. PAO HAM CUA HAM PHUC
1. Giéi han ciia ham bién phirc: Pinh nghia gi¢i han va lién tuc cia ham bién phirc
cling tuong t nhu ham bién thuc.
a. Pinh nghia I: Gia st f(z) 1a ham xac dinh trong 1an cén ctia z,(co thé trir z,). Ta
n6i s6 phic A 1a giéi han cta f(z) khi z dan t6i z, néu khi | z - z, | — 0 thi | f(z)-A—0.
N6i khac di, v6i moi € > 0 cho trudc, luén ludn t6n tai & >0 dé khi |z - z, | < & thi
If(z)-A| <e.
Ta ki hiéu: lim f(z)=A

Dé dang thay rang néu f(z) = u(x,y) Hv( X,y) ; Zo = Xo + jyo; A = a+ jp thi:

limf(z) = A < hm u(x,y)=a lim v(x,y)=
e Y—>Yo )}(’::)}(’cc))

Trong mdt phang phikc, khi z dan t6i z, né cé thé tién theo nhiéu dwong khdc
nhau. Piéu dé khac véi trong ham bién thue, khi x dan téi x,, né tién theo truc Ox.

b. Pinh nghia 2: Ta noi s6 phic A 13 gi6i han ciia ham w = f(z) khi z dan ra vo
cung, néu khi | z | — +oo thi | f(z) - A | = 0. N6i khéc di, véi moi € > 0 cho trudc, luén
ludn ton tai R >0 dékhi|z|>Rthi|f(z)- A|<e.

Ta ki hi¢u: limf(z)=A

Z—>0

c. Pinh nghia 3: Ta n6i ham w = f(z) dan ra vo cung khi z dan t6i z,, néu khi |
Z -7, | — 0 thi| f(z) | > +o0. N61 khac di, vd1 moi M > 0 cho trude 16n tuy y, luén
ludn ton tai §>0dékhi|z-z, | <8 thi|f(z)|>M.
Ta ki hiéu: lim f(z) =0

d. Pinh nghia 4: Ta n6i ham w = f(z) dan ra v6 cung khi z dan ra vo cing, néu
khi | z | - +oo thi | f(z) | > +o0. Noi khac di, voi moi M > 0 cho trudc lon tuy y, luén
luén ton ta1R>Odekh1|z|>Rth1 | f(z) | > M.

Ta ki hi¢u: limf(z)=

Z—>0

13
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2. Ham lién tuc: Ta dinh nghia ham lién tuc nhu sau:
Dinh nghia: Gia st w = {(z) 12 mot ham s6 xac dinh trong mgt mién chura diém
z,. Ham duoc goi 1a lién tuc tai z, néu lim f(z) = f(z,)

D@ thay rang néu f(z ) = u(x, y) +jv(x, y) lién tuc tai z, = X, + jy, thi u(x, y) va
v(X, y) 1a nhimg ham thyc hai bién, lién tuc tai (Xo, yo) va nguoc lai. Ham w = f(z) lién
tuc tai moi diém trong mién G thi dugc goi 14 lién tuc trong mién G.
Vi du: Ham w = Z° lién tuc trong toan bd mat phang phirc vi phan thuc u = x* - y* va
phan 4o v = 2xy luén ludn lién tuc.

3. Pinh nghia dao ham: Cho ham w = f(z) x4c dinh trong mot mién chta diém
z=x+jy. Cho z mot sb gia Az = Ax + jAy. Goi Aw 13 sd gia trong Gmg cta ham:
Aw =1(z + Az) - (z)

/( M e /( A ;\ r.. ~ *r.. 14 . b r. 14 . \
Néu khi Az — 0 tiso A—W dan t&1 mot gidi han xac dinh thi gidi han dé duoc goi la
z

dao ham cua ham w tai z va ki hiéu 1a f°(z) hay w’(z) hay (cli_w Ta co:
z

£1(z) = lim &% = fjm 1 (222 = 1(2) (4)
Az—0 A7z Az—0 Az
V& mit hinh thuc, dinh nghia nay giéng dinh nghia dao ham cua ham bién sb thuc.
Tuy nhién ¢ day doi hoi AA—théi c6 cung gidi han khi Az — 0 theo moi cach.
z
Vidu 1: Tinh dao ham cta w = Z° tai z.
Tacod: Aw = (z+ Az)* - 2° =2z.Az + AZ*

A—W—2z-i-Az

Az

Khi Az — 0 thi AA—W—> 2z. Do vay dao ham cua ham la 2z.
z

Vidu 2: Hdm w=7Z=Xx—jyco dao ham tai z khong
Cho z mot sb gia Az = Ax + jAy. S gia tuong Ung cua w la:
AW=72+Az2—2=2+Az—2=Az=Ax— JAy

Néu Ay = 0 thi Az = Ax khi 46 Aw = Ax ; AW A—W—lnén hmA—Wzl
Az Ax -0 Ax
Ax = 0 thi Az = -jAy khi d6 Aw = -jAy ; — Aw A—W:—l nén hmA—W:—l
Az jAy A0 Ax

Nhu vay khi cho Az — 0 theo hai duong khac nhau ti s6 AA— c6 nhiing gi61 han khac
V4

nhau. Vay ham da cho khong c6 dao ham tai moi z.
3. Dieu kién kha vi: Nhu thé ta phai tim di€u kién d€ ham c6 dao ham tai z. Ta co
dinh 1i sau:

14
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Dinh li: Néu ham w = f(z) = u(x, y) + jv(x, y) c6 dao ham tai z, thi phan thyc u(x, y)
va phan 4o v(x, y) cia né c6 dao ham riéng tai (x, y) va cac dao ham riéng do6 thoa
man hé thirc:

- )

(5) 1a diéu kién Cauchy - Riemann. Day 1a diéu kién can.
Nguoc lai néu cac ham sb u(x, y) va v(x, y) co cac dao ham riéng lién tuc, thod man
diéu kién C - R thi ham w = f(z) ¢6 dao ham tai z = x + jy va duoc tinh theo cong
thire:

t'(z)=ul +jv!
Pay la diéu kién du.
Ta chimg minh diéu kién can: Gia st £’(z) ton tai, nghia la gidi han cua ti sb:

AW u(X+AX,y +Ay) + jv(X + AX, y + Ay) —u(X,y) — V(X,y)

Az AX + JAy
B [u(x + AX,y + Ay) —u(Xx, y)]+ j[v(x + AX,y + Ay) — v(X, y)] _Au+ jAv
AX + jAy AX + jAy

bang f°(z) khi Az — 0 theo moi cach. Pic biét khi Az = Ax thi:
Aw Au .Av
Az  AX Ag{ ’
Trong d6 Au = A,u 1a sO gia riéng ctia u doi véi x.
Cho Ax — 0, theo gia thiét thi v€ trai dan téi £°(z). Do do vé phai cling c6 gi61 han la
£>(z). Tt d6 suy ra:

x 06 giihanla

AX ox

. . OV

*— cogidihanla —

AX ox

ou .0V

va: f'(2)=—+j— 6
(2) - (6)

Tuong tu, khi Az = Ay thi:
Aw Ayu + jAyV B Ayv _Ayu

Az JAY Ay - Ay
Cho Az — 0 ta co: f'(z)zﬁ—j@ (7)
dy "0y
So sanh (6) va (7) ta co:
ou Ov_0ov_.0u
ox Yox oy oy

Tir dy ta rat ra diéu kién C - R:
du ov. v du

i oy

& oy

15



MATHEDUCARE.COM

Tiép theo ta chimg minh diéu kién du: Gia sir cac ham u(x, y) va v(x, y) ¢ cac dao
ham riéng lién tuc tai (X, y) va cac dao ham d6 thoa man di€u kién C - R. Ta can

ching minh AA—W c¢6 gi6i han duy nhat khi Az — 0 theo moi céch.
z

Aw _ Au+ jAv
Az AX + jAy
Tir gia thiét ta suy ra u(x, y) va v(x, y) kha vi, nghia la:

(8)

Ta viét:

Au = @AX +@Ay+ o, AX + o, Ay
O0x oy

Av = @AX + @Ay +B,Ax + 3,Ay
ox oy
Trong d6 oy, s, B1, B> — 0 khi Ax — 0, Ay — 0(ttrc 13 Az — 0). Thay vao (8) céac két
qua nay ta co:

@Ax+@Ay+oc AX + o, Ay + ] 8VAX+@A}’+BIAX+B2A}/
Aw _ Ox oy Ox oy

Az AX + jAy

ou ou .0V . OV
— AX+ —Ay+ ] —Ax+] Ay ' ,
ox oy " Tox oy (o +B)AX + (o, + B, Ay

AX + jAy AX + JAy
Do dié}l kién C - R, ta co thé 1ay Ax + jAy lam thira s6 chung trong tir s6 ctia s6 hang
thr nhat bén vé phai:

@AX+@Ay+j@AX+j@Ay:@Ax+@Ay—j@Ax+j@Ay
OX oy 8> oy 18> oy oy ox

— (ax+ jay) 2+ (ax+ jAy)(— j@] (Ax+ JAy)(@ - J@j
oX oy

ox "0y
vay: AW _(u_ 0w, (o +jB)Ax+ (0 + B, )AY ©)
YAz lox 8y AX + jAy
Cha y 1a khi Ax — 0, Ay — 0 thi s6 hang thi 2 bén vé phai dan t6i 0. That vay:
Ax ‘_ ‘AX‘ B Ax <1
AX + jAy ‘AX+jAy‘ V/AX2+Ay2 B
: X :
a, + —F <o, +
( 1 JBI)AX+jAy ‘ 1 .]Bl‘
. : A
Khi Ax - 0, Ay > 0 thi oy > 0 va 3; > 0, Vay (()LI-I-JBI)—X.—)O
AX + jAy
Twong ty ta chimg minh dugc rang (o, + sz)A—y_—>O
AX + jAy
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Cho nén néu cho Az — 0 theo moi cach thi vé phai cia (9) s& c6 gidi han la

Ou_.ou
ox oy
Vay vé trai ciing dan toi giéi han d6, nghia 1a ta da chung minh rang ton tai
, ou .0Ou
f'(z)=—-]—.
ox "0y

Do diéu kién C - R nén ta c6 thé tinh dao ham bang nhiéu biéu thic khac nhau:

, . _Bu .6V _dv .6u_du .du_ov .Ov
f()=—+i-=—-I—=—--i—-=++i+—

ox Tox dy "oy ox oy dy "ox
Vi du 1: Tim dao ham cta ham sb w = e*cosy + je*siny.
Ham c6 dao ham tai moi diém vi diéu kién C - R ludn ludn thoa man.
That vdy:  u=e"cosy, v = ¢'siny
u, =e'cosy=v,

o AX — v
u, =—€'siny =-v,

W o
—=¢"cosy+je'siny=w
dz

Vidu 2: Tim dao ham cua ham w = x + 2y + j(2x +y)
u=x-+2y
V=2X+y
u=l=v, u =2#-v, =-2

Vi du 3: Xét sy kha vi cia ham w = 2> = (x° - y°) + 2jxy.

vi Mg 2y = il tai moi diém hitu han. w = z* kha vi tai moi diém

ox oy’ By ox

z#oovaz =2z.

Vi du 4: Xét sy kha vi ciia ham w = zRez = x* + jxy.

Do hé phuong trinh:
ou ov
—=2X=X=—
Ox oy
ou ov
oy ox

chi thoa mén tai diém (0, 0) nén w chi kha vitaiz=0
4. Cac quy tic tinh dao ham: Vi dinh nghia dao ham ctia ham bién phtrc giéng dinh
dao ham cta ham bién thuc, nén céc phép tinh dao ham cua té)ng, tich, thuong ham
hop hoan toan tuong tu nhu di véi ham thuec.

Gia su cac ham f(z) va g(z) c6 dao ham tai z. Khi do:

[f(z) +8(2) ' =f(2) + g'(2)
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[f2).8(2) ] = (2).82) + &'(2) f(2)
{f@f}:f%mg@)—ﬂmg%@

- Le®@ g (2)
Néu w = f(z) , z = @({) déu la cac ham c6 dao ham, thi dao ham ctia ham hgp w =
flo(0)] la:
dw dw dz
g dz'dg

Néu f(z) 1a ham don diép c6 ham nguoc 13 h(w), thi:

f'(z) :ﬁ, h'(w) #0

5. Y nghia hinh hoc ciia dao ham: Gia thiét ham w = f(z) ¢6 dao ham tai moi diém
trong 1an cin diém z, va £(z,) # 0.

a. Y nghia hinh hoc ciia Arg f(z,): Phép bién hinh w = f(z) bién diém z, thanh
diém w, = f(z,). Goi M, la toa vi cua z, va P, 1a toa vi ciia w,. Cho mot dudong cong
bat ki di qua M, s c6 phuong trinh 13 z(t) = x(t) + jy(t). Gia st

2(t) = X’(to) + jy (1) # 0
nghia 13 hai s x’(t,) va y’(t,) khong dong thoi triét tiéu khi t = t,. Vay duong cong L
c6 tiép tuyén tai M, ma ta goi 1a M, T.

yh L vl

M P

r

@) X @) u

Goi I' 1a anh cta duong cong L qua phép bién hinh. Hién nhién dudng cong di
qua diém P, va c6 phuong trinh w = w(t) = f[z(t)]. Theo cong thirc dao ham ham hop
ta c6 W’(t,) = £°(z,).2’(t,). Theo gia thiét thi (z,) # 0, z’(t,) # 0 nén w’(t,) # 0. Nhu
vay tai Py, duong cong I co tiép tuyén P,t. Bay gio ta 1ay z 1a diém khac thudc L. N6
c6 anh la w e I'. Theo dinh nghia dao ham:

lim 0 = £'(z ) (12)

Z—)ZO Z —_ Z()

Z—7Zg Z—7Zg

Viy Argf'(z,)= lim{ Arg ¥~ Wo} = lim[Arg(w - w,) — Arg(z—z,)]

Goi M, P 1an luot 14 toa vi cta z va w thi déng thire trén duge viét 1a:
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Argf'(z,) = hm(Ou P P)— Mlgpl} (Ox M M)
PGF PelL ©

Vi khi P — P, cat tyyé'n P,P dan t6i tiép tuyén P,t voi I'; khi M — M,, cat tuyén
MM dan t61 tiép tuyén M, T véi L nén:

Argf'(z,) =(0u,P,7)- (0, M,T) (13)
hay: (Ou,P,t)=Aref'(z,)+(Ox, 1\TT)
Tu d6 suy ra Argf (ZO) la goc ma ta can quay tiép tuyén M,T véi dudng cong L tai M,
dé duoc hudng cua tiép tuyén P,t véi duong cong I" tai P, ‘ , ’

Bay gio ta xét hai duong cong bat ki L va L’ di qua M,, lén, lugt ¢ ti€p tuyén
tai M, 1a M, T va M,T’. Goi I" va I"’ 1a anh cua L va L’qua phép bién hinh w = {(z). '
va I’ 1an luot ¢6 tiép myén tai P, 1a P,t va P,t’. Theo két qua trén:

Argf'(z,) = (0u,P <)~ (Ox, M, T)
Do (13) duoc thiét 1ap voi L va I bat ki nén:

Argf'(z,) = (Ou,P. 7 )~ (Ox, M, T')
Tu do suy ra:

06.2.7)-00,77)- 0% 377+ (o537
Vay goc gilra hai duong cong L va L’ bang goc gitra hai anh T va I'” ca vé do 16n va
huéng. Ta noi phep bién hinh w = f(z) bao toan goc gitra hai duong cong hay phep
bién hinh w = f(z) 1a bao giac.

b. Y nghia cua | f(z,) |: Do (12) ta c6:

lim P P
(z,)|= lim| ~—Ye | = lim = 2%
7 7—7, | 2% ~ lim MM
M—->M,
Véi Az = z - z, kha nho thi Aw cling kha nho va ta c6:
) ‘ _ PP

MM

hay: PP~|f'(z,)|MM (15)

Néu >1 thi P,P > MM va ta c6 mot phép bién hinh dan. Néu <1 thi
P,P < MM va ta c6 mot phép bién hinh co.

Cong thuce (15) ding véi moi cap M va P nén ta noi

bién hinh tai z,.
Trén day ta da gia thiét £(z,) # 0. Néu £(z,) = 0 thi két qua trén khong dung
nta.
Vi du: Xét ham w = z°.
Qua phép bién hinh nay, nira truc duong Ox (argz = 0), ¢6 anh 1a nira truc duong

Ou(argw = 0). Nua truc Oy du:ong(argz = g} c6 anh la nura truc Ou am (argw = m).

19



MATHEDUCARE.COM

Nhu vdy goc giira hai tia Ox va Oy khong dugc bao toan qua phép bién hinh. S¢ di
nhu vay vi w’(0) = 0.

6. Ham giai tich:

a. Dinh nghia 1: Gia st G 1a mot mién mo. Néu ham w = f(z) ¢6 dao ham £'(2)
tai moi diém thudc G thi n6 duoc goi la gidi tich trong mién G. Ham sd w = f(z) duoc
goi 1a giai tich tai diém z néu no giai tich trong mot mién 1an c4n nao d6 cua z. Trén
kia ta chi dinh nghia ham s giai tich trong mot mién mé. Gié stt mién G 3 gi61 han boi
duong cong kin L. Néu ham w = f(z) giai tich trong mot mién mé chtra G, thi dé cho
gon ta noi no giai tich trong mién kin G .

b. Dinh nghia 2: Nhiing diém tai d6 w = f(z) khong giai tich, duoc goi 1a céac
diém bat thuong ctia ham sb do.

Vi du:- Him w = Z° giai tich trong toan C

- Ham w = ¢”cosy + j e”siny giai tich trong toan C

- Him w =Zkhong gidi tich Vz € C

- w= 1 giai tich trong toan C trir z = 0. Piém z = 0 1a diém bat thuong duy

z
nhat ctia ham

- Ham w = zRez chi thoa man diéu kién C - R tai z= 0. Vay né khong giai tich
trong toan C.

c. Tinh chét ciia ham gidi tich:

- Tong, tich ctia hai ham giai tich 1a mot ham giai tich

- Thuong ctia hai ham giai tich 14 mot ham giai tich trir diém 1am cho mu sb
triét tiéu.

- Hop cuia hai ham giai tich 1a mgt ham giai tich.

- Ham nguoc ciia mdt ham giai tich don di€p c6 dao ham khac khong 1a mot
ham giai tich don diép.

Vi du: - w=7z" + z 1a mdt ham giai tich trong toan C vi n6 1a tong cta hai ham giai
tich trong C

- w=—— gidi tich tai moi diém trir z = £

z-+1

7. Quan hé gita ham giai tich va ham diéu hoa: Cho ham
w =f(z) =u(x,y) + jv(x,y) giai tich trong mién don lién G. Phan thyc u(x, y) va
phan 40 v(x, y) 1a nhitng ham diéu hoa trong G, nghia 1a chiing thoa mén phuong trinh
Laplace:
2 2 2 2
Au=ZY a—_o Av = a: a——O(Xy)eG
ox> oy’ ox® oy’
That viy, theo gia thiét, diéu kién C - R thoa mén, ttrc 1a:
u,=v, u,=-v,
Lay dao ham hai vé cta dang thuc thir nhat theo x va dao ham hai vé dang thuc tha
hai theo y ta co:
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" " n "

u. =V u, =-v

XX yX y Xy
2 2
Cong hai dang thirc ta c6: Au = 6_1; + 6_1;1: 0
ox~ 0oy
, : v 0v
Tuong tu ta chimg minh dugc: Av=—7>+—=0
ox" 0y

Nguoc lai, cho trude hai ham diéu hoa bét ki u(x, y) va v(x, y) thi néi chung,
ham w = u(x, y )+ jv(x, y) khong giai tich. Muén w = u + jv giai tich thi u va v phai la
hai ham diéu hoa lién hop, nghia 13 thoa mén diéu kién C - R. Vi cho trudc mdt ham
diéu hoa, ta ¢ thé tim dugc ham diéu hoa lién hop véi nd nén cho trude phan thuc
hay phﬁn a0 cua mot ham giai tich ta tim dugc ham gidi tich d6. Phuong phap tim
ham v(x, y) diéu hoa lién hop vdi u(x, y) cho trudc trong mot mién don lién G nhu
sau:

Do diéu kién C - R ta biét dugc cac dao ham riéng cia v(x, y) la:

vp=-u, Vv, =u]

Viy bai toan dugc dua vé tim ham v(x, y) biét rang trong mién don lién G nd co vi
phan :

dv =vidx + V| dy =—u dx +udy

Bai toan nay c6 nghia vi vé phai 13 vi phan toan Yl
phan. That vay, nu dit P=-ujva Q=u,thi
. Q P A M(x,y)
dieu kién ——-—— + u =0duoc thoa
[0 8y y M
man. Theo két qua giai tich thi: ‘T | °
(x.y)
! !/ I
v(x,y)= |—-uldx+u. dy+C 16 —
tey) (ijym ’ g 1o O %o X

Trong do tich phan (khong phu thu¢c duong di)
dugc 1ay doc theo duong bat ki nam trong G, di tir diém (Xo, yo) den diém (x, y), con
C 1a mot hang sb tuy y. Néu tich phan dugc tinh doc theo duong gap khuc M,AM thi:

v(X, y)——fu (x,y)dx + J.u (x,y)dy+C

Yo
Vidu 1: Cho ham u=x" -y +2x. Tim v(x,y) va f(z)
Pay 1a mot ham diéu hoa trong toan mat phang vi Au = 0 V(x,y).
Theo (16) ta chon x, =y, =0

x y
v(X,y) :j2de+I2dy+C =2xy+2y+C
0 0
Vay: f(z)=u+jv=x"-y +2x +j2xy + 2y + C) = (x> + 2jxy - ) + (2x + 2jy) + jC
=(x+jy)’ +2(x +jy)=jC=2"+22+jC
f(z) 12 mdt ham giai tich trong toan C.

Vi du 2: Cho ham u(x,y) = %ln(x2 +vy?). Tim f(z)
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bay 1a mét ham diéu hoa trong toan bo mién G trir diém géc toa d§. Dung (16) ta xac
dinh duoc ham diéu hoa lién hop:

V(x,y) = Arg(x + jy) + C
Vi Argz xac dinh sai khac 2k, nén v(x, y) 1a mot ham da tri.
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CHUONG 2: PHEP BIEN HINH BAO GIAC
VA CAC HAM SO CAP CO BAN

§1. KHAI NIEM VE BIEN HINH BAO GIAC
1. Phép bién hinh bao gic:
~ a. Dinh nghia: Mot phép bién hinh duoc goi 1a bao giac tai z néu nod cé cac tinh
chat:

- Bao toan goc gitta hai dudng cong bat ki di qua diém z (ké ca do 16n va
huong)

- C6 hé s6 co dian khong doi tai diém do, nghia 1 moi duong cong di qua z déu
¢ hé sb co dan nhu nhau qua phép bién hinh.

Néu phép bién hinh 13 bao giac tai moi diém ctua mién G thi ndé dugc goi 14 bao giac
trong mién G.

b. Phép bién hinh thwc hién béi ham gidi tich: Cho ham w = f(z) don diép,
giai tich trong mién G. Do y nghia hinh hoc ctia f°(z) ta thiy rang phép bién hinh duoc
thie hién boi ham w = f(z) 14 bao giac tai moi diém ma f(z) # 0.

Néu chi xét trong mot 14n cin nhé ctia diém z, thi phép bién hinh bao giac 1a
mot phép dong dang do tinh chét bao toan goc. Cac goc twong ng trong hai hinh Ia
bang nhau. Mit khac néu xem hé sd co dan 1a khong doi thi ti s6 giira hai canh tuong
g 1a khong d6i.

Nguoc lai ngudi ta chimng minh duoc rang phép bién hinh w = f(z) don diép 1a
bao giac trong mién G thi ham w = f(z) giai tich trong G va c¢6 dao ham £(z) # 0.

2. B0 @é Schwarz: Gia sir ham f(z) giai tich trong hinh tron | z | <R va f(0) = 0. Néu
|z) | <M véimoizma |z | <R thita co:

|<R

jo

Trong d6 dang thirc xay ra tai z; v6i 0 < | z | <R chi khi f(z) = z, a thuc.

3. Nguyén li d6i xitng: Trudc hét ta thira nhan mét tinh chat dic biét ctia ham bién
phirc ma ham bién s6 thuc khong co, d6 1a tinh duy nhét, dugc phat biéu nhu sau: Gia
str hai ham f(z) va g(z) cing giai tich trong mién D va thoa man f(z) = g(z) trén mot
cung L nao d6 nam trong D, khi d6 f(z) = g(z) trén toan mién D.

Gié stt D; va D, nam ké nhau va c6 bién chungla L

y
\%

D, B
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Gia su fi(z) giai thh trong D, va f5(z) giai tich trong D,. Néu fi(z) = f»(z) trén L thi ta
goi f5(2) la thac trién giai tich cua fi(z) qua L sang mién D,. Theo tinh duy nhat cua
ham giai tich néu f3(z) ciing 1a thac trién giai tich cua f1(z) qua L sang mién D, thi ta
phai co f3(z) = £(z) trong D,. Cach nhanh nhat dé tim théc trién giai tich cia mot ham
cho trudce 1a ap dung nguyén li d6i xtmg sau day:

Gia str bién ctia mién D, chira mot doan thang L va fi(2) blen bao giac D, 1én B,
trong d6 L chuyén thanh doan thang T thu¢c bién cua B;. Khi do ton tai thac trién giai
tich f5(z) cua fi(z) qua L sang mién D, nam ddi xtmg v4i D; d6i v6i L. Ham f5(z) bién
bao giac D, 1én Bonam d6i xtmg v6i By ddi véi T va ham:

f,(z) trongD,
f(z)=1fi(z)=1,(2) L
f,(z) trongD,
bién bao giac D thanh B. 7 ’ o
Nguyén 1i do1 xung thuong dung dé tim phép bién hinh bao gidc hai mién doi
xtng cho trudec.

§2. CAC PHEP BIEN HINH QUA CAC HAM SO’ CAP
1. Phép bién hinh tuyén tinh: Xét ham tuyén tinh w = az + b trong d6 a, b 1a cac
hing s phirc. Gia thiét a = 0. Néu a = a |¢'* thi w =] a [¢/*z + b. Phép bién hinh tuyén
tinh 13 bao gidc trong toan mit phang phuc vi £(z) = a # 0 Vz € C. Ham tuyén tinh ¢6
thé coi 1a hop cta 3 ham sau:

¢=kz (k=]a|>0)

- =¢"( (o= Arga)

-w=mnt+b W ‘y
Néu biéu dién cac diém €, o, w trong cung mdt mat
phang thi dua vao ¥ nghia hinh hoc ctia phép nhan va o g
phép cong cac sd phtic ta suy ra rang:

- diém ¢ nhan dugc tir diém z bang phép co dan %
voi hé s6 k

- diém ® nhan duoc tir diém ¢ bang phép quay O
tam O, g(’)c quay .

- diém w nhan duoc tir dlem o bang phép tinh
tién xac dinh boi vec to biéu dién sd phirc b.

Nhu vdy mudn duogc anh w cua z ta phai thyc hién lién tiép mot phép co dan,
mot phép quay va mot phép tinh tién. Tich ciia 3 phép bién hinh trén 1a mot phép
dong dang. Vay phép bién hinh tuyén tinh 13 mot phép dong dang. N6 bién mot hinh
bét ki thanh mot hinh déng dang v6i hinh éy. Dac biét, anh ctia mot duong tron 1a mot
dudng tron, anh cia mot duong thang 1a mot dudng thang.

Vi du: Tim ham w = f(z) bién hinh tam giac vudéng can A(3+ 2j), B(7 + 2j), C(5 + 4j)
thanh tam giac vuong can c6 dinh tai O, B(-2j) va C(1 -))

Z

_—
X
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I\ |’
C X

0, =
A C

B
| |
Ol 3 "X B,

[\

Vi cac tam giac ABC va O,B;C,; dong dang nén phép bién hinh dugc thuc hién bang
mot ham bac nhat w = az + b. Phép bién hinh nay co thé phan tich thanh cac phép
bién hinh lién tiép sau day:

* phép tinh tién tir A vé gdc, xac dinh bang vec to (-3 - 2j). Phép tinh tién nay
dugc x&c dinh béi ham =z - (3 + 2j)

* phép quay quanh gdc mot goc — g , ung vo1 ham o = Ce_JE

* phép co dan tdm O, hé sb k:%:%:

l, duoc thuc hién b'ﬁmg ham
AB 4 2

wW=—0

1 - : j : .3,
Vay: w=—e *(z-3-2))=—=(z-3-2))=—jz+—]-1
ay 5¢ D=5 D=-izt7]

2. Phép nghich dio:

a. Dinh nghia: Hai diém A va B duogc goi 1a doi xang dbi véi duong tron C
tam O, ban kinh R néu chung cing nim trén mdt nira duong thang xuét phat tir O va
thoa man dang thirc:

OA.OB =R’

o R* R o . ( R ] ‘ .
D1 nhién, vi OB = =——1R nén néu OA <R | —>1| thi OB > R. Nguoc lai
OA OA OA
néu OA > R thi OB < R. Nghia 1 trong hai diém A va B thi mot diém nam trong va
mot diém nam ngoai dudng tron.
Néu A nam trong dudng tron thi muén duoc B ké duong AH L OA va sau d6 vé

tiép tuyén HB.
H H
]
\\ - :
\ |
B

O
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Néu A nam ngoai duong tron thi muén duoc diém B ta vé& tiép tuyén AH, sau d6 keé
HB 1 OA.

b. Pinh Ii I: Néu A va B ddi xtimg véi duong tron C” va C 1a duong tron bat ki
di qua A va B thi C’ va C” tryc giao vdi nhau.
Chting minh: Goi I 1a tdm va r 1a ban kinh cia C”. Ki hi¢u PO 1a phuong tich cta
diém O d6i vé6i duong tron C”.

Theo gia thiét vi A va B d6i xting qua C’ nén D

OA.OB = R*. Mit khéc theo cach tinh phuong

tich ta co: B
PO =0A.0B=0I -1’ o\ AN

Tu do suy ra: I
R*=0I -1’

hay:
O’ =R*+r’ = 0D’ + ID”. C”

Vay OD 1 DI

c¢. Dinh li 2: Gia st hai duong tron C’ va C” cung truc giao voi duong tron C.
Néu C’ va C” cit nhau tai A va B thi hai diém A va B d6i xtmg qua C
Chang minh: Goi I; va I, lan luot 13 tAm cua
duong tron C’ va C”; r; va r, la ban kinh cua
ching. Goi R 1a ban kinh cua duong tron C.
Ta co:

PC’O = 0112 — 1'12

PO = OL -1,
Nhung do gia thiét truc giao ta co:

Ol —r’=R?

OL —1;=R’
Vﬁy PC’O = PC”O
Vi diém O c¢6 cung phuong tich véi ca hai duong tron C’ va C” nén O nam trén truc
dang phuong AB ciia cip vong tron d6. Mit khac do PO = OA.OB = R* nén A va B
d6i xtmg qua C.

p 1 r
d. Phép bién hinh w =—: Phép bién hinh nay don
z
diép, bién miat phang phirc mo rong z (tic mit phang
phtic ¢6 bo sung thém diém z = ) 1én mit phang phic
mo rong w. Anh cia diém z = 0 1a diém w = oo. Nguoc lai

‘

NI

3 o + R \ : A ) 1 A
anh cua diém z = o la diem w = 0. Vi w’ = —— nén
z

phép bién hinh bao giac tai z # 0 va z # oo,
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~ A ’ 1 5 5 A + A A 3 ;o7 1 . + A \ 1 — A
Ta s€ néu ra cich tim anh cua mot diém z bat ki. Cha y 1a hai diém z va —=w doi
z

: 1
xtmg nhau qua duong tron don vi vi Argé =—Argz = Argz. Mat khac ‘ z ‘H =1.
z Z

Vay mudn duoc w, ta dung w doi xirng voi z qua dudng tron don vi roi lay doi xing

qua truc thyc. N6i khac di, phép bién hinh w = 1 1a tich ctia hai phép d6i xtng:
z

* phép dcf)i xung qua duong tron don vi
* phép doi xung qua truc thuc

e. Tinh chit ciia phép bién hinh: < Phép bién hinh w = 1 pin:
Z

* mot duong tron di qua gde toa dd thanh mot dudng thang

* mot duong tron khong di qua gdc toa d6 thanh mot dudng tron

* mot duong thang di qua gdc toa d6 thanh mot duong thang

* mot duong thang khong di qua gbc toa dd thanh mot duong tron di qua goc
toa do.

Néu coi duong thang 1a mot duong tron c6 ban kinh vo han thi tinh chét trén

- R © 1N r <A 3 1 - A A 2\ \ \ A
dugc phat bi€u gon lai la: Phép bién hinh w =— bién mdt duong tron thanh mot
z

duong tron.
Chirng minh: Xét duong cong C’ ¢6 phuong trinh:

AX*+y)+2Bx+2Cy+D=0
Trong d6 A, B, C, D 1a nhitng hang s thuc. Viét phuong trinh Ay dudi dang phuc ta
co:

Azz+Ez+Ez+D=0 (1)
Trong d6 E=B - jC
Néu A # 0, D =0 thi C’ 1a duong tron di qua goc toa do. Néu A = 0 thi C’ 1a dudng
thang. Néu A = D = 0 thi C’ 1a duong thang di qua gdc toa d6. Anh ctiia C’ qua phép

bién hinh w = 1 la duong cong L c¢6 phuong trinh:
z
lé + E + E +D=0
WW W W
hay: Dww+Ew+EwW+A =0 (2)
Néu D = 0 thi L 14 dudng thang. Néu D = A = 0 thi L 13 duong thang di qua gbc toa
d6. Néu A = 0 thi L 1a duong tron di qua gdc toa do.
& Gia st z, va z, 1a hai diém d6i xtmg v6i nhau qua dudng tron C”. Khi d6 néu

A

. \ \ \ 2 kd \ 14 . /( \ 1 \ \ /( .
go1 w; va w, va L 1a anh cta z, z; va C’ qua phép bién hinh w =— thi w; va w, doi
z

4 r . /4 . 4 . /( N\ 1 2 \ 14 /( * 4 A
xtng nhau qua C. No6i khac di, phép bién hinh w =— bdo toan tinh doi xtrng qua mdt
z
duong tron.
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Chung minh: Liy 2 duong tron bat ki P va Q qua z;, va z,.Theo dinh 1i 1 thi P va Q
cung truc giao voi C’. Qua phép bién hinh, P va Q s€ bién thanh hai duong tron L, va
L, cat nhau tai w; va w,. Vi phép bién hinh bdo gidc nén L, va L, truc giao véi C’.
Theo dinh 1i 2 thi w; va w; s€ d61 xirng v41 nhau qua L.
Vi du 1: Tim anh cta hinh tron | z | < 1 qua phép bién hinh w = 1
z
Dé dang thy rang anh cua duong tron | z | = a (0 < a < 1) 13 duong tron
1 S A 1 . . .
‘ w ‘ =—. Khi a bién thién tir 0 dén 1, thi — gidm tr +oo dén 1. Trong khi duong tron |
a a
z|=a quét nén hinh tron | z | < 1 thi anh cta n6 quét nén mién | w | > 1.
Tém lai anh cia mién | z | < 1 1d miém | w | > 1. Anh cila duong tron |z | =1 1a
duong tron |w | + 1.
Vi du 2: Tim anh cua ban kinh OB: argz = /6; | z| < 1 qua phép bién hinh w = 1/z

Ly

=N

y =
% A - 7
X 7
X 7
\ 7
X 7

W

Lay M bat ki trén OB. Thyc hién lién tiép phép (:’[01 xtng qua duong tron don vi va

phép ddi xtmg qua truc thyc ta dugc anh N ctia né nam trén ntra dudng thang sao cho:
OM.ON =1

Khi M chay tir O dén B, N chay tir o dén B’.

az+b

cz+d
va d khong dong thoi triét tiéu. Ta khong xét truong hop ad = be vi day la truong hop
tam thuong . That vay néu ad = be thi ta co thé viét:
az+b _adz+bd b _b

cz+d cbz+db'd d

: Phép bién hinh chi c6 ¥ nghia khi ¢

3. Phép bién hinh phén tuyén tinh w =

T d o, . A
Thc la moi z # —— deucocungmotanhw=a.

C
Vay ta chi xét cac truong hop ad - be # 0. Néu ¢ = 0 ta duoc ham tuyén tinh da xét:
a b
W=—2Z+—
A Y . A1 az+b . TR N A <
cho nén ta gid thiét c # 0. Phép bién hinh w = d la don di€p va bién toan bd mat
cz+
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< 5 A A - N 5 A X + R d roa \ < A
phang m¢ rong z 1én mat phang m¢ rong w. Mo1 diém z #—— cd anh la diém

C
az+b D . . —dw+b , . sl
W= . Nguoc lai, giai z theo w, ta dugc ham ngugc z=——; tlic 1a moi
cz+d cw-—a
.2 a |, . ) . —dW+b 2 , .2 d < a2
diém w # —cd nghich anh l1a z=———_ Anh cta diém z=—-— 14 diém w = oo.
C cw—a C
2 .2 R a
Anh ciadiémz=o [a w=—
C
. , ad—bc A , e . n z , ) ., . . 4.2
Vi w :ﬁ nén phép bién hinh phan tuyén tinh bdo giac tai moi di€ém
czZ+
d . T S
z #—— va z # oo. Phan tich biéu thurc cia w ta duoc:
C
W= az+b acz+bc acz+ad+bc—ad a(cz+d)+bc—ad
cz+d c(cz+d) c(cz+d) c(cz+d)
a bc—ad 1
=—+ .
c c cz+d

Tir d6 suy ra phép bién hinh phan tuyén tinh 1 tich cta 3 phép bién hinh:
{=cz+d phép bién hinh tuyén tinh

o= é phép nghich dao

bc —ad
W=
C

Vi moi phép bién hinh thanh phan déu bién mot duong tron thanh mot duong tron va
bdo toan tinh d61 xtimg cua 2 diém do61 voi duong tron nén phép bién hinh phan tuyén
tinh cling c6 cac tinh chat ay.

Phép bién hinh phan tuyén tinh tong quat chira 4 tham so6 a, b, ¢, d nhung thuc
chat chi c6 3 tham s6 1a doc lap. That vay, voi gia thiét ¢ # 0, ta co:

a L \ A s
.0+ — phép bién hinh tuyén tinh
C

a b
c ¢
W=
d
z+—
C
e o a b d \ ,
Néutadata, =—, b,=—, d, =— thitaco:
C C C
a,z+b,
W=——"
z+d,

Vay mudn phép bién hinh phan tuyén tinh hoan toan xac dinh, ta phai cho 3 diéu kién.
Chang han ta c6 thé budc no bién 3 di€m cho trudc z,, z, va z; lan lugt thanh 3 diém
w1, Wy va wi. Khi d6 cac tham s6 a;, by va d; 1a nghi€ém cuia hé:
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a,z, +b,
—:Wl
z+d,
a,z,+b,
—:\A}2
z+d,
a,z; + b, _

z+d,

* 9 A \ 14 \ /‘\ . \ a Z + b \ 9 * \
Giai hé nay ta tinh dugc a;, b; va d; r6i thay vao w = 1—dl ta dugc ham phai tim
z+d,
dué6i dang dbi xing:

4

W—-W,; W, —W, Z—-2Z; Z,—2Z,

Vi du 1: Tim phép bién hinh bao giac bién nira mit phing trén 1én hinh tron don vi
sao cho z=a v4i Ima > 0 thanh w =0

Theo tinh bao toan vi tri diém d6i xtng thi diém z =a phai chuyén thanh diém
w=c0. Vay phép bién hinh phai tim c6 dang:

w=kZ" —

z—a

Vi z = 0 chuyén thanh mot diém nao d6 trén duong tron |w | =1 nénsuyra |k | =1
hay k = &, Vay:
wZ—a

w=e —
z—2a
Vi du 2: Bién hinh tron don vi thanh chinh n6é sao cho z=a véi|a| <1 thanh w = 0.

7 ” \ . r 3 A Ja v oA ]- N A ’ re \ \
Theo tinh bao toan vi tri d61 xung thi diém b =— nam do61 xtng véi a qua dudng tron

a
| z | = 1phai chuyén thanh diém w = co. Phép bién hinh can tim c6 dang:
wokZ-d_gz-a
z-b l-az
Trong d6 k va K 1a cac hang s6 nao d6. Viz=1 thi | w | =1 nén ta co:
‘Kl—a = K|=1nénK=e"
l-a

Z—a

va:  w=e
l-az

Vi du 3: Bién nira mit phang trén thanh chinh nd

Phép bién hinh nay duogc thuc hién bang ham phan tuyén tinh bién 3 diém z,, z, va z

trén truc thuc theo chiéu duong cua mat phang z thanh 3 diém Wi, Wy, W3 trén truc

thue theo chiéu dwong cta mit phang w.
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. : 1 1 : :

4. Phép bién hinh Giucovski: Ta goi ham phiuc w :E(z+—j la ham Giucovski.
z

ham nay c6 rat nhiéu tmg dung trong ki thuit. N6 c¢6 mot diém bat thudong hiru han 1a

1 1
z=10.Pao ham ciand la w' = 5(1 ——j w’ = 0 tai cac diém z = +1. Vay phép bién

z
hinh Giucovski bao giac tai moi diém z hitu han khac v6i diém O va +1. Ta hdy tim
mién don di€p cua ham. Gia str z; # z, nhung:

l(zl+iJ:l(zz+iJ hay (ZI—ZZ)(I— 1 ):0 (5)
2 z,) 2 z, z,z,

Ta thay rang dang thic (5) xay ra khi z;.z, = 1. Vay phep bién hinh s& don diép trong
moi mién khong chura hai diém nghich dao cua nhau. Chang han mién | z | < 1 12 mién
don diép ctia ham s6; mién | z | > 1 cling 13 mot mién don diép khac.
Vi du 1: Tim anh cta phép bién hinh Giucovski cua:

* duong tron |z |=h 0<h<l

* doan thang Argz=a, |z | <1

*hinh trondon vi|z| <1

* nira mat phang trén, nam ngoai hinh tron don vi tdm O.
e Ta dit z = re/®. Ham Giucovski dugc viét thanh:

.1 1 1 . 1 ..
W=U+_]V=E re’® + —— =3 r(cos@+ jsin @) +—(cos e — jsin @)
r

reJ(P
Tach phan thuc va phan 4o ta co:

u:l(r+ljcoscp

2 2

Vzl(r—ljsin(p
2 2

Tir d6 suy ra anh ciia duong tron | z | =r = h c6 phuong trinh tham s 1a:

1 1
=—| h+— |cos
: 2( h) P
1 1 1(1
=—|h——|sing=——| ——h [sin
2( hj ? 2(11 ) P

Trong d6 ¢ 1a tham sd. D6 1a mot elip (y), co tdm O va cac ban truc a = %(h +%j va

2 2
=L (1) e w 2e= v zzﬁ(hg) 1) =2 cie e g

h 4 h

cta elip 13 Fy(-1, 0) va F5(1, 0). Khi ¢ bién thién tir 0 dén 2=, diém z chay doc duong
tron | z | = h theo huong duong trong khi anh w twong rng ctia n6 chay trén ellip theo
hudéng 4m cia mat phang.
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Vikhi 0 < ¢ < thi v<0 vakhin <¢p <2r thi v> 0 nén anh cua ntra duong
tron trén 1a nura elip dudi, anh ctia nira duong tron dudi la elip trén.

Chu y 1a khi h — 0 thi cic ban truc a, b ciia elip dan ra oo, nghia 1a néu dudng
tron | z | = h cang nho thi dnh cia nd co cac ban truc cang I6n. Khih — 1thia — 1 va
b — 0, nghia 1a néu duong tron | z | = h cang dan vao duong tron don vi thi elip 4nh
det dan va tién toi doan kép F,F, (so di goi 1a doan kép vi F,F, dong thoi 1a anh cua
ntra cung tron don vi trén va nira cung tron don vi dudi). Ta quy ude bo trén cua doan
la anh cua nira cung tron don vi nam trong nua mat phang dudi; bo dudi cua doan
thang 13 4nh cua nira cung tron don vi nam trong nira mit phang trén.

e Néu goi L 13 anh ctia doan thang:
Argz=aqa

{| zl< 1

thi phwong trinh tham s6 cua L 1a:

1( 1)
u=—|r+- |cosa
2 r
1(1 )
V=——| ——r|sina
2\r

Khir r trong cac phuong trinh nay ta co:

2 2
u v

=1 (6)
cos” o sin” o
Day 1a mot hyperbol c6 cac ti€u diém trung voi Fy va F,.

/
N ‘V /
/
N \5. 77
—</>\’ N ‘/4\7‘\ -
LS XTI T T AT
7 AON N SR D
- NN e SN
[/ /Fl\ Vi BN Y
v - /I l\'\ 7 T /| -u
\ e
VRN AT BB
\\ ~N_ 7/ /“7‘--""\ N N s
< . >~_/ TN _~
~ 7 —=——= _
S~ / v —> D
=X\
/ / \\
/
/ N

Néu 0 <o < g thi anh (L) 12 nhanh hyperbol (6) nam trong géc phan tu tha tuw. Khi

diém z chay trén doan ban kinh tu géc toa dg t&1 duong tron don vi thi anh w cia no
chay trén nhanh hyperbol nam trong goc phan tu thi tu tir oo tdi truc thyc Oju.

e Khi cho h bién thién tir 0 dén 1 thi dudng tron | z | =h s& quét nén hinh tron |z | < 1.
Anh (y) cta L trong mit phang w s& quét nén miat phang w, bo di lat cat doc doan
F,F,. Bo dudi cua lat cit 1a anh cua cung tron don vi trén. Bo trén cua lat cit 1a anh
ctia cung tron don vi duéi. Ntra hinh tron don vi trén c6 anh 1a nira mat phang duéi.
Nguoc lai ntra hinh tron don vi dudi c6 anh 1a nira mat phéng trén.
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e Tuong tu nhu & cau dau tién anh cua nira duong tron trén:
r=h(th>1) 0<o<m
c6 phuong trinh tham s6 1a:

u =%(h+%jcoscp
O<op<m
V—l(h—l)sin
20 )

L . 1 1
bay 1a mot cung ellip ndm trong nira mdt phang trén , c6 cac ban truc la a = E(h + Hj

va b:l(h—l]
2 h

Khi nira dudng tron trén tam O, ban kinh h quét nén phan nira mit phang trén nam
ngoai duong tron don vi thi d&nh ctia ndé quét nén nra mat phang trén Imz > 0 xem
hinh v¢).

7

X -1 O,

Vi du 2: Tim phep bién hinh bién nira hinh don vi | z | = 1, Imz > 0 thanh nira mat
phang trén. ’
Dé thay rang phép bi€n hinh phai tim la hgp cua hai phép:

t=—z=¢"z

(]
w=—|t+-
2 t

5. Ham lu¥ thira w = z": Ta xét ham w = z" voi n nguyén duong, 16n hon hay bang 2.
Néu z = r(cosa + jsina) thi w = r"(cosna + jsinna)). VAy anh cua tia Argz = o 1a tia
Argw = no. nhan duoc bang cach quay tia Argz = o quanh gbc toa d6 goc (n - 1)a.
anh cta dudng tron | z | = R 1a duong tron | w | = R". Anh ctia mat phang z 1a mat
phang w.

Tuy nhién phép bién hinh tir mat phang z 1én mat phang w khong don diép vi néu hai

A , \ rN A \ . , n, A A 1A 2T
sO phtic z; va z, ¢6 cung mdédun va c6 argumen sai khac nhau mdt s6 nguyén lan —
n

Y _n ___n
thi z] =z}.
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Mudn ham w = z" don diép trong mot mién G nao d6 thi mién G nay phai khong chia

Ao 1y s g A \ roN A v . , . 2m 2
bat ki cdp di€m nao cé cung mdédun va c6 argumen sai khac nhau goc — . Chang han
n

A 2T ., A N , \ 1 , A
mién quat 0 <argz<— la mdt mién don diép ciia ham w = z". Anh ctia mién quat
n

nay, qua phép bién hinh, 14 mat phang w, bo di mot lat cat doc theo nira truc thyc
u>0. Bo trén cua lat cat l1a anh cua tia argz = 0 va bo dudi cua lat cat 1a anh cua tia

T
argz=—.
n

- A T R \ A A N , , \ 2 )
Mién quat — <argz < — ciling la mdt mién don di¢p khac cia ham. Anh cua
n n

mién quat nay qua phép bién hinh 1a mat phang w, bo di mot 1at cit doc theo nira tryc
thuc am.
Ham w = 2" giai tich trong toan mit phang, vi ta co:
dw =nz""' VzeC
dz
Phép bién hinh w = z" bao giac tai moi diém z # 0.

6. Him w =%z Pay 1a ham nguogc ciia ham w = 2. N6 1a mot ham da tri vi voi moi
s6 phirc z = r(cos@ + jsing) = 0 c6 n cin bac n cho béi:
LZIm+jsinL2kn} k=0,1,...,n—-1

n n
Toa vi ciia n s phtrc nay 1a cac dinh cia mot da giac déu n canh tam O. Gia zir diém
z vach thanh mot duong cong kin L khong bao quanh gdc toa d6 O, xuét phat tir z,.

‘Y

W =A r[cos

Wi
Fl 1—‘0
\\ \
_— \\\/— -0 = WO _—
______ 7
X 9/)/ X
Z
I
A4

Khi d6 diém w =4z trong do 8z 14 mot gia tri ndo do cua can thirc ma ta chon trudc
s& vach nén duodng cong kin I, xuét phat tir W= f{/z vi khi z xudt phat tir z, chay
r,n(f)t vong trén C thi Argz bién thién tir gia tri ban dau Argz, rdi quay vé dung gia tri
ay. Cac gia tri‘ can thuc khac véi gia tri da chon s¢ vach nén duong cong kin I, duoc
suy ra tur I, bang cach quay cac goc 2nt/n quanh goc toa do.
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Bay gio ta gia thiét diém z vach nén duong cong kin C bao quanh gbc toa do
mot vong theo huéng duong, xut phat tir diém z,. Trong trudng hop nay, khi z chay
mot vong thi arumen cua z tang thém 2n. Do vy argumen cua w tang thém 2n/n.
Piém w s& vach nén mot duong cong lién tuc tr diém w, t6i

2 .. 2m OO
W, = WO(COS?+ Jsin —j Nghia 1a w di tur gid tr1 w, cua can thuc té1 mot gia tri
khac cua can thirc. Do d6 diém w chi trd vé vi tri xuat phat sau khi z chay n vong trén
C. Piéu d6 chirng to r'flng muén tach dugc mot ham don trj lién tuc tir ham da tri
w =4/ thi mién x4c dinh E cua ham don tri nay khong dugc chira bat ki mét duong
cong kin ndo bao quanh gbc O. Mubn viy ta c6 thé l1ay E 1a mit phang phuc z cat di
mét 14t cét Y tur géc toa do ra oo. Chéng han, co6 thé chon v 1a ntra truc Ox duong. Khi
do cac ham don tri tach ra tor ham da tr1 w = vz , ma ta thuong goi la cac nhanh don
tri cud ham w =%z 1a nhimg ham bién phirc bién E(mit phang phtrc voi lat cat doc
theo ntra truc Ox duong) 1én mdi hinh quat:

O<argz<E
n

27 41
—<argz<—
n n

Mudn chon ra mot nhanh xac dinh trong n nhanh trén ta c6 thé budc nhanh nay phai
lay mot gia tri w, khi z = z, v61 w, 1a can bac n nao d6 cua z,. M61 nhanh don tri cua
ham w =%z trong mién xac dinh E c6 dao ham:

1 1 1 L
(%),: n I: :_Zn

n—1

(w") nw n
nén no la ham giai tich trong E.
Néu ta khong dung lat cat y thi khong thé tach duoc cac nhanh don tri vi khi
diém z vach nén duong cong kin thi diém w s& chuyén tir nhanh no sang nhanh kia. Vi

vay O con dugc goi la diém ré nhanh ctia ham da tri w = vz,
Vidu: Xét ham da tri w = Yz

Goi Ot 1a tia Argw = 2?%; Ot, 1a tia Argw = 4% Nhitng nhanh don tri cua ciia ham

=3/z 1a céc phép bién hinh don diép, bién mat phing phuc z, bé di lat cit doc theo
ntra truc Ox duong 1én moi goc uOt,, t,0t,, t,0u.

Nhénh w =3/z = i/r(coscp+jsin 0) :%(cos%+jsin%j v6i 0 < @ < 21 bién

hai diém A va B nam lan lugt & bd trén va bd duéi cla 14t cdt thanh hai diém A’ thudc
: \ A 20 A o, . NP )
tia argw = 0 va B’ thudc tia argw = ER Diéu do6 chung té nura truc Ox 1a duong gian

doan cua nhanh nay.
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YA { vi

7. Ham mii:
a. Pinh nghia: Ta goi ham phtic ¢6 phan thuc u(x,y) = e*cosy va phan 4o
v(x,y)=¢"siny 1 ham mii bién phirc va ki higu la ¢”.
=¢”=¢e"" = e*(cosy + jsiny) (1)
Cho y = 0 ta c6 w = ¢*, nghia 1a khi z = x thyc ta c6 ham bién thuc ¢* da biét. Ta noi
rang ham mii w = ¢” 13 thac trién ctia ham mil thuc e* tr truc thuc ra toan bd mit
phang phuc. Theo dinh nghia trén ta c6:

| w | =¢e" va Argw =y + 2kn, k nguyén ()
b. Cac phép tinh vé ham mii:
eZl .ezz — eZ1+Z2

z)
6—21 =12 (3)
e

(e”)" =e™, nnguyén

Ta chimg minh cong thirc dau tién. Cac cong thirc sau ciing twong tu. Ta co:
Z1=X11]Jy1;22=X T jy2

Theo dinh nghia ta co6:
e’ =e™(cosy, + jsiny,) va e” =e**(cosy, + jsiny,)

Vay: e”.e” =e"(cosy, +jsiny,) e*2(cosy, + jsiny,)

[COS(Y1 +y,)+ jsin(y, + Y2)]

Theo dinh nghia ham mii phuc ta co:
el e?2 = I 2HIIHY2) _ o

¢. Chu ky ciia ham mii: Theo dinh nghia, ta co:

X1+X2

Hay: e"'.e”? =¢

z1+2)

e = cos2kn + jsin2kn = 1 ( k nguyén)
Theo (3) thi:
e2]k1r+z e eZJch ez (4)

Cong thirc nay cho thdy rang ham w = ¢” 1a ham tuan hoan véi chu ky 2jm. Vay hai
diém nam trén mot dudng song song voi truc 4o va cac nhau mot khoang bang boi sb
cua 2jr thi c6 cung anh.

Can chu y 1a néu e” =¢™ thi:
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e!=e? =z,=7,+2jkn (5)
7] )

vi: eZI —e"™ =1=¢"™ vaz -z, =2jkn

e

d. Cong thirc Euler: Trong (1), cho x = 0 ta c6 cong thirc Euler:

e” =cosy + jsiny (6)
Thay y bang -y ta cé:

e ¥ =cosy— jsiny (7)
Nho ¢6 cong thire Euler ma sd phuc z = r(cosg + jsing) viét duoc dudi dang mii z =
re!®. Ta co: z = r(cos@ + jsing) = re®
Vi du: 1 = cos0 + jsin0 = "

.
=

j—cosz+jsinz—e 2
2 2

1+)= ﬁ(cos%+jsin%} = \/EejZ

arcte?
3+4)= S{COS(arctgéj + jsin(arctg gﬂ = SeJ “

ezf3j = ¢’(cos3 + jsin3)
e = cos2 - jsin2
f. Tinh gidi tich ciia ham w = ¢*: Him w = ¢” giai tich trong toan bd mit phing
vi Vz, diéu kién C - R dugc thoa méan:

%(e" cos y): %(e" sin y)
%(e" cos y)= —%(ex sin y)

, 0 ( « .0 (.

w'(z) = ™ (e cos y)+ ] ™ (e sin y)

g. Phép bién hinh w = € Vi | w | = ¢* nén anh cta duong thang x = C; 1a
duong tron ‘W‘ =e“'. Viy la mot gia tri ciia Argw, nén duong thang y = C, c¢6 anh 1a
tia Argw= C,. Khi C, bién thién tir 0 dén 27t (0 < C, < 2n) thi duong y = C, s& quét
nén mién G 1a bang 0 <y < 2m. Anh cta dudng thing y = C, 1a tia Argw = C, s& quét
nén mién A 13 anh cia G. RS rang A 1a miat phang w, bo di lat cit doc theo nira truc
thue u duong; bo trén cua lat cat nay tng voi duong y = 0, bo dudi cta 1at cat 1 anh
cua duong y = 2.

Phép bién hinh tir bang G 1én mién A 1a mot phép bién hinh don diép. Tuwong
tu, phép bién hinh w = ¢” cling bién moi bang 2kn < y < 2(k+1)n( k nguyén), c6 chiéu
rong k, 1én mién A noi trén.

Phép bién hinh w = ¢” bién ca mat phang z 1én mit phang w, nhung khong don
diép.
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That vay, nghich anh ctia moi di€ém w # 0 gdm vo s6 diém, vi néu z thudc nghich anh

ciia w, ttrc 1a €” = w thi cac diém z = 2jkn ciing thudc nghich anh cua w vi &3 = ¢*
' VY
i
- 8
O —
x \
8. Ham loga:
a. Pinh nghia: ham nguoc cua ham z = ¢" dugc goi la ham loga va ki hiéu la:
w =Lnz

b. Phin thuc va phin do ciia ham w = Lnz: Dat w = Lnz = u+ jv, thi theo dinh

ta co:
utjv

e =z
Vay e'=|z|hayu=1In|z|vav=Argz. Tém lai:
w=Lnz=1In|z|+jArgz 9)
hay: w =In| z | + j(argz + 2km) (10)

Ham w = Lnz 12 mot ham da tri. Vi mdi gia tri ciia z c6 vo sb gia tri ctia w. Céc gia
tri nay c6 phan thyc bang nhau con phan 4o hon kém nhau mét boi s6 nguyén cua 2.
Anh cua diém z 13 nhitng diém w nam trén dudng thing song song vai truc 40 va cach
nhau mot doan c6 d6 dai bang bdi s6 nguyén cua 27.

b. Tach nhanh don tri: Pé tach mot nhanh don tri cia ham w = Lnz, ta 1am
nhu sau. Trong cong thirc (10) ta gia st k = k; 1a mot sd nguyén cb dinh. Khi d6 ta c6
mot nhanh don tri cia ham loga va ki hiéu 1a (w);. Nhanh ndy bién mién -n < argz <=
clia mit phang z (tirc 12 mat phang z vai 14t cat doc theo nira truc x < 0) 1én bang (2k;-
Dn < Imz < (2k;+1)7 ctia mat phang w. Néu khong v& mot 1at cat di tir diém z = 0 ra
oo, thi khi diém z vach nén mot dudng cong kin quanh gdc O theo huéng duong,
argumen cua z s€ tang thém 2, va nhu vy ta s€ di tr nhanh don tri ndy sang nhanh
don tri khac. Vay diém O cling 1a mot diém r& nhanh cta ham da tri w = Lnz. dic biét,
néu trong (10) ta chon k = 0 thi s¢ dugc modt nhanh don tri dugc goi 1a nhanh chinh
cua ham da tr1 w = Lnz. Nhanh nay dugc ki hi¢u la Inz:

Inz=1In| z | + jargz (11)
Néu z 1a s6 thuc duong z = x > 0 thi argz = 0, | z | = x nén Inz = Inx, nghia 13 gia trj
chinh ctia ham loga tring v&i ham bién thuc Inx. Noi khac di, Inz 1a thac trién cua
ham thuc Inx , tir tryc thue x >0 ra mit phang phic z.
Vi du: Tinh Ln(-1); In(-1) ; In(1 + ) ; Lnj

*Ln(-1)=1In| -1 | +jlarg(-1) + 2kn] = j(r + 2kn)=j2k + 1)n

*In(-1) =1In| -1 | +jarg(-1) =jn
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*Vi[1+j|= V2 arg(l )= T nénln(l +))=Iny2 +j§=%ln2+j§

*Vi|j|=1;argj=§nén Ln:j(g+2knj

d. Tinh chat gidi tich: Nhanh don tri w = Inz 1a mot ham gidi tich trong mat
phang phtrc, bo di 1at cat doc theo nua truc x < 0. Theo cong thirc tinh dao ham cua
ham nguoc ta co:

(nzy—_ _1_1

") e z
e. Cdc phép tinh: Ham Lnz c6 cac tinh chat:
Ln(z,.z,) =Lnz, + Lnz,

LnZ Lnz, - Lnz, (12)
ZZ

Ln(z")=nLnz+2jkn
Ta chimg minh, ching han, cong thirc dau:
Ln(z,.z,) = 1n‘ z,z, ‘ + JArg(z,.z,) = 1n‘ zl‘ + ln‘ z, ‘ + j[Argz1 + Argz, ]

= (ln‘ Zl‘ + jArgzl)+ (ln‘ 22‘ + jArgzz): Lnz, +Lnz,

9. Ham lwgng giac:
a. Dinh nghia: Tt cong thuc Euler ta co:

Jy —Jy
. e’ +e
2cosy=e” +e” = cosy:T
) , Iy _ ey
2siny=e¢” —e™” = siny= .
2)
Céc ham lugng giac bién s6 phirc dugc dinh nghia nhu sau:
. e’ —e™” e” +e™”
SMmMz=—— coOSZ=———
2]
. o o (13)
sinz  e”—e™” cosz e +e™”
tgz = = cotgz = = .
iz

cosz je” +e™) sinz e’ —e
Vi &” va e¥ 1a nhitng ham don tri nén cac ham lugng giac bién phirc ciing 14 cac ham
don tri. . .

b. Dao ham ciia cdc ham lwong gidc: Vi € va e’ 1a nhitng ham giai tich trong
toan C nén cac ham luong giac bién phitc w = cosz va w = sinz ciing 13 cac ham giai
tich trong toan C. Ta co:

Iy ‘ T olr,
sinz) =—|(e”) —(e™) [=—|je” +je ™ |=—|e”* +e ¥ [=cosz
()2j[()()]2j[JJ]2[ ]

Tuong tu ta co:
(cosz)’ = -sinz
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Ham w = tgz giai tich tai moi diém c6 cosz # 0. Xét phuong trinh cosz = 0. Ta c6:
cosz=0=¢” =— "

hay: edi=¢",

Do dé: 2jz =jn + 2jkn

Phuong trinh ndy c6 nghiém la:

z="4kn
2

A e, . . 4R 7T X qx ’
Nhu vay tgz giai tich tai moi diém z = 5 +kn . Ta dé dang tinh dugc:

1
(tgz)' =—
CoS” z
Tuong tu :
(cotgz) =———
sin” z
c¢. Tinh chat. Ham luong giac bién so phurc c6 cac tinh chat sau:
cos(-z) = cosz sin(-z) = -sinz tg(-z) = -tgz
cos(z + 2m) = cosz sin(z + 2m) =sin z trong(z + m) = tgz

That vay: cos(—z) = %[ej(z) +e Y ] = %[ejz +e¥ ] = oS Z

cos(z+2m) = 1 [ej(“z”) 4+ i ] _1 [e‘jz +e” ] =C0SZ
2 2

vi o em=eim=
Tuong tu ta chirng minh dugc cac tinh chét con lai.

d. Cdc phép tinh: Ta c6 cac cong thirc quen biét:

sin’z + cos’z = 1

sin(z; + 7,) = sinz;Cc0sZ, + SINZ,C0SZ,

c0s2z = 08’z - sin’z (15)

sinz, +sinz, = 2sin I P

2 2

Ta chimg minh, chang han, cong thic dau tién:

sin’z + cos’z = cos’z - j’sin’z = (cosz + jsinz)(cosz - jsinz) = e”.e¥* = 1
Vidu 1: Tinh cosj
Theo dinh nghia:

-1 1
cos j= ¢ e =l(l+e)zl,543
2 2\e
Qua vi du nay ta thay c6 nhing s6 phirc ¢6 | cosz | > 1. Piéu nay khong thé xay ra dbi
voi s6 thue.
Vi du 2: Giai phuong trinh sinz = sinz, vdi z, 1a s6 phirc cho trudec.
Phuong trinh trén duoc viét thanh: sinz - sin z, = 0, hay:
Z —Z, zZ+7,

sinz, —sinz = 2sin cos =0
2 2
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. Z —Z, Lz -z
Cho sin =0 taco

o

=km. Vay nghiém cua phuong trinh z = z, + 2k=n

2 *Z, m A A :
=0ta co 5 :5+kn, vay nghiém cua phuong trinh z =rt - z, +

(V]

z
Cho cos

2km
Tom lai nghiém cua phuong trinh 1a: z =z, + 2kn va z = &t - z, + 2km.

10. Ham hyperbol: )
a. Dinh nghia: Cac ham hyperbol bién phuc dugc dinh nghia theo cac cong
thirc sau:

e“+e’” e’ —e”

shz — _ chz

thz=Sh—Z cothz=—- (16)
chz shz

Nhitng ham nay 1a thac trién ctia ham hyperbol bién thyc tir truc thyc ra mit phang
phtrc. D dang thiy ring ham chz 13 ham chén con cac ham shz, thz, cothz 1a cac ham
1é. Vi ¢” tudn hoan véi chu ki 2jm nén cac ham shz va chz ciing tuan hoan véi chu ki
2jn. Ham thz tuan hoan vé&i chu ki jn. That vy:
z -z 2z
ch:ShZ:C —e_ :ez -1 (17)
chz e +e” e +1

Dé dang kiém tra thay th(z + jr) = thz

b. Cdc phép tinh: Ta c6 cac cong thirc gidng nhu trong giai tich thuc:

e’ = chz + shz

e”=chz - shz

ch’z - sh’z=1 (18)

Sh(Zl + Z2) = ShZIChZZ + ShZzCth

ch2z = ch’z + sh’z

chz =

¢. Quan hé voi cac ham lwong gidc: Tu dinh nghia ta suy ra:

sinjz = jshz

cosjz = chz

d. Tdch phan thwc va phin do ciia ham lwong gidc va ham hyperbol: Ta co:
sinz = sin(X + jy) = sinxcosjy + sinjycosx = sinxchy + jshycosx

Tuong tu:
cosz = cosxchy - jsinxshy
shz = shxcosy + jsinychx (20)

chz = chxcosy + jsinxshy

e. Dao ham ciia ham hyperbol. Caic ham w = shz va w = chz giai tich trong
toan by mat phéng va ¢6 dao ham:

(shz)’ =chz

(chz)’ = shz
Ham w = thz gidi tich trong toan mat phang trir tai diém z ma ¢ + 1 = 0 hay ¢ = -1
= et la:
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zZ= j(ﬁ + kn)
2

Ta co: (thz)' =

ch’z
Vi du 1: Tinh sin(1 - 2j)
Ta co: sin(1 - 2j) = sinl.cos2j - sin2jcos1 = sinl.ch2 - jsh2.cosl

Theo (19) thi cos2j = ch2, sin2j = sh2. Tra bang s6 ta c6 sinl = sin57°19” ~ 0,8415
cosl = 0,5463 ch2 ~3,7622 sh2 ~ 3,6269. Két qua la:
sin(1 - 2j) = 0,8415x%3,7622 - jx0,5463x3,6269 = 3,1659 - 1,9595j

Vi du 2: Cho phép bién hinh w = sinz. Tim anh cua bing —g <X< g

Trudc hét ta tim anh cta duong thang x = C. Theo (20):
u(x, y) = Re(sinz) = sinxchy
v(X, y) = Im(sinz) = cosxshy

nén phuong trinh tham sb cia duong thang x = C la:
{u(x, y) = sin Cchy

1a tham s -0 <y < 0 21
v(X,y) =cosCshy Y Y @D
Néu C = 0 thi c4c phuong trinh (21) biéu dién truc 40 u. Néu C = 0 thi n6 biéu dién
mot cung hyperbol. That vay, khur C trong (21) ta duogc:

2 2
u v

sinC  cos’C

=1 (22)
Ta dugc cung hyperbol bén phai néu O<C<g va cung hyperbol bén trai néu

—g < C<0. Hyperbol (22) ¢c6 tiéu tryc 1a truc thuc, cac tiéu diém F;(w = -1) va Fo(w

= 1), cac ban truc 1a | sinC | va | cosC |. Tiém can cua nd 1a cip dudng thang v =
+cotgCu.

Cho C bién thién tir —g dén g, duong thang x = C s& quét bang —g <x<Z. Anh
ctiia C trong mit phang w s& quét nén mién G 13 anh cta bang —g <X < g Chuyla
theo (21) thi anh cua duong thiang x :g c6 phuong trinh tham s u = chy, v =0 va

£ gt ; ) \ 2 T .. R A Y \
doé 1a tia Fou.Tuong tu ta ¢6 anh cua duong thang x = 5 la tia Fju’. Vay mién G la

mat phéng w bo di hai tia Fou va Fu’.
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11. Ham lwgng giac nguwgc:Ham nguoc ctua z = sinw dugc ki hi¢u 1a w = Arcsinz. Ta
co:

Z=sInw = - =

hay: 3% -2jze™ -1=0 ’ ‘

Ta xem day 1a phuong trinh bac hai d6i vai €. Giai ra ta co:
e =jz+1-7°

Vay JW = Ln(jz+\/1—zz)

hay: w:an(jz+\/1—zz)
J

Nhu vdy:  w=Arcsinz=—jLn(jz++1-2%) (23)
Tinh da tr1 cia ham w = Arcsinz dugc suy ra tu tinh ludng tri cia can thic va tinh da
tri cua ham loga. Tuong tu ta dinh nghia:

w = Arccosz la ham nguogc clia z = cosw

w = Arctgz 1a ham nguoc cua z = tgw

w = Arccotgz la ham ngugc cta z = cotgw
Lap luan tuong tu trén ta co:

w = Arccosz =—jLn(z++z" —1)

W :Arctgz:—iLnH—J.Z (24)
2 1-jz
W=A1’CCOth=anZ;J_
Z+]

Vi du 1: Tinh Arcsinj
Theo (23) ta co:
Arcsin j= jLn(-1£~/2)
Néu trude can 1y dau + ta co:
Arcsin j = jLn(=1+~/2n) = j[In(v2 —1) + j(0 + 2km) |= 2kn — jIn(v/2 - 1)
Néu trude can 1ay dau - ta co:
Arcsin j=—jLn(—1-+2) =—j[In(v2 + 1) + j(r+ 2km)| = 2(k + D - jIn(v2 +1)
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Viét gop lai ta co:
Arcsin j=nmn— jln[\/i - (—1)“] n nguyén

Vi du: Tinh Arctg2j

Theo (24) ta co:
Arctg2j=— JLnQ:—JLn —l J ln + j(m+2kn) | = (2k+1)n |
2 1+2 2 3 3 2 2

Vi du 2: Giai phuong trinh 4cosz+ 5 =0
Tacé:cosz:—é,z:Arccos(—éjz—jLn —éi E—1 =—jLn(—§i§)

4 4 4 V16 4 4
Néu trude can 1y dau + ta co:

z=—jLn(—%+%}=—jLn(—%)=—j[ln%+j(n+2kn)}:(2k+1)n+j1n2

Néu trude can 1ay dau - ta co:
z= —jLn(—%—%) = —jLn(-2)=—j[In2 + j(n+2km)|= 2k + 1) — jIn2

Tomlai: z=2k+1)n+jln2

12. Ham hyperbol ngugc:

Ta goi w = Arshz 1a ham ngugc cua z = shw
w = Arshz 1a ham nguoc cia z = shw
w = Arshz 1a ham nguoc cia z = shw

Biéu dién cac ham nay qua logarit ta cé:

Arshz=Ln(z++z* +1)
Archz=Ln(z++z" -1)

Archz = %Ln H—Z

-z
Vidu: Arshj=Lnj= J(% + 2knj

13. Ham luy thira phirc tong quat w = z": Gia str a 1a mot s6 phic bat ky, a = o + jp.
Ta dinh nghia:

Za : eaan (25)
bat z = re’® ta ¢6: Lnz = Inr + j(¢ + 2kn). Do do:

Za — e(xlnr-B((p+2k7'c) ej[(a(p+2kn)+Blnr]
Trong d6 k 1a mot sé nguyén tuy y.
Tir biéu thuc trén ta thay, néu B # 0 thi ham z" ¢6 vo s6 tri.Toa vi ciia ching nam trén
duong tron

| w | =Pk} =0, +1, 42, 43,...
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coOn argumen cua chung la:
o(p + 2km) + Blnr, , k=0, £1, £2, £3,...
Néu B = 0, nghia 13 a 1a mot s thyc thi cac toa vi cta z* ndm trén vong tron
| w | =e*™ = r“va argumen cta z“ 3
o + 2kma

Co thé chirng minh duoc réng néu o 1a mot sb hitu ti, chéng han o = R, thi chi c6 q

toa vi khac nhau cua z*. Trong truong hop ndy ham w = z* 13 hiru han tri. Néu a 13
mot sd vo ty thi ham w = z* 1a vo s6 tri. Ta cling c6 thé tach dugc nhanh don tri ctia
ham w = z°. Diém z=01a diém ré& nhanh cta né.

Vi du: Tim j' va 3°"

Theo dinh nghia ta co:
_]( +2k7'c)j —[E+2kn]
J_eJLnj_GZ :eZ
32+J — (2+J)Ln3 — e(2-¢—j)(lr13+2jk7't) — e(21n3—2k7‘t)+j(ln3+4krc) — e(21113—2k1't) [COS(1n3)+jSin(ln3)]

§3. MOT SO Vi DU VE PHEP BIEN HiNH BAO GIAC

Mudn 1am mot bai toan vé phép bién hinh bao giac ta phai biét van dung cac
phép bién hinh co ban.

Néu 1a phép dong dang, ta dung ham tuyén tinh. Mudn bién mot cung tron
thanh cung tron (hay duong thang) ta dung ham phan tuyen tinh. Mudn bién mot goc
thanh nira mat phang ta dung ham luy thira. Mudn bién mot bing song song véi truc
thie 16n nira mit phang ta nghi t6i ham mil. Cong thirc Schwartz - Christophell cho
phép bién da giac thanh nira mat phang. Ham Giucovski bién mién ngoai duong tron
don vi 1én mat phang bo di 14t cat doc theo doan [-1,1]

Vi du 1: Tim phép bién hinh don diép va bao giac bién mién hinh quat 0 <argz <%

in
1én hinh tron don vi | w | < 1 sao cho anh cua cac diém z, =e'*,z, =0 lan luot 1a cac
diemw; =0vaw, =]

Iy

og @ -
afll NI Y

O A X B

v

=V
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x . X \ « K o« A TE A o - 2 A
Dé dang thidy ham o = z° bién mién quat 0 <argz < s 1én nra mat phang o trén

(0<argz<m). Mitkhac ta lai biét phép bién hinh, bién ntra mit phang trén 1én hinh
trondon vi | w | <1 la:

L, ®—a
w=¢

®w—a
Vay phép bién hinh mién quat0 < argz < % 1€n hinh tron don vi c6 dang

wZ'—a
W=¢C"—F.
z'—a
~ s . \ , <A ‘A 7 ~ \ jp/12
Ta s€ xac dinh ¢ va a sao cho cac diéu kién phu dugc théa man. Tu w(e'® 7)) = 0 hay

jn

L e2 _g L :
w=e"———=0suyraa=e¢? =j,a=—j. Vay:
e” —a
6 .
L7 —
w=e'’— J
z'+]
Cubi cuing, phép bién hinh phai tim 1a:
z°—j
W==]—%".
AR

Vi du 2: Tim phép bién hinh, bién nira mit phang trén caa hinh tron don vi
G={|z|<1.Imz >0}
1én mat phang trén

y A

A

| |V

f Ol ®

A,|O

=1

O,
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Ta dung ham phén tuyén tinh ¢ = z-1 bién diém z = 1 thanh diém £ = 0, diém z = -1

z+1
thanh diém € = co. Nhu vay doan AA’ dugc bién thanh nira truc thuc am. Do tinh chét
5 .y \ ) e , , A A \ z—1 ... .z
bao gidc, cung tron ABA’ dugc bién thanh ntra truc 4o trén. Vay ham £ = " da bién
zZ+

mién G thanh géc phan tu thir hai g< arg ¢ < 7. Thuc hién phép quay mot goc —g
quanh gdc toa d0 bang phép bién d6i @ = -jC ta duoc goc phin tu tht nhat
O<argl< g Sau d6 ta dit w = ©” ta s& ting goc ¢ dinh A 18n gap doi dé bién thanh
nira mat phang trén Imw > 0. Tém lai phép bién hinh phai tim 1a:

W=t = = 25]]

z+1
Vi du 3: Tim phép bién hinh bao giac bién mién G
‘ z ‘ <1
- ds1
2| 2

tirc mién giéi han boi dudng tron don vi tim O va duong tron tam tai w = 0.5, ban
kinh 0.5, thanh mién D 1a bang -1 <Rew < 1 I\

A
© O
AT B, A 4% 1 u

Néu ta ding mot ham phén tuyén tinh bién diém z = j thanh diém w = oo thi hai

duong tron | z | =1 va z—%‘:%sé bién thanh hai dudng thang song song. Ham phan
tuyén tinh co thé chon 1a C—L
—J
1 1 : -1 1 : : N
Taco (()=—=—(14+]), L(-D)=—-==(-14+]), £(0)=], (=) ==
=1, S+, 6D T S 1+ G0 =], 6= =3

Tir d6 ta suy ra anh cua dudng tron | z | = 1 13 duong thang Im¢ = % , anh ctua duong
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tron |z—

11 , 3 ,,
JI-" 1 duong thang Im{=1. Mién G da dugc bién thanh ban
> g
% <Im¢ < 1. By gio ta chi can thuc hién phép dong dang ttrc 13 phép bién hinh tuyén
tinh dé bién mién D thanh mat phang w:
w =4j(§—%j =4jC+3

'+3:3Z+.]

zZ—] zZ—]

Tom lai w = 4] 1a phép bién hinh phai tim.

Vi du 4: Trong mit phing z cho cung tron AB: A 1a toa vi ctia z = a, B 13 toa vi clia z
= -a, trung diém H cua cung tron AB 1 tao vi cua z = jh. Trong mit phang w cho
duong tron ' di qua hai diém w = +a va tdm tai w = jh. Hiy tim mot phép bién hinh
bao giac bién mién ngoai G cua cung AB(tirc 13 mit phang z c6 mot lat cat doc theo
cung AB) thanh mién D 14 mién bén ngoai hinh tron T,

Chu ¥ 14 v6i cac gia thiét da cho , tiép tuyén tai mat B véi cung AB tao véi truc

A r 7. h \ - 2 < A A 7. B \
Ox mdt géc (m - o) vo1 a = arctg—. Con trong mat phang w ti€p tuyén véi dudng tron
a

) . .., [mT—a
I' tat w = a tao vO1 truc Ou mot goc (Tj

Ta dung ham ¢ = 273 bin cung AB thanh tia B;A; trong mit phang ¢. Qua
z+a
phép bién hinh nay anh ctia B 1a B, trung véi gdc toa do. Anh cia A 13 A, = c0. Vi
1 : . :
9% =—>0 vay arg% =0 nén tia A;B, cling nghiéng vdi tryuc thue mot goc
dz|_, 2a dz| _,

(m-a). Qua phép bién hinh ndy, mién ngoai cia cung tron AB duogc bién thanh mién
G, 1a mién ngoai cua tia B;A; (tirc 1a mat phang € c6 mdt 14t cat doc theo ABy)

y
N
£ : .
\\%ﬁf\§§§§§ -
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Vé phia mit phang w, ta ciing thuc hién mot phép bién hinh phan tuyén tinh dé
bién cung tron I thanh dudng thang. Phép bién hinh duge chon 1a:
w—a

wW+a
Qua phép bién hinh nay, duong tron I bién thanh duong thang C,E,N; di qua gbc.

:L>O nén

Anh cua C 1a C, tring véi gbe toa dd. Anh cia N 1a N; = co. Vi 45 5
a

dw

w=a

duong thang C,EN; ciing tao véi truc thuc goc (%) Mién ngoai ciia duong tron
" dugc bién thanh mién D, 1a nira mit phang o nam bén phai duong thang N,C,E,.
Nho phép biép hinh £ = ® mién D, duoc bién thanh mién G,. Qua phép binh phuong
nay duong thang C,N; gop lai thanh tia B, A,. 7 ’

Toém lai, mién G bén ngoai cung tron AB trong mat phiang z dugc bién thanh
mién D 14 mién ngoai duong tron I nho phép bién hinh:

z—a _ (w — ajz

z+a \w+a
Twr d6 rut ra:

2
z:%[WnLa—J hay w=z++/z" —a’

w

Vi du 5: Tim phép bién hinh bién mién D = { -V < Imw < V } cia mit phang w 1én
mién G la mit phang z bo di hai 1at cat Imz = +jh va Rez < 0.

Ta s& tim phép bién hinh bién bang 0 < Imw < V 1én ntra mit phang Imw > 0 bo di lat
cat I = jh sao cho anh cua truc thyc Imw = 0 13 Imz = 0. Sau d6 dung nguyén li d6i
xung.
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‘Y
S ey
/ % -
C, E, OA, B, G, A O B; G

% Trudc hét ta dung phép bién hinh tuyén tinh © = %wbién bang 0 < Imw <V thanh

bang 0 < Imm<r trong mit phang . Qua phép bién hinh nay truc thuc ctia mit phang

w dugc bién thanh truc thyc ctia mit phang o; duong thing Imw = V bién thanh
duong thang Imo = 7.

% Tiép theo ta ding phép bién hinh = ¢ bién bing 0 < Imo < = thanh nira mit
phang trén. anh cta truc thue Imo = 0 13 nira truc thuc dwong trong mit phang C.

% Dé bién ntra mat phang trén Im¢ > 0 1én nira mit phang trén Imw > 0, bo di 14t cat
Imz = jh, ta dung ham :

:E(§+1+ln§)
TC

Qua phép bién hinh nay nira truc thuc duong trong mit phang ¢ duoc bién thanh ca
truc thuc trong mat phang z.

% Tém lai dé bién bang 0 < Imw < V 1én nira mat phang Imz > 0, bo di 1at cat Imz =
jh, Rez <0, ta dung phép bién hinh:

Z:E(e‘”+l+lne°°) h(ev +1+ﬂJ (17)
T oI V

Dung nguyén li d6i xtng ta thay phép bién hinh (17) ciing bién bang -V < Imw < V
1én mién G.
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CHUONG 3: TiCH PHAN HAM PHUC

§1. TICH PHAN BUONG CUA HAM BIEN PHUC

1. Pinh nghia: Cho duong cong C dinh hudng, tron tung khic va trén C cho mot
ham phure f(z). Tich phan cua f(z) doc theo C dugce dinh nghia va ki hi¢u la:

lim Y £(t,)(z, -2, ,) = [ f(2)dz (1)

Trong d6 a = z, , z,..,Z, = b 1a nhiing diém ké tiép nhau trén C; a va b 1a hai mut, t, 1a
mdt diém tuy y cua C nam trén cung [ zy, Z.1]. Gidi han (1) thuc hién sao cho max Iy
— 0 voi 1y 1a 6 dai cung [ zy, zy.q].
2. Cach tinh: PBat f(z) = u(x,y) +jv(X,y), Zx = Xk + Yk

AXy = X - Xk-1, AYk = Yk - Yk-1

ti = oy i Pis
u(o , Br) = u; v(o , Pr) = vi
ta co: Zf(t Nz, —2,,) = Z(u AX, =V, Ay, )+ JZ (v Ax, +Vv,Ay,) (2)

Néu du’ong cong C tron tung khuac va f(z) lién tuc tu:ng khuc, gioi ndi thi khi n—o vé
phai cta (2) tién t6i cac tich phan duong ctia ham bién thuc. Do d6 ton tai:

[f(2) =] (udx — vdy) +j[ (udy + vdx) (3)

Néu duong cong L ¢ phuong trinh tham s6 1a x = x(t), y = y(t) va a<t < p thi
ta c6 thé viét dudi dang ham bién thuc:

z =x(t) +jy(t) = z(t) at<f
voi z(a) = a; z(b) = B. Khi d6 ta c6 cong thuce ti¢n dung:

B
[f(z)dz =[f[z(t) | Z(t)dt 4)
C o
Vidu 1: Tinh I= IRezdz, L 1a doan thang ndi 2 diém 0 va 1 + j theo chiéu tir 0 dén
L
1+. Ay by
N B
J
|
%
' -
0] 1 g -a O a X

Phuong trinh tham sd cua L ¢6 thé 14y 1a:

{X(t):t Vay z(t) = (1 + j)t, t thuc t € [0, 1]
ay z(1) = ) ret < 1Y,
=t J

Piém O tmg v6i t = 0 va diém B tng véi t = 1. Theo (4):
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1 : 1 : N 1+
I= j Re(l + j)t.z/(t)dt = j (1+ j)tdt = (1 + j) j tdt = %
Vidu 2:Tinh I = _[— L 14 ntra cung tron nam trong nira mat phang trén, ndi diém -a
1z
va a, chiéu lay tich phan tr -a dén a.
Phuong trinh tham s6 cia dudng cong L 1a:
X =acost
y =asint
Vay z(t) = a(cost + jsint) = ae', z’(t) = jae"".
Diém -a img véi t = w, diém a tng v4i t = 0. Theo (4):

jjdt:—jn

- IdZ _ I Jae”dt

Vi du 3: T1nh I= I(l +j—27)dz, C 1a cung parabol y = x*, ndi gbc O va diém B ¢co
C

toa do (1,1). ‘ ‘
Ham f(z )= 1+ j—-2Z =1+ j—2(x —jy). Tach phan thuc va phan 4o ta c6 u(x, y)=1-2x
v(x,y)=1+2y. Dung (3) ta co6:
I=[(1-2x)dx — (1+2y)dy + j[ (1+ 2y)dx + (1 - 2x)dy
C C
Chuyén mdi tich phan dudng loai 2 thanh tich phan xac dinh ta co:

1 1
[(1=2x)dx — (1+2y)dy = [ (1-2x)dx — (1+2x%)2xdx =[ (-4x* —4x +1)dx = -
C 0 0

1 1
[+ 2y)dx + (1-2x)dy = [ (1+2x%)dx + (1 - 2x)2xdx =[ (-2x* +2x + )dx %
C 0 0
Thay vao trén ta co6:
[=-2+— 4]
3
Vi du 4: Tinh 1= [7°dz, AB la doan thang ndi diém A 1a toa vi cta s6 phirc 2 va
AB
diém B 14 toa vi cta s phirc j.
f(z)=7"=(x +jy)* = (x* - y* + 2jxy) nén u = x* - y* va v = 2xy. Theo (3) ta co:
I= J(XZ —y*)dx — 2xydy + j J.(X2 —y*)dy + 2xydx
AB AB

Vi AB ¢6 phuong trinh x = 2 - 2y, dx = -2dy (chon y 1am tham s6) nén:
1
[(x* —y*)dx —2xydy = [ (4+4y* -8y — y*)(-2dy) - 2(2 - 2y)ydy = —%
AB 0

1
[(x* —y*)dy +2xydx = [ (4 +4y* =8y —y*)dy +2y(2 - 2y)(-2ydy) = —%
AB 0

Thay vao ta co:
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(= 8+

Vidy5: Tinh I, = [(z)'dz k=1,2
voi C, la doan thén; ndi0val+jvaC,la duong gap khiac ndi 0, 1, 1 +j
Ap dung (4) vo1 Cytacoz= (1 +)t, tdi tor 0 dén 1 nén:
|- J@Fdz=a-prea- -3 a-
Tuong tu: | 0
I = [(z)dz :itzdt+i(l—jt)2dt :§(2+j)

C

3. Cac tinh chat cia tich phan: Tu cong thirc (3) ta suy ra rang tich phan cua ham
bién phirc doc theo mot dudng cong c6 tit ca cac tinh chat thong thudng ctia mot tich
phan duodng loai 2. Ta néu lai cac tinh chéat dé:

- Tich phan khong phu thudc tén goi bién s tich phan

[f(z)dz = [£(£)dg

- J.[f(Z) +g(z)[dz = jf(z)dz + Ig(z)dz
- Néu a 1a hang s6 phtc thi:

[af(z)dz =a [f(z)dz

- [f(2)dz =— [f(z)dz
AB, BA , .
- Néu A, B va C 1a 3 diém cung nam trén mot dudng cong thi:
[f(z)dz=[f(z)dz+ [f(z)dz
AC AB BC
- Idz =z-Z,

Zo

4. Cac cong thirc wée lwgng tich phan: Néu M 1a gid tri 16n nhit cua | f(z) | trén
duong cong L (nghia la | f(z) | <M Vz € L) thi ta co:

[f(z)dz ‘ < [|f(2)dz||dz| <Ml (5)
Chting aninh: Vi mLédun clia mot tong nho hodc bang tong cac moédun nén:
;f(gk)Azk < g\ £(5,)| Az, |

Nhung '[}_160 gia thiét | f(_Ck) | <M nén:
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3 16,007, < 3M|az, [ = M3 a2,

k= k=1

—_

Vay: | YA(C)Az |<MY|Az,
k=1 k=1
Chiyla Azk\ bang chiéu dai duong gap khic c6 cac dinh tai zo, zi, Z5 ,..,z,. Khi
k=1

n

max | Az | — 0 thi )

k=1

Azk‘ dan téi d6 dai | ctia duong cong L. Chuyén qua gi6i han
trong (6) ta co:

[f(z)dz| <Ml (5)

§2. PINH Li CAUCHY CHO MIEN DON LIEN
1. Pinh li: Néu f(z) giai tich trong mién don lién D va C 1a mot duong cong kin nam
trong D thi:
§f(z)dz=0 (6)
L

Chtng minh: Gia thiét chi doi hoi f(z) giai tich trong D, nhung véi gia thiét nay, cach
ching minh s& khé hon. Dé don gian cach chimg minh, ta gia thiét thém f(z) lién tuc
trong D . Vay u(x, y) va v(x, y) lién tuc va c6 dao ham riéng lién tuc trongD . Theo
(3) thi:

§f(z)dz :jﬁ udx — vdy + j§ vdx + udy

L L L

Trong giai tich, néu da biét P(x,y), Q(x, y) lién tuc va c6 dao ham riéng lién tyuc trong

D thi diu kién can va di dé §Pdx +Qdy =0 VC eD1a aa—Q:%P
C X

Ap dung két qua do6 cho, ta thiy jSudx —vdy =0. That vay, 6 day P=uva Q = -v. Do
L
gia thiét f(z) giai tich nén cac diéu kién C - R duoc thoa man, viy

du 0P _d(-v)_aQ

5 - 5 o ox
Tuong tu ta chiing minh dugc §de +udy =0. Do do §f (z)dz=0
L L ‘y

Vi du 1: Néu L 1 dudng cong kin bat ki gigi han mot =
mién don lién G, thi §e’dz=0 vi f(z) = ¢” giai tich

L —
trong ca mit phang. 0 \—1/2 X
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sin z

Vidu 2: Tinh I = §> dz,L la dudongtron |z - 1| = 1.

Tz7+1

Ham f(z )— sin z

" c6 hai diém bét thuong 14 nghiém cua phuong trinh z° + 1 =0 1a 4.
Vay f(z) giai tlch trong mién |z-1]<1.Ap dung dinh li Cauchy ta c6 I=0.
Vi du 3: Tinh 1= §

1Z2-7,

, L 1a duong tron tAm z,, ban kinh R, tich phan 1iy theo

chiéu duong. ,
Phuong trinh tham s6 cua L 1a:
X=X, t+acost
{y =y, +asint
Vay z(t) = (1) + jy(t) = z, + ae'; 2°(1) = jae'.

Theo (4) ta cé'
I= j —d = 2mj
, ae"

S¢ di I # 0 vi ham f(z) = c6 diém bat thuong tai z = z, va gia thiét cta dinh li

z—1z,
Cauchy khong dugc thoa man. 7 ,

Qua vi dy nay ta thdy néu f(z) c6 diém bat thuong trong G thi dinh li Cauchy
khong con dung nira.

J
Vidu 4: Tinh [ = Izezdz

Iezdz—Je —(e'=1)=1+(j—1)(cosl+ jsinl)

= (1 cosl—sin 1) + j(cos1—sinl)
j+l

Vidu 5: Tinh 1= [(z—1)'"zdz
1
batt=z-1taco:

] 100 1 101 100 t102 tml :
[=(t7(t+Ddt=|(t" +t )dt=| —+—| =
{ (t+1) l( ) (102 101j0

102 :101

R RS S
102 101 102 102

§3. PINH Li CAUCHY CHO MIEN DA LIEN
1. Pinh li: Gia sir mién G 1a da lién ma bién L gdm dudng cong bén ngoai L,, va cac
duong cong bén trong L, L,,.., L,.(hinh a)
Néu f(z) 1a mot ham giai tich trong G thi:
$f(z)dz =§f(2)dz+ §f(z)dz+ -+ §f(z)dz (7)
L, L L2 Ln
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— y { g/ DA
":'\’ ’E\‘ ‘ ) ﬂ
S L M
.,,'/:( \LZI,’ ,". " 1 Lo
a b

Céc tich phan déu 13y theo huéng duong, nghia 14 nguoc chiéu kim dong h.

Chting minh: Ta s€ chiing minh

§f(z)dz =§f(z)dz

néu bién bén trong chi c6 mot duong cong kin L;(hinh b). Cach chirng minh twong tur

néu bién bén trong c6 nhiéu duong.

Gia st AB 1a 14t cit ndi diém A trén duong L, va diém B trén duong L,. Do lat
cat AB, mién G tr¢ thanh don lién, do d6 co6 thé ap dung dinh 1i Cauchy néu & phan

trén. Ta co:
$f(z)dz+ §f(2)dz+ §f(z)dz+ §f(z)dz=0
Lo AB L BA

Ki hiéu if)f (z)dz chi tich phan theo hudng thuan chiéu kim déng hd.
L

Theo tinh chét cua tich phan ta co:
jgf(z)dz =— § f(z)dz
1 L1

ff(z)dz=—§f(z)dz

Thay vao trén ta co:
§f(z)dz jﬁf(z)dz 0
Day la diéu can chu’ng minh.
Ghi cha: Cong thure (7) c6 thé viét thanh:
§f(z)dz §f(z)dz - §f(z)dz e §f(z)dz 0

iff(z)dz +§f(z)dz + iff(z)dz 4ot §f(z)dz =
hay anohO’n: ! ? :
$f(z)dz=0

Lo+Lj+-+Ly

Goi L 1a bién c¢6 hudng duong cia mién G thi dang thirc trén duoc viét 1a:

§f(z)dz=0

Pay 1a cong thire (1) suy rong cho mién da lién.
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H¢ qud: Gia st f(z) giai tich trong mién D c6 bién C va lién tuc trong D thi voi moi r,,
e D thi:

22 anit(z,)

czZ—12,

dz

Vidu :Tinh 1= j voil n nguyén duong, z, cho trude. L 1a duong cong kin
L

(z-z,)

khong qua z,

Goi G 1a mién giéi han boi dudng cong L.

Gia st z, ¢ G. Khi d6 f(z):( ! )n
z—-7,
Cauchy thi =0

Gia st z, € G. Loai khoi G mot mién 13 hinh tron tAm z, , ban kinh a. Nhu vay

f(z) sé& giai tich trong mién nhi lién con lai. Theo (8) thi:
dz dz

ey lema
y1a dudng tron |z - z, | = a.
Néun =1 thi I =2jn
Néun=1,chiylakhiz e ythi:z=z +ac", dz=jad'dt 0 <t <2n
Vay:

dz jaeldt ¢ . 1 .
[= _ _ i0-me g — (1ot
J.(z—z y J. o] !e ¢

0 anejnt (1 . n)an—l

12 ham giai tich trong G nén theo dinh li

2n

0

Ta tom tat két qua dé dung sau nay:
§ dz 2jn  khin=1,L bao z,
L(z—2z,) o Vz#

2. Tich phan khong phu thudc dwong di: ‘ v

~ Dinh li: Gia st f(z) 1a mot ham giai tich trén mién don lién G va z, la mét diém
cO dinh thuoc G. Khi d6 tich phan cia ham f(z) doc theo mot duong cong kin nam
tron trong G, di tir diém z, dén diém z I f(z)dz khong phu thudc vao duong ldy tich

Zo

phan
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Néu cén trén z thay d6i thi tich phan d6 1a mot
ham giai tich cua z trong G va c6 dao ham dugc xac
dinh boi cong thuec:

%Uf(z)dz] =1(2) (10)

Chung minh: Lay hai duong cong bat i L, va L, ndm

trong G va di tir z, dén z. Do f(z) giai tich nén ap

dung dinh li Cauchy cho duong cong kin MymMnM,:
[f(z)dz+ [f(z)dz=0

MomM MnM,

hay:  [f(z)dz— [f(z)dz=0
MomM MynM

tic 1a: [f(z)dz = [f(z)dz
Ly Ly

Vi L; va L, 1a bat ki nén ta c6 thé két luan rﬁng tich phan di tur z, dén z khong phu
thudc duong lay tich phan ma chi phu thude can trén z.

Bay gio ta con phai chirg minh rang néu dat F(z) = J'f (z)dzthi F’(z) = f(z). Vi
tich phan khong phu thudc duong di nén tng véi mdi z tich phan c6 mot gia tri hoan
toan xac dinh. Vay F(z) 12 mét ham don tri. Ta co:

z+Az z z+Az

AF=F(z+A7)~F(z) = [F(OdC—[FQ)AC =+ [F©dc= [F(©)de

Vi f(€) giai tich, nén no lién tuc tai z. Do d6 c6 thé viét f(§) = f(z) + (&) voi a(C) 1a
ham giai tich, dan t6i 0 khi £—0. Vay:
z+Az z+Az z+Az z+Az z+Az
AF= [[f@)+a@Me= [f(@)dC+ [a(Q)ds=1(z) [dg+ [a(Q)d

z+Az

=f(2)Az+ [o(§)dS

Z+Az

; Ja)d
hay E:f(Z)-I'ZT (11)

Cho Az—0 thi z + Az — z. S6 hang thtr hai bén vé phai dan téi 0. That vay, do tich

z+Az

phan khong phu thuoc duong di nén trong tich phan ja(C)dC ta chon duong di tur z

t6i z + Az 1a doan thang ndi hai diém d6. Chiéu dai doan thang nay 1a | Az |. Sau d6 ap
dung cong thirc udc luong tich phan ta coé:

7+Az

[a©)dg ‘ < max| () || Az

58



MATHEDUCARE.COM

z+Az
Jou©)dg
Vay: | +——|<
ay - max| a(C)|
z+Az
Jau©)dg
Cho Az—0 thi max | o(C) | > 0. Do do ZA— — 0. Tu (11) ta suy ra F’(z) = f(2).
z

§4. TICH PHAN BAT DINH

Ta goi F(z) 1a nguyén ham f(z) néu F’(z) = f(z). Hlen nhién, néu F(z) 1a nguyén
ham cua f(z) thi F(z) + C , trong d6 C 1a mot hing sb phurc ciing 12 nguyén ham cua
f(z). Nguoc lai néu ®(z) va F(z) déu 12 nguyén ham cua f(z) thi chiing phai khac nhau
mot hang sé phic C:

d(z) - F(z) =C
That vay, dat g(z) = ©(2) - F(2) = u(x, y) + jv(x, y).
Ta phai ching minh rang u va v 13 nhiing hang so.

Ta co:
g(2)=2(2)-F(2)=0 (12)
Nhung theo cong thirc tinh dao ham:
ou .0v Ov .0u
R e
ox Oy "0y
Nhu vay:
v, v
ox Oy Oy ox

Nghia 1a u(x, y) va v(x, y) la cac hang so. Ta suy ra rang néu F(z) 1a nguyén ham cua
f(z) thi ho ham s F(z) + C voi C 1a mot hang sb phuc tuy y, chira tat ca cac nguyén
ham cua f(z). Ta goi ho ham sd nay 1a tich phan bat dinh caa ham f(z) va ki hiéu 1a

[f(z)dz.
Tom lai: [ f(z)dz=F(z)+C: F'(z) =f(z)

Theo bang dao ham ta c6 thé suy ra bang nguyén ham, giéng nhu trong tich phan
thuc:

J.ezdz:eZ +C
J.z“dz = 2" +C
n+l1

J'sinzdz =cosz+C

J.ldz:lnz+C
z
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§5. CONG THU’'C NEWTON - LEIBNITZ
Dinh Ii- Gia st f(z) 12 mot ham giai tich trong mién don lién G va c6 nguyén
ham F(z). Khi do:

[£(©)d0 =F(z,)~F(z,) (13)

Chung minh: Ta da biét 1a If (€)dC cling 1a mot nguyén ham f(z). Vay:

.Z[f(C)dQ =F(z)+C
Thay zzo= Zo vao 2 vé ta c6: 0 = F(z,) + C. Do d6 C = - F(z,). Nhu vay:
[£(0)dE =F ()~ Fz,)
Khi z =Zozl:
(1@ =F(z)~Fz,) = F(2)
Cong tzl(;t'rc nay duoc goi la cong thirc Newton - Leibnitz. Khi tinh tich phan ctia mot

ham giai tich ta dung truc tiép cong thirc ndy ma khong dua vé tinh tich phan duong
loai 2.

z1
Zo

j
Vidu 1: Tinh I = | 7°dz
2

j
Izjzzdz=— =—
S 3 3

2

Vidu 2: Tinh [ = J‘%, L 13 cung tron di tir diém z = -a dén diém z = a( a> 0)
L Z

I:j%: %zlnz‘ :1na—1n(—a):lna—[lna+jarg(—a)]:—jn
iz S,z

j
Vi du 3: Tinh I = | ze"dz
0

—e’| =-0.381-0.301;

i
.=

J
0

j o
J
1= .[zezdz = ze” . —jezdz =ze’
0 0

§6. CONG THU'C TiCH PHAN CAUCHY
1. Tich phan Cauchy:
Dinh li: Gia st G 1a mot mién don lién hodc da lién gi61 han boi bién L va z 1a
mot diém bén trong G. Néu f(z) giai tich trong G thi ta c6 cong thirc:
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()= 1% (14)
2jny G-z
Tich phan bén vé phai dugc goi 1a tich phan Cauchy cua ham f(z). Cong thuc (14)
duoc goi la cong thirc tich phan Cauchy.
Y nghia: Cong thitc nay cho phép ta tinh dugc gid tri cia ham giai tich & bén
trong mién G khi biét gia trj ciia no trén bién.

N6i khac di, gia tri cia ham giai tich trong mién, hoan toan H]])
dugc xac dinh bé1 gia tri ciia n6 trén bién. A
Chting minh: Lay z, bat ki trong mién G, ta s€ chiing minh 2
rang: I
1 f(6)d W
f(z,) =—.§& (15)
2jny L—2z, x L
5 f(z) e A A s .

bat ¢(z) = . Loai khéi mién G mot hinh tron

z—7z,
ban kinh r bat ki dii nho c6 tam tai z, thi @(z) s€ giai tich trong mién da lién con lai.
Ap dung dinh li Cauchy cho mién da lién ta co:

f(C)dC §f(C)dC

L -z,
v 1a dudng tron | Q—zo|—r
Vi cong thie trén dung voi moi r kha beé nén (dé duong tron yndm trong mién G) ta
c6 thé viét:

[HOL _y  FOL

LC_ZO rﬁoyg_zo
Ta co:
§f«;>dc UGk f<z>+f<z i = §f<c> f(z) &+ £z )§ -
:§%dq+2jnf(zo) (16)

Do tinh lién tuc cua ham f(£) nén Ve > 0 ta c6 thé chon r kha bé dé | f(C) - f(z,) | < e.
Khido VC e ytacod| -2z, |=rva:
fQ)-f(z,)|_¢

-z, r
Ap dung cong thirc udc luong tich phan ta co:
§f (©) —1(z,)
¥ C_Zo
Vi ¢ bé tuy y nén:

€
<=-2nr=2me
r
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hm§>%§ 0

r—0
0

Tu (16) suy ra:
hm§(—C)dC 2nef(z,)

r—0
bo 1a dleu can chu’ng minh. q , ,
Nho cong thire tich phan Cauchy ta c6 thé tinh mot s6 tich phan lay doc theo mdt
duong cong kin. |

Z

Vidu 1: Tinh [ = it; trong cac truong hop sau:

1 2(z-3)
- L 1a duodng tron tam tai 2, ban kinh 1.5(duong L)
- L 1a duong trén tdm O, ban kinh 0.25(duong L,)

-
Y
1/

V

- L 1a dudng trén tam 0.5, ban kinh 5(dudng L) L\/
1
- Dé tinh tich phan 1= §— 4 14 ding (15)
[, 2(z—
z L3

Chon f(z) :e—, Z, = 3; ham f(z) giai tich
z

trong hinh tron ‘Z—Z‘S%. Vay gia thiét

cua dinh li duoc thoa man. Ta co:

e’dz e’
I= =2jnf(3) =2jn—
iz(z— ) 3
-Pétinh 1= iﬁ (e dz ta dat f(z) = 7, = 0; ham f(z) giai tich trong hinh tron
,2(z—

O T .~ ,
‘ z ‘ < 7 Vay gia thiét ctia dinh 1i dugc thoa méan. Ta c6:

Zdz : . e 2jm
= —2 £(0) =2 =—
jﬁ jrf(0) =2jn—=-=

z

- Ham duéi dau tich phan f(z) = giai tich trong mién da lién ma bién ngoai 1a

z(z -
L, va hai bién trong 1a L, va L,. Ap dung dinh 1i Cauchy cho mién da lién ta c6:

e“dz e“dz e“dz ) 1 ¢
f 2z-3) =4 Z(z 3) iz(z 3 ZJT{_T?}

Vidu 2: Tinh I = jﬁ
Yzt +1

- L 1a duong tron | z - 2 | = 3/2(duong L))
-Lladuongtron|z-j|=1 (duong L,)

trong 2 truong hop:
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Viham f(z) = 21 " gidi tich trong hinh
z°+

L,
tron |z—2|< % nén theo dinh 1i Cauchy ta
co:
I=§ 2dZ ~0 _
nz +1

.

Ta dat f(z) = L', Zo = j. Ham f(z) giai tich trong hinh tron | z - j | < 1. Ap dung (15)
Z+]

+1 L

L (z+ J)(Z il

ta co:
1 dz ) 1
— %= =f(j))=—
2,z +1 2]
Nhu vay:
dz
fi; 2 0
5,z +1

2. Tich phan loai Cauchy:

Dinh nghia: Gia st L 12 mdt dudng cong tron va f(t) 1a mot ham lién tuc trén
L. Xét ham:

O(z) = f (t)dt

2y t —

Néu z€ L thi ham s du.’m dau tich phan 12 mot ham lién tuc. Vay tich phan ton tai va
cho ta mot ham sd cta z xac dinh khép noi, trr cac diém thudc L.

Dinh li: Hom ®(z) xac dinh boi tich phan loai Cauchy mdt ham giai tich tai
moi diém z € L. Pao ham cép n ctia né duoc tinh theo cong thirc:

O™ (z) = nl J'f(é)da zbatki ¢ L
2y t—z

zbitki € L (17)

§7. DPAO HAM CAP CAO CUA MOT HAM GIAI TiCH

1. Pao ham cép cao ciia mdt ham giai tich:

Dinh li: Néu f(z) giai tich trong mién gidi ndi D va lién tuc trong D voi bién C
thi tai moi z € D ham f(z) c6 dao ham moi cip va:

£0(z)= 2L TON s (20)

2ime(t—2)™

Trong d6 chiéu di trén bién C 1a chiéu duong.
Chting minh: Theo dinh nghia dao ham va cong thuc tich phan Cauchy ta co:
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£'(2) = lim f(z+h)-f(z) 1 fft)[ 1 _1}“
h—0 h 2Jnh—>0h —-z—-h t-z

I . 1 f(t)dt f(t)dt
=—Ilim— =— § 5
2jt>0he(t—z—-h)(t—2) 2jni(t—2)

Viéc qua gidi han dudi dau tich phan thuc hién dugc vi ham g(t) = z ¢b dinh

t—z—

t—2z
Ta dd chimg minh cong thic trén véin = 1. Voin > 1 ta chimg minh bang cach quy
nap.
Nhu vay ta suy ra néu f(z) giai tich trong mién don lién gidi han boi duong cong C va
lién tuc trong D , z, € D thi:
f 2

§ (2)dz Jnf(“)(z ) n=0,1,2,.

C (Z - Zo)n n
v6i quy ude 0! = 1, f O(z,) = f(z,).

Vidu: Tinh 1= §COS Z(;Z
J

Ta viét cong thu:c (20) dudi dang khac:
!
£ (7 )= n § f(z)dz+1
2ini(z—2z,)"
Trong cong thirc nay f(z) = cosz, z, =j, n = 2. Ta co:
cos zdz 2]ch”(])

Lladuongtron |z-j|=1

= jnf"(j)
1 (z=J) 2!
Do f(z) - -sinz, £’(z) = -cosz nén £”(j) = -cosj = -ch1. Vay:
[ =-mjchl

2. Bat dang thirc Cauchy va dinh li Liouville: ‘

a. Bat dang thirc Cauchy: Gia ’sﬁ’ G 1a mot mién co })iérL L va f(z) 1a ham giai
tic}l trong G . Goi M la gid tri lon nhat cta | {(z) | trong mién G, R 1a khoang cha tu
di€m z, € G tdi bién, 1 1a d§ dai cua L thi tir (20) suy ra:

n! ,[ f(t)dt < n!Ml
L (t- )n+1 ~onR™
Néu G 1 hinh tron | Z -7, | <R thil =2pR va cong thic trén tr¢ thanh:

‘ Rnl
Bit dang thirc trén goi 13 bét dﬁng thirc Cauchy. q
b. Dinh li Liouville: Néu ham f(z) giai tich trong toan mét phang va bi chan thi
no 1a mét hang so.

1)
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Chtng minh: Gia thiét | f(z) | <M Vz e C. Tur (21) suy ra ‘f’(z) ‘ < % voil R dua 16n.

Vi vé tréi khong phu thudc R nén | £(z) =0 vz e C.
Tom lai £°(z) = 0 trong toan mat phang, ap dung cong thirc Newton - Leibnitz, chon z,
co dinh ta duoc:

f(z)-f(z,)= .Z[f'(z)dz=0

Viy f(z) = f(z,) Vz.

§8. CONG THU'C SCHWARTZ - CHRISTOPHELL
a. Dinh li: Goi P 1a mét da gidc trong mat ph'fmg w ¢cO n dinh 1a wy, w,, ws,..,
W, VO1 Wy # o0 Vk

‘Y
Wi
W) 7
Wi
hh - / : / —
O, u a0 a an X

Goi oy la géc trong ctia da giac tai dinh wy va
n
O<a, <2m: Y o, =(n-2)m
k=1
Ham w = {(z) bién ntra mat phang trén Imz > 0 1€n mién trong cua da giac P sao cho
anh cua cac di€ém ay, a,,..a,
—0< <A <--<g, <
trén truc thuc Ox 1a cac dinh w, w,,.., w, cua da giac P, dugc xac dinh boi cong thirc
Schwartz - Christophell'

f(z)= cjc a)x (C-a,)« (C-a,)7 dCHC, (10)

Trong d6 z,, C va C; 1a cac hang sd phic. ’

b. Dang khdc cia cong thirc Schwartz - Christophell: Néu mot dinh ctua da
gidc tuong Ung voi dieém oo, chidng han dinh w, twong ing véi a; = oo, thi (10) dugc
thay boi:

f(z) = cjc a,)n (G—a))s ' (G—a,) " dg+C, (11)

Nhu vay trong (11) vang mit thira s6 (Q a )7271
Trai lai néu mét trong cac dinh cta da giac 1a diém oo, chiang han w = o thi trong (10)
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ta phai dat oy = -y trong d6 By 13 gdc giita hai canh cung di qua wy tai giao diém hiru
han cta chung.

c. Sir dung cong thive Schwartz - Christophell: Khi ta phai bién mot da giac P
cho trudc trong mit phang w 1én nira mit phang Imz > 0 thi ta st dung cong thuc
(10). Chu y 1 ta chua biét a, 13 anh ctia cac dinh da giac va cac hang s6 z,, C, va C,.
Theo dinh 1i Rieman, ta ¢ thé chon tuy ¥ anh cua 3 dinh da giac, nghia 13 chon tuy y
3 sb ay, a, va a;. Cac sb a, con lai va nhirng héng s6 tich phan z,, C,, C, s€ dugc xac
dinh tuy theo diéu kién bai toan,

Vi du 1: Bién mién G gach chéo 1én nira mat phang Imz > 0

IV A, I

A A ?f

A, . Ay 8. /o /////}2 _
1 u 1 X

Mién G c6 thé coi 1a mot tam giac ¢6 dinh A; = o0, A, =0 va A;cd toa vi w = jh. Cac
gbc ¢ dinh tam giac la oy = 0, o, = -am, a3 = + an. Ta s€ bién cac diém A, A; va
Ajz lan luot thanh cac diém ay, a, va as. Ta co:

W= CJ-Z_I(Z+1)adZ+C1
Vi w(-1) = jh nén ta c6 thé lay z, = -1 va C, =jh. Vay:

w:cj—(“l) dz+ jh

R/

Pé xac dinh hang sb tich phan C, ta s€ 1am nhu sau: cho diém z chay trén nira cung
tron y ban kinh r kha bé z = re’® sao cho ¢ bién thién tir = dén 0. Goi Aw la s gia
tuong ung cua w khi z chay trén cung tron do. Ta co:

Aw = Cfﬁdz

Z

Khai trién (1 + z)* theo lu§ thira cia z ta co:

W=CJ|:1+OL+MZ+-”:|(1Z
Lz 2!

Dit z = re® rdi tich phéan theo ¢ tir © dén 0 ta dugc:

Aw = - Crj +O(r) trong d6 O(r) — 0 khir — 0
Mit khéac trong mit phang w diém w twong tng chuyén tir tia A A sang tia A;A, nén
ta duoc:

Aw = - jh +O(r)
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Twr do suy ra -jh = - Crj hay C :E
T

Tom lai phép bién hinh phai tim 12 ham nguoc ciia ham:
W :EJ(Z“) dz + jh

Truong hop o =1 ta cé:
W:EI(Z+I)dz

Z

+jh=%(z+lnz)‘i1 +jh=%(z+1+lnz)

(13)

(14)

day 1a phép bién hinh , bién ntra mit phing Imw > 0 c6 mot lat cit doc theo A A,

thanh ntra mat phang trén Imz > 0.

Vi du 2: Tim phép bién hinh bao giac bién hinh chit nhat c¢6 cac dinh A (w; = k),
As(wo=h+ jK) , As(w = -h + jk), A4(w4 = -h) 1én nira mat phang trén Imz > 0

N 4
%

As B A,

N

—
u

Ay O, A 1k 1 O 1

1/k x

Goi w = fi(z) 1a phép bién hinh bién gbc phan tu thir nhat (Rez > 0, Imz > 0) thanh
hinh chit nhat O;A;A,B sao cho o; tng vo1 O. A ing voi difmz=1B ung voi diém
z = oo. Trong phép bién hinh nay A, s& tng véi diém z = 1/k v6i k 1a mot hang sb
duong nho hon 1 ma ta phai xac dinh. Qua phép bién hinh, doan BO; ung véi nira
tryc Oy duong. Theo nguyén li dbi xtmg, ham w = f(z) 13 ham phai tim dé bién nira
mit phang trén Imz > 0 1én hinh chit nhat A 1A2A3A4 1a thac trién ctia ham fi(z) qua
tryc 40. Ciing theo nguyén 1i dbi xung, cac diém d6i xtmg qua BO, tng voi cac diém
d6i xtng qua Oy. Vay A4 ing diém z = -1; A; tng voi diém z = -1/k. Ap dung cong

, : . T, .
thirc Schwartz - Christophell v6i o, =a, =a, =0, = 5 va z, =0 ta co:

w=f(z)=C[(C+D? (¢~ 1)“(@ —%] (c +§] dc+C,
Vi f(0) = 0 nén C, = 0, vay:

W=C’JZ- d5 =C

0 |02 » 1
\/(C —1)[C _kz)

[
01-¢J1-x¢?)

Ta con phai xac dinh hing s6 C va k. Vi A(w; = h) tmg voi = | nén:
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- e

Vi Ay(w, =h +jk) ung véiz= 1/k nén :

1 1

dC _c 1 d¢

dg

k
h+jk=C]|
N

M c)(lkc)

Suy ra:
k

IJ( c)(lkc)

Céc dang thire (15) va (16) s& cho phép ta xac dinh C va k.

k=

- )i-k¢?) !J(l—qz)(l—kzz;z)ﬂu(l

—C2Xl—k2C2)

(15)

(16)
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CHUONG 4: CHUOI HAM PHUC

§1. KHAI NIEM CHUNG
1. Pinh nghia: Cho day cac ham bién phirc uy(z), us(z), us(2),... xac dinh trong mién
E. Ta goi biéu thirc:

DU, ()= ,(2) + Uy (2) 4+ U, (2) ()
n=l
14 chudi ham bién phirc.
Tong cua n sO hang dau tién la:
Su(z) = ui(2) + ux(z) + -+ un(2)
dugce goi tong riéng thi n cta chudi ham (1). N6 1a mot ham phtic xac dinh trong
mién E.

o0
Néu tai z = z,, chuoi Y u,(z,) hoi tu thi z, dugc goi 1a diém hdi tu cta chuoi

ham (1). Néu tai z = zo, chudi 3 u,(z,) khong hoi tu thi z, duoc goi 1a diém phan ki
n=1

ctia chudi ham (1). Tap hop cac diém hoi tu cua chudi ham duoc goi la mién hoi tu

ctia n6. Néu goi f(z) 1a tong cua chu01 (1) tai diém hoi ty z thi f(z) hién nhién 1a mot

ham bién phtc xac dinh trong mién hoi tu G.

2. Khai niém vé hoi tu déu: Theo dinh nghia 1 ta c6 Vz € G:

limS_ (z) = f(z) (2)
Néu dit R,(z) = f(z) - Su(2) thi dang thirc (2) dugc viét la:
limR_(z)=0

Diéu d6 c6 nghia 14 Ve > 0 cho trudc, ton tai mot s6 N(e, z) dwong phu thudc vao & va
z sao cho khin> N thi | Ry(z) | <e.

a. Dinh nghia: Chudi ham (1) duoc goi 1a hoi tu déu trén tap G, — G, néu
Ve>0 cho trudc, tdn tai mot sd N chi phu thudc €: N = N(¢g) sao cho khi n > N(¢) thi |
Ru(z) | <e Vz € G,.

b. Tiéu chudan Weierstrass: Néu | u,(z) | < a, Vz € G va néu chuoi Zan hoi tu

n=1
thi chudi ham (1) hoi ty déu trong mién G.
Noi van tit hon, chudi (1) s& hoi tu déu trong G néu chudi cac moddun cua no,
thira nhan mét chudi sb duong trdi hoi tu.
Chtrng minh: Cho trudc € > 0, ta s& chirng minh rang ton tai N(g) sao cho khi n > N(g)

thi | Ry(z) | <& Vz € G. That vay vi chudi Y a_ hoi tu nén Ve > ludn ludn ton tai N(g)

n=l
sao cho khi n > N(e) thi:
I =ap+ Tyt <€
Nhung vi | up+1(2) | < aps1, | Une2(2) | < @nta, | Une3(2) | < @pe3... nén:
| Ra(2) | = [ nr1(2) T un2(2) + -+ [ <[ Un1(2) | + | Unia(2) [+ - <@pey + 8pip +- <
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Vz e G.
D6 1a diéu can chimg minh.
c. Tinh chét cua chu0~t héi tu déu:
Dinh Ii 1: Néu tat ca cac sb hang u,(z) cua chu01 ham (10) déu lién tuc trong mién G
va néu chudi ham (1) hoi tu déu trong G thi tong f(z) ctia n6 ciing lién tuc trong G.
Chtng minh: Gia st z va z + h 13 hai diém bat ki trong G. Ta c6:
f(z) = Su(z) + Ru(2)
f(z+h) =S,(z + h) + Ry(z + h)
Cho trudce € > t phai chtrng minh véi | h | du nhd, ta co:
| f(z+h)-f(z) | <e
That vay:
[z +h) - f2) | = | Su(z + h) + Ry(z + h) - $,(2) - Ru(2) |
=[Sn(z + h) - Su(z) + Ry(z + h) - Ry(2) |
< | Sn(Z + h) - Sn(z) | - | Rn(Z + h) - Rn(z) | (4)
Do tinh hdi tu déu cua chudi ta c6 thé tim dugc s6 n chi phu thudc vao € sao cho:

\Rn(z+h)\<§; \Rn(z)\<§

Véi n da chon ¢ trén, xét ham S,(z). Do 1a téng ctia mot sd hitu han cac ham lién tuc
trong mién G. Vay S,(z) cling lién tuc trong G. Do do6 ta c¢6 thé chon h kha nho dé:

Thay vao (4) ta co:

|f(z+h)-f(z)|<¢
D6 1a diéu can chimg minh.
Pinh li 2: Néu tit ca cc s6 hang cta chudi ham (1) déu lién tuc trén cung L va chudi
ham (1) hoi tu déu trén cung d6 thi ta co thé tinh tich phan timg sé hang cia chudi
ham (1) doc theo Lo, nghia 12 néu f(z) 1a tong cta chudi ham (1) thi:

[f(2)dz =[u,(2)dz+[u,(z)dz+--+ [u, (2)dz+---

L L L L

Chung minh: Trude hét ta nhan xét rang vi f(z) lién tuc trén L nén ton tai tich phan
jf(z)dz .Pito, = J'ul(z)dz +Iu2(z)dz 4ot _[un(z)dz. Ta can chtrng minh rang:
L L L

limo, = _[f(z)dz

hay lim| [f(z)dz— on} =0

n—oo

hay lim| [f(z)dz—| [ul(z)+u2(z)+---+un(z)]dz]:0 (6)

n—oo

Vi chudi (1) hoi tu déu trén L nén v6i moi € > 0 cho trude ta tim duoc N(g) sao cho
khi n>N(e) thi | Ry(z) | < & Vz € L. Ap dung cong thirc udc luong tich phan ta co:
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<e¢l, I la chiéu dai cua cung L

j R, (z)dz

Vi g bé nén lim I R (z)dz=0. Day la diéu can phai chimg minh.

n—o0

d. Dinh lz Weierstrass: Néu cac sd hang cua chudi ham (1) 1 giai tich trong
mién G va chudi (1) hoi tu déu trong mién do thi tong f(z) cua chudi ciing 1a mdt ham
giai tich trong G. D4i voi chudi ham (1) ta ¢ thé dao ham ting sé hang tdi cap tuy v,
nghia la:

f™(z) =u{™(z2) +ul™(z) +--+u™(2) +--- z € G, m nguyén bét ki
Chung minh: Ta nhén thay trong dinh li nay khong gia thiét gi vé tinh hoi tu cua chudi
dao ham . Léy z bat ki thuoe G. C 1a duong tron tan z ban kinh r kha nho sao cho hinh
tron G, bao boi C nam tron trong G. Pé chimg minh f(z) gii tich trong G,, ta s&
ching minh f(z) dugc biéu dién bang mot tich phan loai Cauchy, cu thé ta s& ching
minh rang:

()= f % )

2jne G-z
That vay, do gia thiét, chudi ham (1) hoi tu déu trong G. Vay n6 hdi tu déu trén C. Ta
co:

w(€) + ux(Q) + -+ up(§) + - = f(§) deu vz C (8)

N & 1 A A X y o 1 ,
Vivéi LeC thi - z# 0 nén nhan 2 vé vé1 — ta co:

AL
L [w@©, @, O, ] QO e
2jn| C-z (C-z C-z 2jm(C-2)
Vi chudi ham ¢ vé trai hoi tu déu trén C nén theo dinh 1i 2, ta ¢ thé tich phan ting sb
hang doc theo C:
1 |ru,(&)d u,(6)d u (6)d f
| D; (A pua(©dC | pu,(Q)dE (@) G, }_ O 4 )
2jm -z ¢ C-z C 2jnc(C-2)
Mt khac vi mdi s6 hang u,(z) giai tich nén theo (9), tich phan Cauchy:

1,0 4
2JTC£(C o=
Viy (9) viét dugc:
ul(z)+u2(z)+...+un(z)+...:%L_ni(é(_@i)]
e (%)
tuc: f(z)= ZJTtiﬁdc

Vay f(z) giai tich trong mién G. Vi trén kia da 13y z bat ki trong G nén cd thé két luan
f(z) giai tich trong G. Lép luén tuong ty nhu trén ta chimg minh duoc rang c6 thé dao
ham timg s6 hang ctia chudi (1) t&i cap tuy ¥.
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; |
Nhan 2 vé ctia (8) v6i ————— ta cé:
2mj(G - 2)

m[ w@© | w© o u©) +,,1: m!f()
2 (G- Z)m+l C-2)™ C-2)™" 2mi(C-2)™"
déu V¢ e C. Do tinh hoi tu déu ta co thé tich phan timg s6 hang doc theo C va dugc:
m! | e, (©)dS  ru,(©)dS | w(@dg . |_mle £(OdE
: § m+1 § m+1 § m+1 : § m+1 ( )
2njlc (C-2)"" t(C-2) c(C-2) 2mji(G-2)
Vi u,(z) giai tich theo gia thiét va f(z) giai tich do két qua chirng minh & trén nén theo
(2) 6 muc 12, chuong 4 ta co :

m! . w,(0)dl . m f(OAE
2rid €-ar T O ol gy T
Vay (9°) tr¢ thanh:

m+l)(Z)+u(m+1)(z)+“‘+ufqm+l)(z)+‘“ — f(m) (Z)

D6 1a diéu can chimg minh.

§2. CHUOI LUY THUA
1. Pinh nghia: Ta goi chudi luy thira, chudi ham ma céc s6 hang 1a cac ham luy thira.
No c6 dang:
Y, (z—a)"=c(z—-a)" +c,(z—a)" +---+c (z—a)" +-- (10)
n=0
Trong d6 ¢, (n=0, 1, 2,...) va a 13 nhitng hang sb phurc, a dugc goi 13 tAm cta chudi.
Bang cach d6i bién ¢ =z - a, chudi (1) c¢6 dang:

D, =c " +e, L+ -+, "+ (11)
n=0

co tam tai £ = 0.

2. Dinh li Abel: Néu chudi luy thwra (11) hoi tu tai £, # 0 thi n6 hoi tu tuyét doi trong
trong hinh tron | | < ;. Trong moi hinh tron | | < ¢, (11) hoi tu déu.

Chung minh: Lay p 1a mot s6 duong bat ki p <| &, | ta sé ching minh trong hinh tron
|C| <p thi chudi (11) thtr nhan mot chudi trdi hoi tu. That vy, theo gia thiét, chudi
Zc €. hoi tu. Do do hmc .Co=0. Day sO { .o } c6 gidi han. Vay no bi chan, nghia
n=0

1a ton tai s6 M > 0 sao cho:

(12)
Tir (12) suy ra rang véi bat ki ¢ ndo trong hinh tron kin | £ | < p ta c6:
(=t = =[] = <M 2
Co Co Co
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biéu dé chung t6 rang chudi Y ¢ C" thira nhan mdt chudi duong trdi 1a chudi
n=0
n

P P

. Chudi duong nay 12 mot cap so6 nhan hoi tu vi cong bdi 1a ‘— <1.

(0]

Vay theo tiéu chuan Weierstrass, chudi (11) hoi tu tuyét d6i va déu trong mat
tron | £ | < p. Vi sd p c6 thé chon gan | ¢, | bao nhiéu cling duoc nén (11) hoi ty tuyét
d6i tai moi diém cua hinh tron mé | £ | < &,.

3. Hé qua: Néu chudi (11) phan ki tai {; thi né phan ki tai moi diém ctia mién || <|
Gi . ‘ i

Chting minh: ta chung minh bang phan ching. Gia st chuoi (11) hoi tu tai &, thudc
mién | £ |>| &, ]. Ap dung dinh Iy Abel suy ra chudi hoi ty trong hinh tron | £ | <[ &, | ,
dic biét chudi hoi tu tai &; vi | & | <| & |. Piéu ndy mau thudn voi gia thiét.

4. Ban kinh hdi tu: Trudc hét cha y 1a diém ¢ = 0 bao gio cling 1a diém hoi tu cua
chudi (11). Tai d6 chudi ham tong 14 c,.

Bay gid ta xét tia Ot bat ki, xuét phat tir goc
£ =0. Co thé xay ra 3 truong hop:

* Trén tia Ot c6 ca nhiing diém héi tu va
nhing diém phan ki. f

Vi theo dinh 1i Abel, mdi diém hoi tu déu
nam gan gdc hon mot diém phan ki bat ki. Do d6 Q/
trén tia Ot tim duwoc mot diém ¢ ngan cach nhiing C G
diém hoi tu trén tia voi nhitng diém phan ki. Ban
than ¢, tuy truong hop, c6 thé 1a diém hoi tu hay
phan ki.

Ciing theo dinh 1i Abel, chudi hoi tu trong hinh tron G: | £ | <| " | va phan ki
bén ngoai tirc trong mién | ¢ | < | ¢ |. Hinh tron G dugc goi 1a hinh tron hoi tu cua
chudi ham (11), ban kinh cua né R = . £ | duoc goi 1a ban kinh hoi tu. Trén bién C
ctia hinh tron c6 thé co ca diém hoi tu 1dn phan ki.

* Trén tia O, tit ca cac diém déu 1a diém hoi tu. Khi do6, theo dinh 1i Abel,
chudi ham hdi tu trong mot hinh tron ban kinh 1én tuy y. Nghia 1a n6 hoi tu trong toan
mit phang ¢ va ta ndi rang ban kinh hi tu 13 .

* Trén tia Ot khong c6 diém nao 1a diém hoi tu trir § = 0. Khi d6 theo hé qua
ctia dinh 1i Abel, chudi ham phén ki bén ngoai mot hinh tron ma ban kinh ca né nhé
tuy ¥. Noi cach khac, moi diém c khac 0 déu 1a diém phén ki va ta ndi ban kinh hoi tu
R=0.

Lap luan tuong ty giai tich thuc, dua vao tiéu chuan D’ Alembert hay Cauchy,
ta thay ban kinh hoi tu c6 thé tim theo cong thuc:

y
A

ol

Cn

R =1lim

n—oo

(13)

C

n+l
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hay: R = lim; (14)

n—>o n C
V n

Ghi cha: Béi voi chudi Y, (z—a)" bang phép doi bién ¢ = z - a ta dua dugc vé dang
n=0

o0 o0
> c,C"nén ta suy ra hodc chudi Y c (z—a)" chi hdi tu tai tim z = a, hodc hoi tu
n=0 n=0

trong ca mit phang hodc hoi tu trong hinh tron | z - a | < R va phan ki bén ngoai hinh
tron do.
Vidu 1: Xétchudi > 2" =1+z+2" +--+2" +---.

n=0

Ta tinh ban kinh hoi tu R cta né bang cong thic (13):

Cn

C

R =1lim

n—o

=lvic,=cp =1

n+l
Vay chudi hoi tu tuyét d6i trong hinh tron | z | < 1. Trong hinh tron | z | < p < 1, chudi
hoi tu déu. Ta xét tong riéng:

4 1=z
S,(z)=1+z+2"+--+2"" =

1-z

Chon — oo, néu | z| <1 thi limz" =0. Vay limSn(z)zL. Nhu vay:

n—oo
. 1
Sz =ltz+2 o+ 2 = ——; | 2| <1
n=0 1-

Vi du 2: Xét su hdi ty ctia chudi ham:

2 (z-1)" z-1 (z-1)
~ - =1+ + 4+
nZ:‘) n!

1 2
Ban kinh hdi tu ctia chudi da cho bﬁng:
1
- !
R =lim| o | = im0 = limw =lim(n+1)=00
n—»0 Cn+1 n—ow 1 n—o n! n—o0
(n+1)!

Vay chudi hoi tu trong toan mat phang phirc.
0 _ n\2n+l
Vi du 3: Tim hinh tron hoi tu cua chudi Z&
o (n+1)4"
Ap dung tiéu chuan D’ Alembert cho chudi modun céc sé hang ta co:
.12n+3 0 R 2 R 2
dotimYet o pi 12700 @04 [2oil D) [zl
e g e (n+2)47 2 4 oo (n+2) 4

Nhu vay mién hoi tu ciia chudila|z-j|[* <4 hay|z-j|<2.
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§3. CHUOI TAYLOR
Gid st chudi luy thira Y ¢ (z—a)"c6 ban kinh hoi tu 1a R = 0. Theo két qua o

trén, trong hinh tron ban kinh | z - a | < p <R thi chudi hoi tu déu. Vi mdi s6 hang cta
chudi hang cua chudi déu 13 ham giai tich va vi chudi hoi tu déu nén theo dinh Ii
Weierstrass tong f(z) cua chudi 1a mot ham giai tich trong mién |z - a | < p. Bay gio ta
dit van dé nguoc lai: cho trudc mot ham f(z) giai tich trong mot lan can diém a. Hoi
c6 thé khai trién né thanh chudi luy thira cta (z - a) hay khong. Néi khéc di, c6 thé tim

thay chudi dang Y, (z—a)" co tong 1a f(z) trong 1an c4n a hay khong?
n=0

Dinh Ii I: Moi ham f(z) giai tich trong hinh tron | z - a | < R déu c6 thé khai trién mot
céch duy nhat thanh chudi luy thira cia (z - a).
Chting minh: lay z bat ki thudc hinh tron | z - a | <
R. Ta v€ hinh tron C’ = {| z-a | = p} (p <R) bao
diém z bén trong. Goi C 1a dudong tron |z - a | =R
C’ 1a duong tron | z - a | = p. Theo cong thuc tich

C

phan Cauchy ta co6: C’
1 (f(0)d
f()= - 1% (16)
2nje C-z

Ta s& tim cach khai trién ham s dudi dau tich phan
thanh chudi luy thira cua (z - a) hoi tu déu ddi véi bién ¢ trén duong tron C’.
Mudn vay ta viét:

1 1 ~ 1

Q—Z_C—a—(z—a)_ B _z-a
=0

A N
Nhungvife C’nén|z-a|<|{-a]|va

a A A . 2 ,
<1. Vay theo cong thuc tinh tong ctia

mot chudi nhan (xem cong thic 15) ta co:
| z—a (z-a ’ z—a)
=1+ + 4+ +
1_2-4 E—a ((-—a C—a

| 1 1 (z—a] 1 (z—a
Vay: = + +
-z GC-a G-a(C-a) C-alf-a

a
f(f;):f(c>+f(f;)(z—aj f@(z a
a\l—a

G-z C-a (C-al\C-a) §
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Véi z c¢b dinh, khi £ bién thién trén duong C’ thi é(ﬁ 1a mot ham lién tuc dbi véi C.
—Z

Vay n6 bi chan, tuc ﬁ <M. Mat khac 2781 ‘z—a‘ = ‘z—a‘ =q<l
-7 C—a ‘ C—a ‘ p
nén:
fQ)(z=a )| o
C—a\l—a
Theo tiéu chuin Weierstrass, chudi bén vé phai cta (17) hoi tu déu voi tong £(©)
-z
V(eC’. Vay ta c6 thé tich phan timg s hang doc theo C’ va dugc:
§f<c>dc _ §f(c>dc f(@) ( ajd v (9) ( aj
o C-z o C-a cC—all-a
oo 2 f(©) L J dg +-
cC—alC-
f(&)d f f
§(C)C 35 (C) A+ (2 W (C)
C)
+--+(z—a)" — Q
§(C —a)""!
Thay vao (16) ta dugc:
1 (f(E)d z—a f z—a) ; f
) - L (1O, -)i'> <c> R (ST
Mo G-a 2m ¢ 2y o(C-a)
pop ) g f@m c+
2mj (G-a) o
Nhu vay tai moi diém z thudc hinh tron | z - a | <R ta c6 thé viét:
f(z)=c,+ci(z-a)+cyz - a)2 + ez -a)' +
voi L= ! ig f(C)dnCH, n=0,1,2,.
2 (G-ay
Theo cong thurc tinh dao ham cap n cua ham giai tich ta co:
!
£y = 2§ 1O g0,
2mjc(C—a)
nén ta co:
B f(n)(a)
" ql
Tom lai ta da khai trién duoc f(z) thanh chudi luy thira cta (z - a):
f™(a f(&)d R
()= 3 a-ay —2( §(C(C))fﬂj<z—a) (18)
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Chudi luy thira trén duoc goi 1a chudi Taylor cua ham f(z) tai z = a. Néu f(z) giai tich
trong hinh tron | z - a | <R thi n6 khai trién duoc thanh chudi Taylor tai diém a.

Bay gio ta con phai chimg minh tinh duy nhat cta khai trién.
Gia st f(z) da duoc khai trién thanh chudi luy thira:

f(2)=Yc,(z-a)". (19)
n=0
(n)
ta s€ chirng minh rang c_ = f_fa)
n!

That vay,trong (18) cho z = a, ta dugc ¢, = f(a). Pao ham tung ) hang ta s€ duogc:
f'(z)=>nc, (z—a)""
n=0
Nhu vay f°(a) = c;. Tiép tuc dao ham rdi thay z=a vao 2 vé, 1an luot ta duoc:
£°(a) = 2¢,, 7’(a) = 3!cs,..., {”(a) = nlc,.
£f™(a)
n!
Nghia 1a chudi (19) diing 1a chudi Taylor cua ham f(z). D6 1a diéu phai chimg minh.
Ghi cha: Trong (18) ta viét:
1 f(§)d
¢ - L IO
2nje(C-a) ) . .
Gia su L 1a duong cong kin bat ki ndm hoan toan trong mién | z - a | < R. Vi ham
_f(»)
(Z a)n+

co:

Vay:c =

- giai tich trong mién nhij lién c6 bién 1a L va C’ nén theo dinh 1i Cauchy ta

! f(&dS _ ! f(5)dg
LC-a) i (C-a)
Vay ta co6 thé viét:
L1 MO
2mj (E-a)™"

n

Ta s& khai trién Taylor mot s6 ham so cap co ban. Trudc hét ta 1ap chudi Taylor cua
ham f(z) = ¢” tai z = 0:

(n)
Ta co f(z) = ¢, {(0) = f ©) l'
n!
2 n
Vay: e =1+— Zil i
12 n!

Cong thire trén c6 nghia Vz € C vi e” giai tich trong toan bo C.
Tuong tu ta co:
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3 5 7
V4 z

sinz=z——+———+--- (R=00)
31 nl 7
2 4 6
z 7" z
cosz=1-—+———+--- (R=0)
21 41 6l
7z 7z 7z

In(z+1)=z——+——-——+--- (R =1
(z+1D) =z >t 32 (R=1)

3 5 7
V4

z
arctez=z——+———+--- (R=1
g 313 ( )

§4. CHUOI LAURENT
Trong muc trudc ta da thdy rang néu f(z) giai tich trong mot hinh tron tdm a,
thi n6 khai trién dugc thanh chudi Taylor tai a. Bay gio ta gia thiét rang f(z) giai tich
trong mot 1an can diém a, trir tai z = a hay tong quat hon f(z) giai tich trong mot hinh
vanh khan tam a.
1. Pinh li Laurent: Gia sir f(z) 1a mot ham giai tich |

don trj trong hinh vanh khin G- ﬂﬂﬂm
r<|z-a|<R
Khi do6 ta co Vz € G: Qe

f(z)=c,+c,(z-a)+c,(z—a)’ +---+c (z—a)" +-- t

N
c C C \ mﬂmﬂ I
4+ e —n 4. U v

+—=2 4t

z—a (z-a)’ (z—a)"

(22) O
Trong d6 cac hé sb ¢, dugc tinh theo cong thirc:

= -§ f(‘;)dfﬂ n=0,+1,+2,. (23)
2mj7 (C—a)

L 1a mot dudng cong kin bat ky bao diém a va nam tron trong hinh vanh khan. Chudi
bén phai hoi tu déu toi f(z) trong moi hinh vanh khan kin : 1" <|z-a| <R’ (r'>R,
R’<R) va dugc goi la chudi Laurent cia ham f(z) voi tam tai a.
Chtng minh: Lay z bat ky thudc G. Bao gio ta ciing v& dugc 2 dudng tron:

Li:|z-a|=71

L,:|z-a|=R’
mar <r <R’<Rsao cho z thugc hinh vanh khan G,: r’ <|z-a | <R’. Vi f(z( gia1
tich trong G, nén ap dung cong thirc tich phan Cauchy cho mién nhj lién G, ma bién
ngoai la L, va bién trong 1a L, ta co6:

f(Z) - 1 1 § f(C)drErl B 1 . § f(C)drErl

2 (C—-a)"" 2mj(C—a)

Tich phéan thtr nhét trong (24) 1a mot ham giai tich bén trong duong tron 16n L,. Ta s&
tim cach khai trién né theo chudi luy thira ctia (z - a). Tich phan thir hai 13 mot ham
giai tich bén ngoai hinh tron nho va dan t6i 0 khi z — oo. Ta s& tim cach khai trién

A |

(24)
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né theo chudi luy thira cua

z—a
Khi ¢ € L, thi:
1 1 B 1
C—Z_C—a—(z—a)_(C_a)[l_z—aj
C—a
Vi: z-a <1 nén:
—a
1 =(z—a)
1_Z_a_nz<:)(§_aj
C—a

~ . 1 1 &fz-a !

Vay: C—z_(;—a;)(g—aj
LfQ) _ 1 () ¢(z-a) _fQ)¢ (z-a)
27TjC—Z_27TjC—anZ(:)(C—aJ B 2ch nz(:)(q_a)nﬂ

Lép luén tuong ty ta thay chudi bén vé phai hoi tu déu véi {el,. Vay co thé tich
phan tirng s6 hang doc theo L:

S (9] A B (94

2nji C—a HZ:(:)(Z a)'Zﬁji(C—a)nH
Néu dit:

_ 1 ¢ £(©)de _

= 2nji(§—a)““ ,n=0,1,2,.. (25)
thi ta duoc:

1O &y

2nji e nZ::‘)Cn(Z a) (26)

£f™(2)

vi trong gia thiét ciia dinh 1i khong noéi gi toi

Chu ¥ 1a khong duoc viét: ¢, = '
n!

tinh giai tich cua f(z) tai a.

. .|Z—a < 4 ST
Khi € € L, thi : >1; khi do6 ta c¢6 thé lam nhu sau:
—a
2 a . |C—a A
Hién nhién ta c6 <1 nén:
z—a

. S I _ 1 _ 1 i(g—ajk
(-2 C-a—(z-a) (z-a)—(C—a) (Z_a)(l_z;—aj (z-a)iz\z-a
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2mniC—z)  2m S(z-a)<!
Chudi bén phai hoi tu déu dbi véi € € L. Vay ta c6 thé tich phan timg s6 hang doc
theo L;:

~f£(©) __—f(C)i C-a)"

1 £(6)dE 1 & 1 kel
2mj i L—a 27 kzz(:) (z—a)" i(@ )R
Trong vé phai, ddi ki hiéu cua chi sb chay bfmg cachdatk+1=-n.Khik=0,1,2,..
thin=-1, -2,...Vay:
LGOS Ly g T
T C-a  2ma= L(C—-a)
Néu dat:

_ L £G4 _
— 2ch£((f_,—a)n+l , n=-1,-2,.. (27)

. 1 f(E)dE & n
thi: —z—nji éc_)f:n;lcn(Z—a) (28)

Thay cac két qua vao (24) ta co:

tz)=Yc,(z-a) + Yo (z-a)f = 3¢, (z-a) (29)

n

Voéi:

nétun=0,1,2,...

=L (O
n . n+l
21y ,(C—a)
L fol
to2mn (G-
Néu goi L 1a mot duong cong kin bét ki bao diém a va nim gon trong vanh
khan G thi trong biéu thuc tinh c, c6 thé thay tich phan doc theo duong L, va L, boi
tich phan doc theo L, nghia la:
LY S L S S T N (30)
211 (C—a) | , |
Tém lai ta da chimg minh dugc rang véi z bat ki thude G ta c6 khai trién (29) véi c,
tinh theo (30).

néfun=-1,-2,...

+o0
Trong khai trién Laurent chudi > c, (z—a)" gdm cac luy thira duong cua (z - a),
n=0

duoc goi 1a tich phan déu cua chudi Laurent va chudi Y, (Z —a)n gdm cac luy thira
n=-—1
nguyén am duoc goi 1a phan chinh . Nhu vay chudi Laurent c6 thé xem 1a tong cua
hai chudi phan déu va phan chinh.
Theo dinh 1i Abel, phan déu hoi tu bén trong hinh tron 16n | z - a | <R, va hoi tu
deu trong hinh tron kin | z -a | <R’ (R’ bat ki nhé hon R). Tuong tu, phan chinh héi tu
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phan chmh héi tu bén ngoai vong tron nho tir 14 trong mién | z - a | > r va hoi tu déu
trong mién | z - a | > r’ (¢’ bat ki 16n hon r)

Mudn chimg minh tinh duy nhat ctia khai trién Laurent ta 1am twong tu nhu khi
chtrng minh tinh duy nhét ctia khai trién Taylor.
2. Ghi chii: Néu hinh tron nho | z - a | < r khong chtra diém bat thudng cia f(z), nghia
1a néu f(z) giai tich trong hin tron 16n | z - a | <R thi f(Z) - (n=-1,-2,-3,...) cling
giai tich trong hinh tron do6. Vay theo dinh 1i Cauchy:

c, = 36 f@dil =0, n=-1,-2,-3,.

2mji (C-a)

Phan chinh s& triét tiéu va khai trién Laurent trg thanh khai trién Taylor. Noi khac di,
khia trién Taylor 1a truong hop riéng cua khai trién Laurent.
3. Mot s6 phwong phap khai trién thanh chudi Laurent: Trong mot s trudng hop
ta c6 thé dung nhitng phuong phép khai trién thanh chudi Laurent don gian hon 1 ap
dung cong thirc (23).

Chang han, néu f(z) giai tich trong mién r < |z -a | <R, c6 thé viét duoc dudi
dang tong cua hai ham :

f(z) = fi(z) + £x(2)
hay dudi dang tich cua 2 ham:

f(z) = f1(2).f(2)
trong d6 fi(z) giai tich trong hinh tron 16n | z - a | <R, con f5(z) giai tich bén ngoai
hinh tron nho, tirc trong mién | z - a | > r, thi ta tim cach khai trién fi(z) thanh chudi
luy thira d6i voi (z - a) va khai trién f5(2) thanh chudi luy thira ddi véi (z- a)’.

Clng c6 the dua vao cac khai trién Taylor ciia cac ham so cdp nhu ¢, cosz,

sinz... dé khai trién mot sb ham siéu viét thanh chudi Laurent.
Vi du 1: Khai trién ham :

f(z) = _r Y
(z—-1)(z-2)
thanh chudi Laurent tim tai | trong cac mién sau:
-hinh tronbotim 0<|z-1|<1
- mién ngoai hinh tron trén
V6i hinh tron bo tim 0 < | z- 1 | < Ita viét:

£(z) = 1 1

—

@
N

L

—
=

z—-2 z-1

Vi ham fz(z)zL1 gidi tich khip noi trir tai
Z_

z = 1. Ban than ham f,(z) da la mdt luy thua cua
(z - 1) nén chi can khai trién f,(2).

Vi trong mién | z -1 | < 1, ham fi(z) giai tich nén no khai trién duoc thanh chudi
Taylor tai z=1.
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1 1 -1
fl(Z): = =
z-2 z-1-1 -1-(z-1)
= [l+@-D+@-1++(z=1)" +--]
Vay trong mién 0 <|z-1|<1 ta co:

f(Z):_ﬁ—l—(Z—l)—(z—l)z_..._(Z_l)n_,,,

Bay gio ta tim khai trién trong hinh tron | z -1| > 1. Trong mién nay ta cé:

1 1 1
b= 5=, 1
(z—l)[l—}
z—1
Vi‘ ‘ <1 nén ta co khai trién :
Z_
1 1 1
=1+ + St
- z-1 (z-1)
z—1
Vay:

1 1 | 1 | 1 1
= 1+ + 2_|_... = + 2+...+ 2_|_...
z—-2 z-1 z—-1 (z-1) z—-1 (z-1) (z-1)

1 1 1 1 1

f(z)= — = =+ T+t
z-2 z-1 (z-1) (z-1] (z-1"

+ ...

, < A . < R 5 \ 1 ’ ~ <\ 5 .
Vi du 2: Viét khai trién cua ham f(z) =———theo cac luy thtra cua z khi z

(z-1)(z-2)
thudc cac mién sau:
-hinh tron |z | <1
- hinh vanh khdn 1 <|z| <2
- mién ngoai hinh tron tim O, ban kinh 2 : | z | > 2
Trong hinh tron | z | < 1, ham f(z) giai tich, vay né khai trién duoc thanh chudi
Taylor. Ta phan tich F(z) rdi viét khai trién cho timg s6 hang.

1 1 1 1 z 7z° 7
= =— =—— 1+—+—2+§+---
z-2 2(Z_1j 2(1—2) 21 2 2

2 2

S S S P SO S
z—1 1-z

Vay:
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1 z 70 7
f(2)=——|1+=Z+ S+ [+ [l4+z+2" + 20+

1 1 1 1
Hay: f(z)=—+|1-— [z+|1—— |2+ +|1- z" 4
1 2( 22) ( 23) ( 2)
1

Xét trong mién 1 < |z | <2. Vi ham

giai tich trong mién | z | < 2 nén nd khai

trién duoc thanh chudi Taylor dbi véi z:
1 1 z 77 7
=——|l+-+F+5+
z—2 2 2 27 2

b \ 1 * 9 14 ~ N\ b \ . A \ 14 . M /‘1 14
Con ham T giai tich bén ngoai hinh tron don vi nén ta tim c4ch khai trién noé theo
-z

RN | .
chuoi luy thtra cua —. Ta co:

z
| e
) A
z z
Vi ¢ day |—|<1 nén:
z
1 1 1
—=l+—+—=+
1_1 zZ z
z
1 1 1 1 I 1 1
Viyi—=—|14+—4+—5+|=—m——————
yl—z z( z 7’ ) z 720 7
1 1 z 70 7 1 1 1
f(z)=——=—|1+—+—+—+- |- | -+ =+ +—+---
@) zZ— -1 2{ 2 22 2 } [z z’ z" }
oz Z 2 111
2 22 2 2 z 7’ z"
Xét trong mién | z | > 2. Ta phai khai trién hai ham s 12 va 11 theo chudi luy
zZ-— Z—
thtracﬁal:
z
At ot ro
-z z 77 7
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1 1
-]
z
2
Vi ¢ day | —| <1 nén: L:1+2+2—2+--.
z 1_2 zZ Z
z
Vé 1 —l+£+2_2+...+2n_1+...
4 z-2 z 7* 7 z"
2 n-1
f(Z):L_L:% 2 31 2 : 1+
z—1 z-1 z z z

Vi du 3: Khai trién ham s6 f(z) = sin(il) thanh chudi Laurent tam tai 1.

Z_
Ta viét:
N/ : | : 1 .1
f(z) =sin| — |=sin| 1+ —— |=sinl.cos——+cosl.sin——
z—1 z—1 z—1 z—1
Dua vao khai trién cia sinz va cosz ta c6:
.1 1 1 1
sin = — T+ -
z—-1 z-1 3(z-1)y 5(z-1)
1 1 1
coS =1- -+ e
z—1 2z-1)" 4(z-1)
Hai khai trién trén ding Vz # 1. Vay:
. ( z j .. cosl  sinl cosl
sin| — |=sinl+ - - T+t
z—1 z—-1 2l(z-1)" 34(z-1)
a sinl a sinl
(1) S+ (D e
2nl(z-1) Cn+Dl(z-1)
Vi du 4: Khai trién thanh chudi Fourrier ham sb:
asint

(la|<1),t1abién sb thuc

t) =
o) 1-2acost+a’

Theo cong thuc Euler:
el +e . el —e !
cost = 5 ; sInt=

Thay vao biéu thic cua ¢(t) ta co:

1—e*t
o(t) =

2] {ezﬁ — (a + ljejt + 1}
a

Xét ham:
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1-2°

zj{zz —(a +;jz +1}

Hién nhién f(¢") = @(t). Vay ¢(t) 1a gia tri cia ham f(z) trén dudng tron don vi z = &'
D@ thay rang ham f(z) giai tich trong mot hinh vanh khan tdm O, chira duong tron don
vi | z| = 1. Ta sé& khai trién f(z) thanh chudi Laurent trong hinh vanh khan nay. Trudc
hét ta phan tich f(z) thanh tong cac phan thirc don gian:

f(z) =

f(z)zi, -1+ 1 + 1
2]

a
Chu y rang véi | az | <1 ta co:

=1+az+(az)’ +(az)’ +

l-az
con voi | z|>|altaco:

1 1 al, a a’ a’
=— =——|l+—+—F+—F5+
_Z z( a) zZ\ z 70 z

i P
a al z

Vay trong mién ‘a‘<‘z‘<ﬁ ta co:
a

2 3 o
f(z):;(az+3222+aaza+..._3_a_2_a_3_..):i_23n(zn_Lj
2] zZ 77 Z B
Khiz=2"|z|=1, taco:

1 & ~ eV —e” .
o(t) = o >a" (e"Jt it ) z a" ———— =) a"sin(nt)
_] n=1 .]

D6 14 khai trién Fourrier can tim.

§5. PIEM BAT THWONG CUA HAM GIAI TiCH

1. Phan loai: Gia st a 1a diém bt thudng cb l4p cua ham f(z), nghia 13 ton tai mot lan
can kha bé cia a trong d6 chi c¢6 a la diém bat thuong. Nhu vay f(z) s& giai tich trong
hinh vanh khan nho tim a. Theo muc 5, ta c6 thé khai trién f(z) thanh chudi Laurent
trong hinh vanh khin nay. Ta cin c& vao khai trién Laurent dé phan loai tinh bét
thuong cua diém a.

Néu khai trién Laurent khong chtra phan chinh tirc 13 ¢, = 0 Vn < 0. Do dé:

f(z)=c, t ci(z-a) +co(z - a)” +- (31)
thi diém a duogc goi la diém bat thudng bo duoc.

Néu a 1a diém bat thuong bo duoc, thi theo (3) ta co:

limf(a)=c,

zZ—a
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Do d6 néu dat f(a) = ¢, thi ham f(z) duoc bd sung gia tri tai diém a. Nhu vdy no sé& 1a
mot ham giai tich trong ca lan can néi trén cia a. Piéu d6 giai thich y nghia cua thuat
ngitr “bd dugce” dugce dung & day.

Néu trong phﬁn chinh chi c6 mot sb hitu han céac s6 hang thi a duoc goi la cuc
diém. Khi d6 khai trién c6 dang:

f(z)= a0, S — et “a +c,+c(z—a)+-- (32)

(z—a)" (z—a) (z—a)

Trong d6 c., # 0. S6 mil n duoc goi la cép cta cuc diém.
Néu a 1a cyc diém thi tir (32) suy ra:

limf(z) =0

zZ—a

Néu phan chinh cta khai trién c6 vo s6 s hang thi ta goi a 1a diém bat thuong
cdt yéu cia f(z). Doi voi diém bat thudng cdt yéu ta co dinh 1i Xakhdtxki:

Néu a la diém bat thuong cét yéu ciia f(z) thi véi moi s6 A cho trude, luén luén
ton tai mot ddy {z;} dan t6i diém a sao cho day {f{z)} dan tdi A.

sin z

Vi du 1: Xét ham f(z) = . N6 thira nhan diém z = 0 1am diém bat thuong co 1ap.

Khai trién f(z) theo lu¥ thira ciia z ta c6:

sinz 1 VARA z2 z*
=—|z-——+——|=l-—+—+
z z 315 RI
Vay diém z = 0 1a diém bat thuong boé duoc ctia ham. Néu ta bo sung nhu sau:
sin z :
khiz#0
f(z)=7 =z
1 khiz=0

thi f(z) giai tich ca tai z = 0.

Vidu 2: Ham f(z) = 6—3 thira nhan diém z = 0 lam diém bat thudng c6 lap. Khai trién
z

theo luy thira cua z ta co:

e’ 1 z 70 7 1 1 1 1 z
—=—5|l+-+—+t—+|=5tF5t—F -+ +
YA / no2r 3 z z- 2z 3! 4
Tir d6 suy ra diém z = 0 13 cuc diém cap 3 cia f(z).
1

Vi du 3: Xét ham f(z) = e?. Diém z = 0 1a dién bit thuong cbt yéu ciia ham vi:

1

= 1 1
f(z)=e*=1+—+ + +ee
@) 'z 2z 3!7° nlz"

+-...

: f . : ;
2. Pinh li: Gia su f(z) = % trong do6 fi(z) va f5(z) 1a cac ham giai tich tai a. Néu
,(z

dié:m a khong phai la khong diém cua tr sd, tic fi(a) # 0 va 1a khong diém cép m caa
mau s0, thi a 1a cuc diém cap m cua f(z).
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Chtng minh: theo gia thiét ta c6 £(z) = (z - a)"(z) v6i (z) giai tich tai a va ¢(a) = 0.

Ham 1(( ; giai tich tai a nén co thé khai trién n6 thanh chudi Taylor ¢ lan can diém a
o(z
L& _p b (z—a)+b,(z—a) +-- véi b, = 1®) g
¢(2) 7 ®(a)
Tt d6 suy ra khai trién Laurent cua f(z) 1a:

= +
(z—a)"p(z0 (z—a)" (z—a)™'
Diéu d6 chimg t6 a 1a cuc diém cap m cua f(z)

Vi du: Xét ham f(z) = — z+1
7z’ +4

Viz’+4=(z+2j) z-2j)nén miu sb co hai khong diém don 1a z = + 2j. Vay f(z)
phai 6 hai cuc diém don la z = £ 2j.

Vi dy: Xét ham f(z) = — o

(z”+1)

Vi(Z+1)Y =(2+ )7 —]) nenz—+J lanhu‘ngkhongdlemcapS ctia miu s6. Vi
vy z = + j 1 nhiing cuc diém cip 3 ctia miu sd.

87



MATHEDUCARE.COM

CHUONG 5: LY THUYET THANG DU

§1. KHAI NIEM VE THANG DV

1. Dinh nghia thang du: Gia su f(z) 1a mot ham giai tich trong mét lan cén cua diém
a trir chinh diém a (nghia la a la dlem bat thuong ¢ 1ap cua f(z)). Néu C 1a dudng
cong kin bat ki bao 1ay dlem a va nam trong lan cin néi trén thi theo dinh 1i Cauchy,

tich phan §f (z)dz 12 mot s6 khong phy thude C. Ta goi thang du cia ham f(2) tai a 1a
C
két qua phép chia §f (z)dz cho 2mj. Thang du duogc ki hi¢u 1a Res[f(z), a]. Tom lai:
C

Res[f(z), a]= 2% $f(z)dz (1)

,a}: 1.§ 1 dZZZTCJ.ZI
2Mjcz—a 27

Vi du: Res[
z—a

2. Cach tinh thing du: Cong thirc chung dé tinh thing du la:
Res[f(z), a] = c., (2)

trong khai trién Laurent cia ham f(z) tai 1an can diém

Trong do c.; 1a hé s6 cua
z—a

a.
Chung minh: Theo cong thirc tinh hé sb ctia khai trién Laurent:

WG
to2mje(E-a)T
Khin =-1 ta co:
1
4 == §f(5)dC = Res[f(2), a]
21 &
a. Thiing dw tai cwe diém don: Néu a 13 cuc diém don cua ham f(z) thi :
Res[f(z), a] = lim[(z —a)f(2)] (3)

2

A

nen

Vidu 1: Viz =2 14 cyc diém don cua 5
Z_

2
Res[f(z), a] = lim{(z _2)-2 } —limz* =4
z—2 — 2

z—2

Vidu 2: Cho f(z) = .1 . Tinh thang du taia=0

sinz
Ta da biét :
) z 7 722 z
sinz=z——+——.=z7 | -——4+——...
31 5 31 5!
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Can ctr vao khai trién nay ta thay diém z = 0 1a khong diém don cua sinz. vdy diém z

=0 1a cyc diém don cua f(z) = . Theo (3) ta co:

mz

z—0

Dinh Ii: Gia st f(z) = P (2)

2
a 1a khong diém don cua f(z0 va khong phai 12 khong diém cua f(z). Khi do:
Res[f(z), a] = ~2)
f2 (a) e 7 9
Chung minh: Theo gia thiét ta thay a la cuc diém don cua f(z). Theo (3) ta co:

Res[f(z), a] = lim[z _1 }:1
sinz

Res[f(z), a] = 11£n|:(z — a) @} — lim fl (Z)

f,(z)] | £,(2)
| (z—a) |
Vi f5(a) = 0 nén ta c6 thé viét:
limf, (z)
Res[f(z), a] = — 22 _ L)
lim fz (Z) B fz (a) f2 (a)
z—>a (Z — a)
Vi du 3: Tinh thdng du cua f(z) = cotgz
Vi a=0 la don cua cotgz nén theo (4) ta co:
Res[f(z), a] = fll(a) _ cos0 =1
f,(a) cosO
Vi du 4: Tinh thing du ctia ham f(z) = z+1 tai a =2j.
7z’ +4

, trong d6 fi(z) va fx(z) 1a nhitng ham giai tich tai a. Diém

4)

Vi 2j 1a khong diém don cta (2> + 4) nén n6 1a cuc diém don cua f(z). Theo (4) ta co:

_fia) 2j+1 1 1.

Res[f(z), a] f’(a)_ 4 =3 ZJ

z

Vi du 5: Tinh thing du cia ham f(z)= —— tai a =i
, 7 (z-))(z+))
Ta thay f(z) co6 hai cuc di€ém don 1a 4. Ap dung cong thurc (4) ta co:
z ej

Res[f(2), j] = lim—

] ..
~(cosl+ jsinl
=y ot isind)

z —j :
Res[f(z), -j] = lim © . :e—,:i(cosl—jsinl)
iz —j =2) 2

b. Thing duw tai cwe diém cdp m: Néu a 1a cyc diém cap m cia f(2) thi:
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m—

1
Res[f(z),a] = m _1)' lim o

-2 t)] 5)

Vi du 1: Tinh thing du ctia ham f(z) = % taia=]
(z-+1)
Vi(z’ + 1)’ = (z+j)’(z - j)’ nén j 1a khong diém cap 3 cuia (z* + 1)°. Vay j 1a cyc diém
cap 3 cua ham f(z). Theo (5) véi m = 3 ta co:
2 2
Res[f(2), a] = lim | (z =) = Dim O L
2! > dz (z"+1) 2 =idz™| (z" +))
l.. 12 6 3]
:_hm 2 5 = 5 =
21=i(z7+])  (2)) 16

Vi du 2: Tim thang du cua ham f(z) = © 3
z

Ta thiy z = 0 1 khong diém cdp 3 cua z’ nén z = 0 1a cuc diém cép 3 caa ham f(z).
Dung cong thuc (5) ta co:
1 d’e” 1
Res[f(z), a] ——1Z1_r)rg o 2

§2. NG DUNG THANG DU

1. Pinh li 1: Neu f(z) giai tich trong mién G , giéi han boi dudng cong kin L, ngoai
trir tai mot s6 hitu han cuc diém ay, a,, ...a, & ben trong thi:

§f(z)dz = anz Res[f(z),a, | (8)

Chung minh: Loai di khoi mién G cac hinh tron Y15 ¥2,-.-,Ys €O tam lan luot 1a ay, ay,
..,as va ¢O ban kinh du nhd ta dugc mot mién da lién . Ap dung dinh ly Cauchy cho
mién da lién nay ta du:o’c

oy fff(z)dz _2— §f(z)dz Fo 2— §f(z)dz

Nhung vi:
i, §f(z)dz =[ Resf(z), ] k=1,2,.., s
2m

nén thay vao ta co:
§f(2)dz = 2mjRes[f(z), a] + - + 2njRes[f(2), a]
L

2. Pinh 1i 2: Néu f(z) giai tich trong toan bd mit phang ngoai trir tai mot sd hitu han
cuc diém a,, a,, ...a, = oo thi:

> Res[f(z),a, |+ Res[f(z),a, |=

k=1

Chung minh: Chon R du 16n dé duong tron | z | = R bao l4y tat ca cac diém a,_a..., a,,
Ta co:
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ZRes[f(z) a, ——§f(z)dz
Theo dinh nghia thang du tai oo:
1 1
Res[f(z), o] = — ¢f(z)dz =——¢f(2)d
es[f(z), ] o § (z)dz 2nji; (z)dz

Cong cac vé cua hai ding thirc nay ta duoc diéu can phai chimg minh.
2
Vidu 1: Tinh §> 2 dz , L la duong tron tam | z | =2
(2 +1)(z+3)’

2
V4

Ham f(z)=—; c63cucdibmlaz=j,z=-vaz=-3.

(z2+1)(z+3)
Trong hinh tron | z | < 2 ¢6 hai cuc diém 1a 4, déu 1a cac cuc diém don. Tinh thing du
tai cac cuc diém do ta co:

2 2

Res[f(z), j] = lim(z - j)f(z) = lim z J ] 143
=i(z+])+(z+3) 2](Z+3) 22+6 20
ZZ
. - .2 . .
Res[f(z), _j]: fl( J.):Z+3 -~ — 'J : :1 3.]
(=) 2z 22(z+3)|,_, -2j3-) 20
z=—]
Vay
: : (1+3) 1-3]) m
I =Res[f(2), j] + Res[f(z) , -1]] = 2n + =—
[f(2), ]] [f(2) , -j] J( 0 20) 5
Vidu 2: TinhI:§3czos—mz,Llédu(‘mgtr(‘)n|z|=2
Lz (z-
\ COSz , \ - X e PR \ - X A
Ham f(z):z(—z) c6 z =0 1a cyc di€m cap 2 va di€m z = 2 1a cyc di€m cap 1.
z° (z-

Trong hinh tron | z | < 1 chi ¢6 mdt cuc diém z = 0 nén:
[ =2mj.Res[f(z), 0]

Nhung vi:
Res 2cosz liml 2 2cosz _ lim( coszj _ iy = Si z2(z - 2)2— cosz _ 1
z(z-2)| =0 z(z-2) >0\ z—-2) 20 (z—-2) 4
nén I1=-1
2
e’dz

Vi dy 3: Tinh [ =§—— véi C la duong tron | z| =3

vz +1
Ham f(z) duéi dau tich phin c¢6 hai diém bat thuong j va -j nam trong hinh tron bién
C. Theo vi du & muc trudc ta co:
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j

Res[f(z), ] = —. va Res[f(z), ] = —
2j 2]
Nén: I=2mrjsinl
Vi dy 4: Tinh 1=§ 2¥3 47 v6i C la duong tron | z- 0.5 | =1

c(z=1)(z+1)°
Trong mién gii han boi C, ham f(z) dudi dau tich phan chi c6 mot diém bat thuong
la z= 1, cuc diém don. Do do:
[ =2mj.Res[f(z), 1] = lziI)III(Z - Df(z) =2m

3.Tich phan thuc dang jR(x)dx trong do R(x) 1a mot phan thirc hiru ti

a. Bé d@é I: Gia str Cg 12 mot nira dudng tron tim O, ban kinh R, ndm trong nira
mat phang trén Imz > 0. Néu f(z) giai tich trong

nra mat phang trén, trir tai mot s6 hiru han b/ |
diém bat thuong va thoa man:
limzf(z)=0 O0<argz<m Cr
thi:
lim [f(z)dz=0 0 —_

Chimg minh: Phuong trinh Cg c6 dang z = Re'® véi ¢ 1a tham s6 bién thién tir 0 dén n.
Chon R kha 16n sao cho cac diém bat thuong cua f(z) déu ndm trong mién | z | < R.
Vay ham {(z) lién tuc trén Cyg va theo cach tinh tich phan ta co6:

j f(z)dz = j f(Re)Re™ do
Cr
Ta udc lugng tich phan nay. Vi limzf(z) =0 nén Ve > 0 cho trude ta luon tim dugce

mot s6 N > 0 sao cho khi | z| > N thi | z.f(z) | <&. VAy néu z € Cry i R > N thi:
| f(Re'”).Re® | = | zf(z) | <
Do do:

If(z)dz

< sf dp=¢n
0
Viebé tuy y nén tasuy ra lim j f(z)dz=0

b. Dinh li I Gia st R(z) la mot phan thirc ma da thic mau s6 c6 bac 16n hon da
thirc tir s6 it nhét 1a hai don vi, R(z) c6 mdt $b hu‘u han cuc diém aj, ay,..., a, nam
trong nira mit phang trén va khong ¢ cuc diém nam trén truc thyc. Khi do6 ta co:

[R(x)dx =27} Res[R(z),a, ] 9)
0 k=1
Ta thira nhan ma khong chirng minh dinh 1i nay.

92



MATHEDUCARE.COM

©odx
o X +1
Vi ham duéi dﬁu tich phﬁn 1a chan nén ta co:

Vidu 1:Tinh [ =

Taco: [ = =—
{ x4l J. xt+1
bit R(z) =—; . Phuong trinh z* + 1 = 0 c6 hai nghiém trong nira mit phang trén
z" +
la:

z, = f + jf \Z, = f —j f . R& rang R(z) du diéu kién dé ap dung (9). Ta c6

2 .
I= anRes[R(z),ak] = nj(% + Lj = nj(i + i) = _%(Z#Zz) = #
k=1

4z 4z, 4z 4z,
Vidy 2: Tinh 1= [ "1
(x4
Ham R(z) = 2=l _ 21 thoa mén cac gia thiét cta dinh 1i. Trong nira

(Z+1)° (z=j)(z+]))
mit phang trén, né c6 cuc diém cép 2 1a z =j. Theo (9);
[ =2mjRes[R(2), j]

= 2m; limi[(z - j)zR(Z)] 27 hmi 21 27‘5]111112 -z _ T
z—j dz z—>j dz (Z + ]) Z>] (Z + ]) 2

o 2
Vi dy 3: Tinh 1= [ 59
o X +1

Vi ham duéi dﬁu tich phﬁn la chan nén ta co:

0

1 0
Taco: I= I =— I
o X'+ 1 X+
2
bat R(z) =—; . Phuong trinh z* + 1 = 0 ¢6 hai nghiém trong nira mit phang trén
z'+
la:

Z, = \/25 + ]\/25 Zy = \/25 -] \/25 . R& rang R(z) du diéu kién dé ap dung (9). Ta c6
2
I=7j> Res[R(z),a, ]
k=1
22| 2* | 1 1 1 1

_ 1 _ _ 1]
(z* +1) ﬁ(1+j)_2ﬁ(1+j)_4ﬁ

47’ 4z, 4 V2
2

Res[R(2), j]=

Z=7] Z=7)

Tuong tu:
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1 —1—j

2\2(1-j) 42
~ — J -1- 271 n\/i
Vay: I= TCJ( ]
2T )T an
c. Dinh Iy 2: Gia sit R(z) 1a mot phﬁn thirc hitu ti ma béc cua mau so 16n hon

béc cua tir s6 it nhat 2 don vi. Ham R(z) ¢6 cac cyc diém trong nira mdt phang trén la
ai, a,.., a; va ¢6 m cuc diém don trén truc thuc la by, b,,..,b,,. Khi d6 ta co:

jPR(x)dx = 2nji Res[R(z),a, |+ njiRes[R(z),bi] (11)
—o k=1 i=1

Res[R(2), j]=

4. Tich phan dang IR(x)cos oxdx va IR(x) sinaxdx (o > 0)
Theo cong thirc Euler thi ¢ = cosax + jsinax nén cosox = Re(e™) va
sinax=Im(e'*"). Vay:

[R(x)cosaxdx = Re [ R(x)e™ dx
J-R(X)Sil’l oxdx = Im jR(x)ej“de

~+00
Do d6 mudn tinh cac tich phan da cho, chi can tinh J. R(x)e™dx roi 1ay phan thuc

hay phan 4o cta né 1a duoc. Khi tinh IR(X)ej“de ta ding bo dé sau:

a. Bé d@é Jordan: Goi Cy 14 cung tron | z | = R Imz > a (a 13 s thuc ¢ dinh cho
trwéc) nghia 1a Cr 13 cung tron tim O, ban kinh R va nam phia trén dudng thang y=a.
Néu F(z) c6 dang ¢“f(z) trong d6 o 1a mot s6 duong cd dinh con f(z) giai tich trong
nura mat phéng Imz > a , trir tai mdt s hitu han diém bat thuong va thod man
limf(z) =0 thi:

Z—>0

lim [F(z)dz = lim [e*f(z)dz

R—>o0 R—)ooCR
Ta thira nhan khong chimg minh bo dé nay

b. Dinh li I Gia su R(z) 1a mét phén thirc hiru ti thoa mén cac diéu kién sau:

* R(z) giai tich trong nira mit phang trén, trir tai mot sd hiru han cac cuc diém
ap, a2,.., ds

* R(z) khong c6 cuc diém trén truc thuc

* trong biéu thirc ctia R(z), bac ctia mau sd 16n hon bac cua tir s6 it nhat 13 1
don vi.

Thé thi:

[R(x)e"dx =27y Res[R(2)e™ ,a, ] (14)
— 0 k=1
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Trong o 1a mdt s6 cho trudc.

Ta cling khong chirng minh dinh 1i nay.

Videl: 1= [ 702" dx
X =2x+10

) +00 Xejx
Taco: I=Re I —————dx
X —=2x4+10
Pé tinh I ta ap dung (14). Mubdn vdy ta phai tim cic cyc diém cua
R(z) = 2; Giai phuong trinh z° - 2z + 10 = 0 ta c¢6 hai nghiém 1a z=1 + 3;j.
z°—-2z+10

D6 1a hai cyc diém don cua R(z). Cyc diém z = 1 + 3j nam trong ntra mét phang trén.
Dung cong thue (14) ta co:

+00 jx jz jz a3+
szdx 2mj.Res J+3)(=2m z¢ = nj&
X =2x+10 7z —2z+10 27 - 13 ]

= 26_3(c0s1 —3sinl) + jge_3(3cos1 +sinl)
Tu d6 suy ra:
I= 263(0081 —3sinl)

¢. Dinh li 2: Gia sir R(z) 1a mot phan thirc hiru ti thoa mén cac diéu kién sau:

* R(z) giai tich trong nira mat phang trén, trir tai mot sd hiru han cac cyc diém
ai, az,.., ds )

* R(z) co m cyc diém trén truc thuc b;. :bz,...,,bn ’ ,

* trong bi€u thuc cua R(z), bac cua mau s6 16n hon bac cua tir s6 it nhat 1a 1
don i N
Thé thi véi o 1a mot hang s6 duong cho trudec :

j R(x)e'dx = 2an Res[R(z)e",a, ]+ > Res[R(z)e™,b, ] (16)

=1 k=1

Vidu: Tinh 1= Ismx

. sinx
Vi

la ham chan nén ta c6 thé viét duoc:

Mat khac:
J‘ Sll’lX

+00 _]Z

—Imf—dz

+00 JZ

Vay: I——Imj—dz
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Viham R(z) = 1 c¢6 cuc diém duy nhat tai z = 0 nén theo (6) ta c6:
z

+00 _]Z jz
J.—dz—nJRes{e O}—chhngeJ =T
Thay vao trén ta dugc: 1= g

2n
5. Tich phan dang _[f (sint,cos t)dt
0

y T . dz | : . s . .
bit z = ¢ thi Inz = jt, dt = — va theo dinh nghia cdc ham luong giic ta co:

jz
1
Z+— zZ——
cost=—=2, sint=—-=%.
2]
Khi t chay tir 0 dén 27, diém z v& nén duong tron C: | z | = 1. Vay:
o j 1)1 1) |jdz
J‘f(smt,cost)dt:§f —=|lz——|=|z+—||— (17)
0 9 2 z)?2 z)| z
Trong d6 L 1a duong tron |z | =1
Vidu1l: Tinh [ = IMd
2 —sint

Theo (17) ta co:

:§2+2(Z )sz _§ 4z +7° +1 ]dz §z *+4z+1 dz

L2+J(z—1j z
2 z
Ham dudi ddu tich phan c6 3 diém cuc 1a z = 0, z = 2jij\/§.

‘(2—\/§)j =2-3<1;
aj=0vaa,= 2—\/§.ta tinh thang du:

I
L4z + iz — 1z —4jz—-1 z

3 ":2+\/§> 1nén bén trong L chi ¢6 2 cuc diém 1a

2 2
Res Zz+4z_+1 ,0 :hmﬂ:_
| z(z" —4jz-1) 2>07" —4jz -1
B 2
Res| 2 421 (_\/—)} z’ +4z+1 _ jzﬁ
| z(z" —4jz-1) z(2z - 4j) 2 3

Theo dinh 1i 1 muc trudc ta co:

A e

3
Vidy 2: Tinh I =] dt
0 2+cost
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Ditz=¢", vi ham duéi déu tich phan 1a chan nén ta cc')'
:_]E2+cost 2] i v 1] __ff)z +4z+1: §)(z a)(z b)

¢ 2+(z+j

z

2

Trong d6 C la duong tron |z | =1, a = —2++/3 vab=-2-31a cac nghiém cua
phuong trinh z° + 4z + 1 = 0.
Vi|a|<1va|b|>1néntaco:

_ 1 _2n 0w
I_zn'Res[(z—a)(z—b)’a}_a—b_\/g
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CHUONG 6: PHEP BIEN POI LAPLACE

§1. PHWONG PHAP CUA PHEP TiNH TOAN TU

Cho hai tap hop A va B. Mot anh xa T cho ting mdt phﬁn tr cia A vo1 mot
phﬁn tor xac dinh cua B, ki hi¢u 1a Tx, dugc goi 1a mot toan tir. Phan tir Tx duogc goi la
anh ctia x con x duoc goi 13 gdc cta hay nghich anh cua Tx.
Vi du: #Néu A =B = R thi toan tit T 13 mot ham sb thue ctia bién s thuc.
@ Néu A 1a tap hop céc sb thuc duong va B =R. Anh xa cho mdi s a € A thanh mdt
s6 thue thudc B 1a Ta = Ina dugc goi 13 toan tir logarit. Nho ¢6 toan tir loga ma phép
nhan cac gdc dugc chuyén thanh phép cong cac anh:

T(al.az) =Ta; + Ta, (1)
Do d6 muén tinh tich aj.a,, ta tim anh cua no theo (1) sau d6 dung bang logarit tra
nguoc lai
@ Cho A 13 tap hop cic ham dao dong hinh sin c6 cung tan s6 goc o, B 1a tap hop cac
ham bién s thuc t nhung 14y gia tri phitc. Cho tmg mdi ham v(t) = Vsin(ot +¢) € A
vo1 mot ham Tv € B theo cong thuec:

Tv=V.e"?
cling 13 mot toan tir. Nho toan tir ndy ma cac phép tinh dao ham va tich phan gdc duoc
chuyén thanh céc phép tinh dai s6 ddi vé6i anh.

Trong chuong ndy ta s& nghién ctru toan tir Laplace. Bai toan dit ra 13 biét gc,
tim anh toan tir Laplace ctia n6 va nguorc lai biét anh cia mot ham, tim lai géc cua no.

§2. DINH NGHIA HAM GOC

Ta goi ham f(t) cta bién thuc t 1a ham gbc néu né thoa man cac diéu kién sau:
e Ham f(t) lién tyc timg khuc khi t > 0, nghia 12 néu ldy mot khoang [a, b] bat ki trén
ntra truc t > 0, bao gio cling ¢ thé chia nd thanh mét sb hitu han cac khoang nho sao
cho trong mdi khoang nho f(t) lién tuc va tai mat cia moi khoang nho né co6 gidi han
mot phia
e Khi t — oo, ham f(t) ting khong nhanh hon mot ham mii, nghia 1a ton tai mot s6
M>0, s, > 0 sao cho:

[f(t)|<Me™" vt>0 (2)
trong d6 s, dugc goi 1a chi s tang cua f{(t)
e f(t) = 0 khi t < 0. Piéu kién nay dugc dit ra vi trong cic tng dung thuc té t thuong
1a thoi gian.

Vidu 1: Ham:
(t)_{o khit <0
=11 khit>0
12 ham gbc.

That vay vi [ n(t) | < 1 nén diéu kién 2 duoc thoa man néu chon M = 1, s, = 0; dé dang
kiém tra duoc diéu kién 1.
Vidu 2: Ham:
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10 khit<0
f() =n(t).sint = {smt khit> 0

13 ham gdc.
That vay vi [ n(t).sint | < 1 nén diéu kién 2 dugc thoa man néu chon M = 1, s, = 0; dé
dang kiém tra dugc diéu kién 1.

Vi du 3: Ham:
_ » | 0  khit<O
fH=n.t" = { t*  khit>0
13 ham gdc.

That vy vi | n(t).t* | < 2e' nén diéu kién 2 duoc thoa man néu chon M =2, sg = 1; d&
dang kiém tra dugc diéu kién 1.
Quy udc: e Ta viét @(t) thay cho 1n(t).o(t)

e gidi han phai cua f(t), tirc 13 khi t — + 0 dugc viét 1a £(0)

§3. DINH LY CO BAN
Néu f(t) 12 ham gdc c6 chi s6 ting 13 s, thi tich phan:

F(p) = f e P ()dt 3)

trong d6 p = s + jo 1a mot tham s6 phirc s& hoi tu trong mién Rep = s > s, (nira mat
phang phirc bén phai dudng thiang s = S)

TlCh phan (3) 1a mot ham cia bién sd phirc p. Ham bién phirc F(p) gii tich trong
mién Rep > s, va dan t6i 0 khi p — o sao cho Rep = s — +o.

Chtrng minh: Lay p bt ki thudc mién Rep > s,, ta s& chirng minh tich phan (3) héi tu.
Mudn vay ta chirng minh no6 thtra nhan mot tich phan trg1 hoi tu tuyét ddi. That vay vi
[f(t)|<Me™" nén ‘f(t)e’pt < Me™'e™ =Me™ . Do do:

Me(so—s)t +o
S, —S

ﬂ f(t).e™

dt <M [e'™dt =
0 0
Visg-s<0nén lime® ™ =0. Do d6:
t—>+w0
+00 ~ M
[[F(t).e7|dt <
0 S —S

o

4)

— 0 nén

Diéu d6 chung t6 (3) hoi tu. Khi p =s + jo — +o0 sao cho s —>+o thi
S, —S
F(p) — 0.
Ta con phai ching minh F(p) giai tich trong mién Rep > s,. Mudn viy ta chirng minh
dao ham cua F(p) ton tai tai moi diém ctia mién dy. X¢ét tich phan j— t.e Pf(t)dt thu
0

dugc bang cach 14y dao ham mot cach hinh thire [ ™f(t)dt dudi dau tich phan.
0
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Trong nira mit phang Rep > s, véi s; bat ki 16n hon s, thi tich phan do thtra nhan mot
tich phan tr1 hoi tu va khong phu thude tham so p:
M
— (5)
(Sl - so )

Viy theo dinh 1y Weierstrass, tich phan hoi tu déu ddi voi p trong mién d6 vy 1a dao
ham cua F(p). Tom lai:

~+00

F'(p) = [—te ™f(t)dt (6)

0

e Pdt

+00 +00
<M _[t.e(s"_s)tdt <M j telosdt =
0 0

§4. DINH NGHIA TOAN TU LAPLACE
Toan tir Laplace, con goi 1a phép bién d6i Laplace. Néu f(t) 1a mot ham gbc thi ham
F(p) duoc xac dinh bang tich phan (3) 13 mot ham giai tich trong nira mit phang
Rep>s,. Ta goi né 14 anh cua f(t) qua phép bién doi Laplace cta f(t) va ki hiéu:
F(p) =L{ f(t) } hay f(t) =F(p). Ta co:

L{f(t)} = j e P (t)dt (7)

Chu y: ® Cac dleu kién trong dinh nghia ham géc f(t) chi 13 diéu kién du dé anh ton
tai chr khong phai 1a dicu kién can. Chang han ham f(t) = ﬁ khong phai 1a ham goc

1 1 x
vi lim— = co. Tuy vay tich phan |—=e™dt van ton tai
lim = y véy tich phan | [ .
o Khong phai moi ham phuc F(p) déu «co nghich anh 1a mét ham goc Chang han F (p)
= p” khong thé 1a anh ctia mot ham gdc nao ca vi lim F(p) = 0. Piéu ndy mau thuan

p<o
voi két luan cta dinh 1 1.
e Néu F(p) giai tich tai oo thi F(p) — 0 khi p — oo mot cach bat ki chir khong phai chi
trong trudng hop p — o sao cho Rep — +oo.
Vi du 1: Tim anh qua phép bién d6i Laplace (goi tat 13 anh) ctia ham n(t):
10 khit<0
MO=11 khit>o0

0 . e} . 0
—pt 1 e—(s+Jc)t _ 1 e—ste—]ct

L{f()} = F(p) = [e™dt =~
0 p 0 p p 0 p p
Néu Rep = s > 0 thi khit — o, ¢™ — 0; khit — 0, ™ — 1. Vay:
1
F(p) =— (8)
p

Vi du 2: Tim anh ctia ham f(t) =" trong d6 a = o + jB = const

(a p)t|”

0

Tacod F(p) = Ieate Pt = Ie(a Pt =
a—-pj,

Khi t — 0 thi e(a P 5 1. Néu Rep>Rea (s>a) thi khi t — +oo, e®P' = e@lP_; 0,
Vay:
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F(p)=—— ©)

Vi du 3: Tim anh cua f(t) =t.

+00 . 1+oo . tefptOO +00 . efptOO
F(p)= [te™dt=—— [tde™ =— +— [tedt =——
0 P o p 0 P o p 0
Khit— 0 thie™ — 1. Khi t > 40, e™ — 0. Vay:
1
F(p)=—
p
Vi du 4: Tim anh cua f{(t) = t".
Jroon_t 1+oon . tn —ptOO 1+oon_l_t
F(p):jtepdt:——_[tdep:— +—It e "dt
0 P o P |, Po

Sau n lan tich phan phan doan ta cé:

n!
F(p) = n+l
p

§5. CAC TiNH CHAT CUA PHEP BIEN POI LAPLACE

1. Tinh chét tuyén tinh ciia toan tir: Gia st f(t) va g(t) 1a hai ham goc. A va B 1a hai
hang s6 thuc hay phtrc. Néu f(t) =F(p), g(t) = G(p) thi:
Af(t) + B g(t)= F(p) + G(p) (10)

That vay theo dinh nghia:

L{Af(t)+Bg(t)f = [e ™ [Af(t) + Bg(t)]dt

0

Do tinh chét tuyén tinh cua tich phén ta co:

[e ™[Af(t)+Bg(t)dt = A [e ™f(t)dt+ B [e g(t)dt

0 0 0
Nhung theo gia thiét :

[e™f(t)dt = F(p)

0

e g(dt = G(p)

Thay vao trén ta co6:

L{Af(t) + Bg(t)} = AF(p) + BG(p)
Vi du 1:Tim anh cua f(t) = sinat va cosat
Theo cong thirc Euler ta co6:

jat [ —jat ' )
sinat=———— = i.eJat —i.e_Jat
2] 2] 2]

Nhung theo (9):
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ejat.z, 1 ;e—jat PR 1
p—Jja p+ja
Str dung tinh chat tuyén tinh ta duoc:
sinat(—)i{ 1_ — 1, }: 2a 5 (11)
2]lp—ja p+ja| p +a
L{sinat}zi{ 1_ — 1. }: 2a 5
2j)lp—Jja p+ja| p +a
jat —jat ‘ _
Tuong tu cosat = eore . leJat +—e ™
2 2
cosat(—)l{ 1_ + 1_ }: 2p 5 (12)
2|p—ja p+ja| p +a
Vi du 2: Tim anh cua ch(at) va sh(at)
chat=2""% _ leat +le*at
2 2 2
at _ —at
shat = &° :le“—le*at
2 2 2
chat(—)l{ 1 + 1 }: 2p > (13)
2|lp—a p+a| p -—a
shat(—)l{ L1 }: 2a 5 (14)
2|p—a p+a| p —a

Vidu 3: Tim anh ctia sin(wt + ¢) va cos(wt + @)
Ta c6 sin(wt + @) = sinwtcose + singcoswt. Do tinh chat tuyén tinh:

p ® _ psin@+mcosP

2 2 + COS 2

+® P+’ p’+o

sin(ot + @) <> sin@

pCcosQ — msin@

Tuong tu: cos(wt+ @) <> s = —
p +o
Vi du 4: Tim anh cua sin’t

Ta co: sin’ t = 5(3 sint —sin 3t)

A 3 1({ 3 3 3( 1 1
Viay: sin"t <> —| —————; =—| 5
4\p°+1 p"+9) 4{p"+1 p +9

2. Tinh chit diang cip: Néu L{ f(t) } = F(p) thi L{ af(t) } = aF(p)

3. Tinh chat dong dang: Gia s A 13 mot hang s6 duong bat ki. Néu f(t) <> F(p) thi
1.(p
f(At) <> —F| = 15
(A1) x (xj (15)
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Chtrng minh: Theo dinh nghia ta cé:
f(At) & [e™f(At)dt
0

Trong tich phan vé phai, d6i bién At =t,, dt = %dt1 ta dugc:

+00

+00 o 1
PEt)dt = — [e A f(t,)dt =—F
E[e (M) }\'_([e (1) 1 2 (p)

4. Tinh chit chuyén dich anh: Cho a 13 mot s6 phirc bat ki. Néu L{ f(t) } = F(p) thi
e"f(t) & F(p - a) (16)
Chung minh: Theo dinh nghia ta c6:
e“f(t) > [e"e ™ f(t)dt = [e *V'f(t)dt = F(p—a)
0 0

Vi du 1: Tim anh cta e“sinot va e*cosmt
\ t p
——— VA cosot > ————
p>+w p’+o
®

Ta cod sin ot <«

Nén: e” sinot <> —
(p—a) +o
p—a
(p-a)’ +o’
Vi du 2: Gia st f(t) <> F(p). Tim anh cua f(t)sinmt
ejmt _ejcot

Ta co: f(t)sinmt = f(t)T
J

e” cosot &>

Do cong thirc dich chuyén anh:
f(t)e <> F(p - jo)
f(t)e’ <> F(p + jo)

Theo tinh chat tuyén tinh ta co:

f(t)sinwt <> 2i [ F(p-jo)+ F(p +jo) ]
J

5. Tinh chat tré:

a. Truwong hop tla mét hing sé duwong: Néu f(t) <> F(p) thi:

n(t- Dt - 1) <> ¢*F(p) (17)
Trudc hét ta thiy rang néu n(t)f(t) co do thi 1a dudng cong C thi dd thi ctia n(t-1)f(t-1)
c6 duoc bang cach dich chuyén duong cong C sang mot doan t theo truc hoanh. Néu t
va 1 1a cac dai luong chi thoi gian thi qua trinh biéu dién boi ham n(t-1)f(t - 1) xay ra
gidng qua trinh biéu dién boi ham n(t)f(t) nhung cham hon mot khoang thoi gian t
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A A
0 ~t ot T

Chung minh: Theo dinh nghia ta c6:
n(t—Df(t—1) & [e " n(t—Df(t—1)dt
0

) 0 khit<
vie na-n={] {ST

nén: N(t—-of(t—1) <> [e™f(t—1)dt
0
Trong tich phan bén vé phai, d6i bién t; =t - 1 ta dugc:

[e™f(t—tydt= [P f(t,)dt, = [e™f(t,)dt, = " F(p)
0 0 0

Vi du: ta biét ham f(t) = ¢* c¢6 anh 1a F(p) = 1 Tim anh ctia ham fit-1)=¢e*" "

Theo (17) ta co:
-p
fit—1) =" > 5
p—2
b. Biéu dién mét ham xung qua ham n(¢):Ta goi mot ham xung 1a ham co
dang:

0 khit>b
Ta c6 thé viét:

f(t) = n(t - a)e(t) - n(t - b)o(t) (18)
Vidu 1: Tim anh cia ham n(t -1)

0 khit<a
f(t)=1 o(t) khia<t<b

Vint) & 1 nén theo tinh chat tré thi:
p

nt—-t)ee™ 1 (19)
p
Vidu 2: Tim 4nh ctia ham xung don vi
0 khit<a
f(ty=<1 khia<t<b
0 khit>Db

Theo (18) thi: f(t) =n(t-a)-n(t-b)
Theo (19) thi:
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f(t)>e™ 1wl 1
P P
Vi du 3: Tim anh cia ham:
{ 0 khit<O
f(t)=< sint khiO<t<m
0 khit>mn
Theo (18) ta c6 thé viét:
f(t) = n(t)sint - n(t - 7w)sint
Vi  sint=sin(n - t) = -sin(t - ©) nén:
f(t) = n(t)sint + N(t - w)sin(r - t)
Theo tinh chat tré ta co:

N(t—n)sin(t—n) <> e —

p-+1
Két qua
| 1
f()¢<> 5—+e " ——=—
p-+1 p +1 p +1
Vi du 4: Tim anh ctia ham bac thang sau:
0 khit<O
2 khiO<t<l1
f(t)=<4 khil<t<?2
1 khi2<t<3
0 khit>3
bat
0 khit<O
h(t)=+<1 khiO<t<l1
0 khit>1
0 khit<l
h,(t)=4 1 khil<t<?2
0 khit>2
0 khit<2
hy(t)=41 khi2<t<3
0 khit>3
Nhu vay:
f(t) = 2hy(t) + 4hy(t) + hs(t)
Vi theo (20):

1

1
h, () —(1—e™); hy(t) <> —(e7 -
(t) o (1-e7); hy(1) o (e

nén: f(t) < l(2 —2e P +4e” —4e P e
Y

Vi du 5: Tim anh ctia ham f(t) nhu hinh vé&

e

(20)

(1 +e*p“)

]

e_z"); h,(t) & l(e_2p —e_3p)
p

—e™ P ) = l(2 +2e P —3e P - e_3p)

p
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Ham f(t) dugc coi 1a tong ctia hai ham xung h,(t) va
hz(t):

0  khit<0
h()=1 1 khio<t<h
hoo —
0 khit>h 1
o khit<h
hz(t)—{l khi t> h
Theo (18) ta co:

h, (t) = n(t)ﬁ —n(t—h)%
h, (t) = n(t—h)

() = (0. ~(t=h). - n(e=h) = ()~ (e~ h),(ﬂj

h
_ %[n(t).t —n(t=h).(t—h)]

Theo tinh chét tré ta co:

f(t)=1{%—e“‘" %}%(l—e‘h")
hip p hp

Vay:

§6. ANH CUA MOT HAM TUAN HOAN

Néu f(t) 1a mot ham gdc, tudn hoan véi chu ki T, nghia 1a f(t) = f(t + T) Vt > 0

thi &nh ctia n6 dugc tinh theo cong thire:
@ (p)
Fp) =15

T
Trong d6: ®(p) = [¢ ™f(t)dt1a 4nh cua ham:
0

1)

0 khit<2
o(t)=< f(t) khiO<t<T
0 khit>T
Chung minh: Theo dinh nghia ta c6:
+00 T +00
F(p) = [e™f(t)dt = [e ™f()dt+ [e ™f(t)dt
0 0 T
Trong tich phan thtr & vé phai, d6i bién t =u + T ta cé:
Je™f(Hdt= [e P f(u+T)du=e"" [e™f(u+T)du
T 0 0
Do tinh chit tudn hoan f(u + T) = f(u), nén:
[e ™ f(t)dt=e" [e™f(u)du=e"".F(p)
T 0
Thay vao trén ta dugc:
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F(p) = ®(p) + ¢”'F(p)

Tur do rut ra:
@(p)
Fp) =15
Vi du 1: C6 mét hé théng xung nhu hinh v&. Tim anh ctia ham do:
A
| | | -
u | L _
O TT t
Ta cé:
400 T —pt T
O(p) = [e (1)t = [emdt=S—| =L(1—e™)
0 0 —p 0 p
l11-e™
Vay: F(p)=—
y: F(p) N

Vi du 2: Cho mét hé théng cac xung hinh sin nhu hinh v&. Tim 4nh

Ol T T T t

Ta thiy rang ham f(t) = | sint | tudn hoan vé&i chu ki T = 7. Trong vi du 3 ¢ §5 ta da
biét:

1 o
@(p)=p2+1(1—e )

o
Vay: F(p) = 21 1+e_ = 21 coth 2
p +1\1-e™) p +1 2

§7. PAO HAM GOC
1. Pao ham cép 1: Gia st f(t) 1a ham gdc, c6 dao ham £(t) ciing 1a ham gbc. Néu
f(t)<>F(p) thi:
£(t) <> pF(p) - f(0) (22)
Chtng minh: Theo dinh nghia:
f'(t) «> [e™f'(t)dt
0

Trong tich phan bén vé phai, ding phuong phap tich phan timg phéan, dit u = e™ ta c6
du =-p.e™, dv =f(t)dt nén v=f(t). Thay vao ta co:
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+00

[e™f'(Hdt =f(t)e™ )
0

+0o0

+p [e™f(D)dt = f(t)e ™ )
0

+pF(p)

Do | f(t) | < Me*™'nén néu Rep =s > s, thi | f(t)e™ | < Me“ ™' — 0 khi t— +o0.Vay:
f(t)e ™ =—£(0)

Thay vao trén ta co:
[e™f'(t)dt = pF(p) - £(0)
0

2. Pao ham cap cao: Néu f(t) c6 dao ham tGi cap n va cac dao ham nay déu 1a ham
goc thi bang cach ap dung lién tiép (22) ta co:

f*)(t) = p"F(p) - p™'f(0) - p"*£(0) - --- - {*(0) (23)
3. Hé qua: Néu f(t) 1a ham gbc va pF(p) giai tich tai oo thi:

lim pF(p) = £(0) (24)

p—>®

§8. TICH PHAN GOC
Néu f(t) <> F(p) thi [f(t)dt 1a mot ham gdc va

jf(t)dt © Lp) (25)
0 p

Chung minh: dat o(t) = If (t)dt. RO rang @(0) = 0.. Ham ¢(t) c6 dao ham 1a ham f(t)
0
lién tuc timg khuac. Boi vi:

t t M
< f < Msotd - Sot
[o(0] < [| (vt < [ Me*di = Ze

0 0 [

t Sot
OSMle"

nén ¢(t) 1a mot ham gdc cliing chi so ting voi f(t). Goi ®(p) 14 anh ciia nd. Ta phai tim
O(p). Vi @’(t) = f(t) nén theo cong thirc dao ham gdc ta co:

f(t) < p®(p) - ¢(0)
Vay F(p) = p®(p) hay

(p)= P
p

§9. DPAO HAM ANH
Néu f(t) <> F(p) thi:
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F’(p) < -tf(t) (26)
Chung minh: Theo (6) ta co:

F'(p) = [—tf(t)e ™dt
0
Mait khéc, theo dinh nghia thi:
—tf(t) <> [—tf(t)e ™dt
0

Vay: F'(p) > -tf(t) |
Str dung cong thirc nay lién ti€p ta co:

£(t) <> (-1)'FV(p) 27)
Mot cach tong quat ta co:
!
" o (28)
p

§10. TIiCH PHAN ANH

Néu tich phan jF(p)dp hoi tu thi no6 1a dnh ctia ham Q , nghia la:
f(t
”«ﬁﬂmw (29)
Chirng minh: Ta co:
[F(p)dp = [dp[f(t)e™dt (30)
p p 0

Lay s, 1a mét sd 16n hon s,. Gia sir duong lay tich phan (p, ) nim hoan toan trong
ntra mat phang Rep > 0. Khi do ta co:

[f(t)e™dt
0

<M j e C1780)t gt
0

Dé dang thay ring tich phan vé phai hdi tu nén tich phan .[f (t)e™dt hoi ty déu dbi
0
v6i p. Vay trong (3) ta c¢6 thé doi thir tu 14y tich phan:
[F(p)dp = [f(t)dt[e™dp = | @e_mdt
P 0 P 0

Hay: @ © TF(p)dp

bt at
4 \ > 9 \ —€C
Vidu 1: Tim anh cua ham

t

. 1
Vie" -e" & —— -

p—-b p-a

nén theo (29) ta co:
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sint

t
Vidu 2: Tim anh cia ham J.T
0

Ta di biét sint <>

nén theo (29) ta co:

p’+1
sint <~ ]9 dp__ T arctgp= arcot
£ ipi4l 2 =P
Dung cong thirc tich phan gdc ta co:
esint 1
—— <> —arcotgp
o ¢ p

§11. ANH CUA TiCH CHAP

1. Pinh nghia tich chip cia hai ham s6: Cho hai ham s6 f(t) va g(t). Tich phan

t
jf (1)g(t—1)dr 12 mot ham s cua t va dugce goi 1a tich chip cua hai ham s f(t) va
0

g(t). N6 dugc ki hiculaf* g
t
fxg=[f(t)g(t—1)dr (31)
0

2. Tinh chét:
a. Tinh chdt I: Tich chap c¢ tinh chat giao hoan f* g=g *
That vay dung phép d6i bién t; =t - 1, dt; = -dr, ta c6:

fxg= jf(r)g(t —1)dt = —j)‘f(t —1,)g(t)dr, = jg(tl)f(t —1,)dt, =g*f
b. Tinhochd’t 2: Néu f(t) vat g(t) 1a nhitng ham ;60 thi f * g ciing 1a ham gbc
Vidu 1: Tinh tich chap e' *t = je"’(t —1)dt
Tinh tich phan bén vé phai b::ingophu’ong phap tich phan tirng phan ta co6:
e *t= jer(t—r)dr =te' =) —(te' —e' +1)=¢e' —t—1
0

% ,at ; a(t—1) at t —at t eat 1
t*e =Ire dt=e ITG dt=——+—-—
0

0 a a  a

Vi du 2:
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t

sint*t :I(t—r)sinrdr =—sint+t
0
t

cost*t =I(t—r)cosrdr =—cost+1
0

3. Anh ciia tich chip: Néu f(t) <> F(p) va g(t) <> G(p) thi anh cua tich chap bang tich
cac anh:

f* g < F(p).G(p) (32)
Chung minh: Theo dinh nghia thi:

f*xg= Jt.f(r)g(t —1)dt > Te_ptdtj f(r)g(t—r)dt

Xét tich phan bén vé phai. Vi tmg véi t ¢d dinh thi
tich phan theo t lay tir 0 dén t, sau d6 cho t bién
thién tir 0 dén +oo nén vé phai tich phan lap lay trong

mién quat G: 0 < arg(t + jt) < % Vikhi Rep>s+1

thi do tinh chat cta tich chap, tich phan lip nay hoi
tu tuyét doi nén ta co6 thé doi thir tu tich phan:

[e™dt[f(v)g(t—1)dr= [f(t)dr[e™g(t—T)dr
0 0 0 t

DPoi bién t; =t - 1 thi:
[ePg(t—t)dr=e"[e™g(t,)dt,
T 0

Viy: Ie*ptdtj f(t)g(t—t)dt= Ie*prf(r)drj e ™Mg(t,)dt, = F(p).G(p)
0 0 0 0
nghiala:  f* g=F(p).G(p)

Vidu: t*sint=t - s1nt<—>L !
p p +1

4. Cip cong thirc Duhamel: Néu f(t) <> F(p) va g(t) <> G(p) thi:
p-F(p).G(p) & £(0).g(t) +f * g (33)
P.E(p).G(p) <> g(0).f(t) + * g (34)
Chung minh: Ta chi can ching mmh cong thire (33) va do tinh chat dbi ximg ta suy ra
cong thurc (34). Ta co:

pF(p).G(p) = 1(0).G(p) + [ pF(p) - f(0) ].G(p)
Theo cong thirc dao ham goc:

pF(p) - f(0) & £(1)
Theo cong thirc nhéan anh:

[ pF(p) - (0) 1.G(p) <> (1)
Vay: p.F(p).G(p) < f(0).g(t) + * g
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§12. ANH CUA TIiCH HAI GOC
Gia sir f{(t) va g(t) 1a hai ham gdc ¢6 chi s6 ting s; va s,. Khi do tich f(t).g(t) ciing la
mot ham goc tinh theo cong thirc:

a+joo

f(t).g(t) < % JE(©).G(p-0)dS (35)
T

a—jo

§13. QUAN HE GIFA GOC VA ANH

Pinh 1y:Néu f(t) 1a mot ham gdc véi chi s ting s, va F(p) 1a anh cta né thi tai moi
diém lién tuc cua ham f{(t) ta co:

a+joo

f0 == [ Fp)dp (36)
a—joo
trong d6 a 1a mot sd thuc bat ki 16n hon s,. Tich phan bén vé phai duoc hiéu theo
nghia gia tri chinh.
Cong thuc (36) duoc goi 1a cong thuc nguoc ciia Mellin. Ta thira nhan ma khong
chirng minh dinh 1i nay.

§14. PIEU KIEN PU PE F(p) LA MOT HAM ANH
Pinh li: Gia st F(p) 1a mot ham bién phuc thoa man cac diéu kién sau:
» E(p) giai tich trong nira mat phang Rep > s,
» F(p) — 0 khi | p | = +oo trong nira mit phang Rep > a > s, déu ddi véi argp
a+joo
> tich phan [ e"F(p)dp hoi tu tuyét ddi

a—joo

Khi d6 F(p) 1 anh ctia ham gdc cho bdi cong thirc:
a+joo
f(t) =% [e"F(p)dp a>s, t>0 (37)
a—joo

§15. TIM HAM GOC CUA MOT PHAN THUPC THU'C SU

, Mot phan thuce hitu ti dugce goi 1a thyc su néu bac cua mau s6 16n hon bac cua
tr sO cua no.
Cho mot phan thire thuc sy F(p) :%, trong d6 tir s6 va mau sd 1a cac da
p
thirc khong c¢6 nghiém chung. Néu goi a, (k = 1, 2,.., n) 1a cac diém cuc cta F(p) thi
F(p) 1a 4nh cua ham n(t).f(t) trong do:

£(t) = gReS[F(p)ept ] (40)

@ Néu a, 1a cuc diém cap my thi theo cong thirc tinh thing du:
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Res] F(p)e”, a, | = ﬁ lim{(p—a,)" F(per] ™"
nén cong thirc (40) trd thanh:
1 o  Jmi-1)
f(H=> L lim|(p —a,)™ F(p)e” ™ (42)
k= 1 -
* Dic biét, néu cac cuc diém déu don, tirc my = 1, thi cach tinh thang du don gian
hon:
Res[ F(p)e™, a, ] = —A,(ak) e’k
B'(a,)
va ta co:
& Aday)
f(t)=) —XKLe 43
(t) é B(a,) (43)

< Djc biét hon nita, néu s6 0 cling 1a mot cuc diém don thi khi d6 mau sb B(p) co
thira s6 chung 13 p: B(p) = p.Bi(p) v6i B1(0) = 0, By(ay) = 0 khi k = 2, 3....n. Trong
cong thue (43) chon a; = 0 ta duoc:
f(t) — 1Ax,(0) + z IA‘,(ak) eakt
B(0) 3B(a,)
Vi B’(p) = Bi(p) + pB;(p) nén B’(0) = B,(0), B’(ay) = a,B](a, ) nén:

f(t) A(O) z A(ak) akt AN A(p) (44)
B'(0) =B (ak) pB,(p)
* Néu A(p) va B(p) 1a cac da thirc c6 cac hé s6 déu 1a s thuc va néu cac cuc diém
déu don gdm:
* nhiing s6 thuc by, by,..., b,
* nhiing sb phtc lién hop ay, a, ..., a5, a,,a,,...,a

S
khi @6 r + 2s = n la s cyc diém; a, = oy + jPw, 3, =o, —jB, va dat

_A(ak) =M, +jN, thi (43) con co thé viét dudi dang sau:

B'(a,)
f(t)= Z ((];)) bkt+226°‘kt[M cosP,t—N, sinp,t] (46)
1
Vi du 1: Tim gdc cta ham F(p) =
idu im gbc cua ham F(p) o(p+a)pib)

Trong vi du ndy A(p) = 1; B(p) = p.Bi; By = (p + a)(p + b). Cac cuc diém cua F(p) la:
, a=0;a,=-a;a3=-b
Ap dung céng thtrc (44) ta duogc:

—at —bt

fy=tq S 4 ©
ab a(a—b) b(b—a)

3p° +3p+2
(p—2)(p° +4p+8)

Vi du 2: Tim gdc cta ham: F(p) =
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Trong vi du nay A(p) =3p® + 3p + 2, B(p) = (p - 2)(p° + 4p + 8), B’(p) = 3p” + 4p.
Céc cuc diém cua F(p) 1a:
bj=2,a=-2+2ja,=-2-2jnéna,=-2,B,=2

Theo (46) ta dugc:
f(t)= Alby) e +2e™ {Remcos B,t—Im Afa)) sin Blt}
B'(b, ) B'(a,) B'(a))
Nhung:
AQ2) 20
B'(2) 20

A=2+2))  -18j-4 1 j

B'(-2+2j) -2(4+8)) 4

f(t)y=e* +2e™ (cos 2t — %sin 2t)

_p+2
(p—-1’p’ 7
Taco A(p)=p+2,B(p) = p(p - 1)*. Vay F(p) c6 hai cuc diém la:
=1 (cap2)vaa,=0/(cap3)
beé tinh f(t) ta dung cong thirc (42):

Vi du 3: Tim goc cua ham F(p) =

" !

lhmp3 P+2 | Lyl P2 e 1 —19—53em+ p+23tept _
200" pi(p-1)° 2 00| (p—1)* 200 (p-1) (p—1)

! iy 2P16 pt+_p_53te"t+—p+22 tzept+—_p_53tept}:
20| (p-1)° (p—-1) (p—1) (p—1)

%(16+5t+2t2 +5t)=t +5t+8

va:

p—1 (p—l) p p—1 p pol p p

Thay vao (42) ta duoc:

f(h=2 0{ p+22ept} +lim[p—+326p‘}:t2+5t+8+(3t—8)et
p—> p

(-1

p
Vi du 4: Tim goc cua ham F(p) = 36—
(p”+Dp

Trudce hét ta tim géc g(t) cua hamG(p) = ﬁ Dbi voi ham nay A(p) = 1,
p +Lp
B(p) =p(p’ + 1). Vay G(p) ¢6 cac cuc diém thyc 1a:
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b;=0,b,=-1
va cdp cuc diém phirc lién hop:

1+33 . 1-jJ3
a, = vaa, = :
2 2
Taco: B (p)=4p’ + 1
nén: B’(0)=1
B’(-1)=-3

. . 3 3
B'[#j = 4(MJ +1= 4(cosg+isin gj +1=4(cos3n+ jsin3m)+1=-3

2

N, =Im =0

B'(a,)
Thay vao (46) ta duoc:

g(t) = * 4+ e +26{Mlcos£t—N1 sinﬁt}
B’ (0) B'(=1) 2 2

Dé tinh f(t) ta dung tinh chat tré theo (17):
n(t- Dg(t- 1) <> ¢*G(p) = F(p)
tuc la:

f(t)=m(t—Dg(t—1)=n(t- 1){1 —%e‘”l —get; cos{g (t- 1)}}

p+1
p’+2p
Phuong trinh p’> + 2p c6 hai nghiém don 13 a; = 0 va a, = -2. Ap dung cong thiic thing
du tai cuc diém don ta co:

Vi du 5: Tim gdc cta ham F(p) =

Res[(p)e”, 0] = lim P er = L
0 2p +2 2
p+1 t_1 _pt

Res[(p)e™, -2]1 = lim =
p)es, 2= 2 72

Vay F(p) < %(1 +e)

§16. TIM HAM GOC CUA MOT PHAN THU'C HIrU Ti

Trong thuc té, dé tim gdc ctia mot phan thirc hitu ti ta phan tich chiing thanh
cac phan thure to1 gian loai 1:
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Loh

ay -
p-a (p-a)
va cac phan thirc to1 gian loai 2:
Mp+ N Mp+ W
2 p hay 2 p n
p~ +2bp+c (p~ +2bp+c)
duong. ’ ‘
D61 vai phan thure t61 gian loai 1 ta cha y rang:
1 1t
-, —«o
p p" n!
Do d6 dung cong thirc dich chuyén anh ta co:

-1
e I e v

~ p-a (p-a) (n—1)!
Dai voi phan thire t61 gian loai 2 ta [am nhu sau:
» Ta dua tam thirc & mau so vé dang chinh tac:
Mp+N  M(p+b)+N-Mb M(p+b)+N-Mb
pP+2bp+c [p+b)’+c—b)]  [p+b)+o?]
véia’=c-b’

voi a thue, n nguyén duong

voi M, N, b, ¢ thuc; b* - ¢ < 0; n nguyén

M - M . ° .
I P - va cua I:I—an ro1 dung cong thuc chuyén dich
(b’ +a’) (p* +a?)

P

(p* +a?)

» Tim goc cua

anh. Khi tim gdc cia hay cua ta thuong td1 cong thirc dao ham
(b +o?)
anh.

p+1
p+p+1

Pua mau s6 vé dang chinh tac ta co:

RERCHE
p +p+l= p+§ +—

Vi du 1:Tim gbc ctia ham F(p) =

4
. 1
R p+1 p+1 2 2
Vay: F(p)= = = +
e A
P 2 4 P 2 4 P 2 4
Ta co: p3<—>cos—t
2
+7
P Ty
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Ap dung cong thirc dich chuyén anh ta co:

t t
Vay: f(t) < e? cosﬁt +e? isinﬁt
2 V32
3p—4
(p*—2p+2)°
Pua miu s6 vé dang chinh tic ta c6:

oy P=4 3Dl 3p-h 1
0’ -20+20 [p-12+1] [p-12+1f [p-1>+1]

bit G(p) = 23p = ! > thi G(p - 1) = F(p). Vay néu tim dugc gdc cua G(p) ta
(" +D° (" +D q ,
s€ dung cong thirc dich chuyén anh dé tim goc cua F(p).

vi L)Ll
(p2+1)2 2 p2+1 2p2+1

!

P _1( !
(p> +1)° 2

Vi du 2: Tim gdc cua ham F(p) =

1 1
nén: G(p)=—— — 47
®) (p +1j (p +1j 2p +1 *7)
Vi: <> sint; p <> cost
p +1 p +1

nén ap dung tinh cht dao ham anh ta co:
!/

( 21 j(—)—tsint;( 2p J(—)—tcost
p°+1 p°+1

Tu (47) ta suy ra:

g(t) :étsint+§tcost—lsint
2 2 2
f(t)=e'g(t)= et(gtsint+étcost—lsintj
2 2 2

3p° +2p+2
(p—2)(p° +4p+8)

Vi du 3: Tim gbc ctia ham F(p) =
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Phan tich F(p) thanh phan thirc ti gian ta duogc:

F(p) = 3p° +2p+2 1 N 2p+3 1 2(p+2) 1
P (p— 2)(p +4p+8) p—2 p +4p+8 p— 2 (p+2) +4
1 4“9 p+22 B 12
p—2 (p+2)"+4 (p+2) +4
Vi ——oe’
p—2
22p <> 2cos2t
p +4
1 1 .
3 <> —sint
p +4 2
Nén chuyén dich anh ta duoc:
# © 2e ' cos2t; ;2 e 2t
(p+2) +4 (p+2) +4 2
Cubi cung:

_ 5 SIn 2t
f(t)=e’ +2e " cos2t—e ™

§17. TIM HAM GOC DU'OI DANG CHUOI
Pinh li: Néu ham F(p) giai tich tai p = oo, nghia 14 tai 1an cén p = oo, khai trién Laurent
cua nod co6 dang:

F(p)="+ 2+ 2= (48)
p p P n=I P
thi F(p) 1a a&nh cua ham n(t)f(t) trong do:
C C > "
f(t)=C,+—=t+—= =>C, 49
()= p oyt Z A (49)
Vi du 1: Tim gdc cia ham F(p) = —€ 7;
Khai trién
1 o (_1\k
ep—l_l 1 13+..-: ( 1) Lk
p 2p’ 3!p o k! p
A (D" 1
Vay: F(p)=
y (p) lé) k' pn+k+1
n+k
Vi: ! !

n+k+1 g
p (n+k)!

1
nén: f(t)= l;)(k') Y

tn+k
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9

p

p10 __1

Vi du 2: Tim gbc ctia ham F(p) =

Khai trién F(p) tai 1an can p = oo ta duoc:
9 9
1

F(p)=—p—=—F—— =

0 -
p -1 1 1
p”(l‘p@ p(l‘pwj

Theo dinh li trén ta co:
10 20 thn

t
f)=1+—+—+-+—<+
® 100 20! (10n)

1

Vi du 3: Tim gbc ctia ham F(p) =

Ap dung khai trién nhi thuc ta c6:

1 1. 11 1Y 3
F(p) = S I P [ [
(®) p>+1 p{ 2 pz{ 2)( 2) !

11, 13 135
p 2p° 222p° 223p

1 n
DO n+l t_
p n!
Nén ta co:
t? t* L
f(t)=1 --:Z(—l)n

§18. DUNG CONG THU’C NHAN ANH VA CONG THU’C DUHAMEL

Ta nhac lai cong thirc nhan anh:
F(p).G(p) = g
PF(P)G(p) = F*g + f(0)g(t)

’ 1 A 5 \ 2
Vidu: Tim goc cua ham F(p) = (p2 N lxi))z n 4)

Ta co thé viét:

2p __2 _p
211)p*+4) pP+1p’+4
S—— <> 2sint; 2p
p~+1 p +4
nén theo cong thirc nhan anh ta co:

f(t)=2sint*cos2t = j 2sin(t —t)cos2tdt
0

F(p) = (p

Vi <> 2cos2t

Nhung 2sin(t - 1).cos2t = sin(t + 1)sin(t - 31) nén:

— + + .
221 242 =0 2 ()
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f(t) = [ 2sin(t + 1)dt +| sin(t - 31)dt
0 0

cos(t—31) t

=—cos(t+ r)‘; + 3
0

= cost —cos2t + %cosZt — % cost

2 2
= —cost ——cos2t
3 3

§19. 'NG DUNG CUA PHEP BIEN DOI LAPLACE DE GIAI PHUONG
TRINH VI PHAN TUYEN TiNH HE SO HANG

1. Phuwong phap chung: Gia st ta cAn tim nghiém cta phuong trinh vi phan tuyén
tinh hé s6 hang:

d"x d"'x
a,——+a,——+--+a x=1(t 1
[ dtn ‘l dtn—] ‘ n () ( )
thoa man cac diéu kién ban dau:
x(0) = Xo, X’(0) = X1 .., X™(0) = x4 )

v6i gia thiét a, = 0, ham f(t), nghiém x(t) cing cic dao ham t&i cdp n cua nd déu 1a
cac ham gbc.
Pé tim nghiém cta bai toan trén ta lam nhu sau:

¥ Trudc hét ta 1ap phuong trinh anh cua (1) bang cach goi X(p) 13 anh cia x(t),
F(p) 12 anh cua f(t). Theo cong thirc dao ham gdc ta cé:

x*(t) = pX(p) - Xo

X(t) = p’X(p) - PXo - Xi

x™(0) = p"X(p) - P Xo - - X
Lay anh hai vé cua (1) ta c6 phuong trinh ddi v6i anh X(p):
(ap" +aip™’ + -+ an)X(p) = F(p) + Xo(aop™ +aip™” + - + ap)
+ X1(aop™ +ap™? + e agg) o+ X8

hay:
A(p)-X(p) = F(p) + B(p) , 3)
Trong d6 A(p) va B(p) 1a cac da thic da biét. Giai (3) ta co:
F(p) + B(p)
X(p)=—"—"—"— 4
() AD) (4)

v Sau d6 tim gdc ctia X(p) ta duwoc nghiém cua phuong trinh
Vi du 1: Tim nghiém ctia phuong trinh X - 2x’ + 2x = 2e'cost
thoa man diéu kién dau x(0) = x’(0) =0
Dit x(t) <> X(p) thi x’(t) <> pX(p) va x”(t) <> pX(p).
2p=D _ 2(p-1
(p-1)°+1 p*—-2p+2

Mit khac 2e' cost <> . Thay vao phuong trinh ta co:
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p’X -2pX +2X _M

p —-2p+2
hay
(p2—2p+2)X— 2(p-1)
p —-2p+2
Giai ra ta duoc:
_ 2(p-)
(P’ -2p+2)

Dung phép bién doi nguoc ta co:

x(t) = te'sint
Vi du 2: Tim nghiém cua phuong trinh x” - x = 4sint + 5cos3t thoa mén cac diéu kién
ban dau x(0) = -1, x’(0) = -2

Pit x(t) <> X(p) thi x’(t) <> p°X + p + 2. Mit khac 5cos2t <> 25p4 va
p +
4sint <> " . Thay vao phuong trinh trén ta duogc:
p>+
pP’X+p+2-X= 24 + 25p
p°+1 p +4
nén:
4 N Sp p+2
TR D) PP -D p-l
2 2 p p p+2
= T o T2 T2 o2
p -1 p+1 p° -1 p"+4 p -1
___ 2
p’+1 p’+4

Dung phép bién d6i nguoc ta duoc:

x(t) = -2sint - cos2t
Vi du 3: Tim nghiém cta phuong trinh x” + 4x” + 4x = t’¢™ thoa man cac diéu kién
ban dau x(0) = 1, x’(0) = 2.

it x(t) < X(p) thi x’(t) <> pX - I, x’(t) & pX - p - 2. Mit khac

|

Pet e o= 6 —. Thay vao phuong trinh trén ta duoc:
(p+2)" (p+2)
6
X—p-2+4pX —4+4X =
paTPTeT (p+2)’

Nhu vay:

6  p+6 6 4 1

- 6 T 2 = 6 T 2T
(p+2)" (p+2)° (p+2)° (p+2)° p+2
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1 t°
Viy x(t)=x(t)=e ' +4te™> +—te ' =e | 1 +4t+ —
ay  x(t) = x(t) 20 20

Vi du 4: Tim nghiém cta phuong trinh x™® + 2x” + x = sint thoa man cac diéu kién
ban dau x(0) = x’(0) = x”(0) = x*(0) = 0.

bit x(t) < X(p) thi: x7(t) © p°X, x(t) © p*X. Mat khac sint <>

) .

p”+1
Thay vao phuong trinh trén ta duogc:
(' +2p° +HX = 21
p°+1
1 1 1

X = = = - ;
(" +D' +2p°+D) (" +D)" (- (p+))’ w
Ham X(p)e™ c6 hai diém cuc cap 3 14 j va -j. Ta tinh thing du tai cac cuc diém do:

" pt pt 2 .pt
Res[X(p)e™, j]1 = llim{ © } 11- { 12¢ 6te t2e }

— | =—=lim et ——
200 (p+))° ] 20l (p+]))] (p+))' (p+))]

:%[—3t+j(t2 ~3)]

"

& pt pt 2 .pt
Res[X(p)e", -j]=lhm{ - .3} :llim{ 126. 5T 6te. o+ te. 3}
2 p>-j (p—J) 2 po-j (p—]) (p—J) (p—J)
—jt
= —3t—j(t* =3
16 [ i( )]

Theo cong thire tim gdc ctia phéan thie hitu ti ta co:
X(t) = Res[X(p)e”, j] + Res[X(p)e, -j]

el_;t [3t— i -3)]

:%[—3t+j(t2 _3)|+

jt

:%[—3t+j(t2 _3)]+T_6[_3t+j(t2 —3)]

2

it
=2Re e—[—3‘[+j(‘[2—3)] :—Etcost+ sin t
16 8
Vi du 5: Tim nghiém cua phuong trinh x” + x = ¢' thoa mén cac diéu kién ban dau
x(1)=x’(1)=1.

Céc di€u kién ban dau ¢ day khong phai cho tai t = 0 ma tai t = 1. Vi vay ta
phai bién doi dé quy vé truong hop trén. Tadatt =1t + 1, x(t) = x(t + 1) = y(1), Vay
x’(t) =y’(7), X”(t) = y”(7). Bai toan dugc dua vé tim nghiém cia phuong trinh:

y(@®+ym=e"
thod man y(0)=1vay’(0)=0
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Goi Y(p) 14 anh cua y(t). Vay y”(t) <> p°Y(p) - p. Mit khiac ™' =ee” <> —
p J—
Vay phuong trinh énh la:

P’Y-p+Y= ©
p—1
Giai phuong trinh nay ta duoc:
e p e e(pt) L P

Y = 2 = = 2 2
(p—-D(E +1) p°+1 2(p-1) 2(p°+1) p +1

e e} p e
= + 1-= 2 - 2
2(p-1) 2)p +1 2(p +1)
Tur do ta duoc:
e € e .
T)=—e" +|1——|cosT——sIn<t
y(7) 5 ( 2) 5

Tréd veé bién t ta co:
t

x(y) = % + (1 —gj cos(t —1) —%sin(t )

Vi du 6: Tim nghi¢m cua phuong trinh:

. 1 O0<t<?2
X +X=
0 t>2

thoa man diéu kién ban dau x(0) = 0.
Dit x(t) <> X(p) nén x’(t) <> pX(p). V& phai ciia phuong trinh c6 thé viét dugc
la f(t) =n(t) - n(t- 2). Vay:

£t o (1)
p
va phuong trinh anh c6 dang:
PX+X=L(1-e™)
p

Giai ra ta duoc:

1—e™P 1 e 2P
Cp(p+1) pp+1) pp+1)
1 11 B
LN SIS TS

p(p+) p p+l
nén theo tinh chat tré ta co:

I
e ont-2)-e?]
p(p+D

Vay: x(t)=1-e"' —n(t- 2)[1 —e (Y ] = {

l-¢e" 0<t<?2
e_t(ez—l) t>2
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Vi du 7: Tim nghiém cta phuong trinh:
. {sint O<t<m
X"+o'x =
0 t>m
thoa man cac diéu kién ban dau x(0) = x’(0) = 0.
Dt x(t) <> X(p), nén x(t) <> p°X(p) ,
Trudc day ta da tim dugc anh cua ham trong vé phai la:

(1 + e_p”)

p’+1
Vay phuong trinh anh tuong tng la:

P’ X+0'X= (1+e_p”)

p2 +1
I+e™
(p* +D(p’ + )
Ta xét hai truong hop:
* néu o’ # 1 thi:
1 sin ot —®sint
2 2 2 < 2
P +)(p +0)  ol-o)
Theo tinh chat tré
e ™ sino(t—7)—osin(t— 7
: _onit-n) (t—m) 2( )
(p” +D(p” +©7) o(l-o7)

hay: X=

Vay:
x(t) =

sin ot —msin t sin ®(t — ) — wsin(t — )
o Tn(t-m) 2
o(l-o") o(l-m")

hay:
sin ot —®sint
o(l— o)
x(t) = OT . T
) ) 2cos—sSIn| t——
sino(t—m)—osin(t—m) 2 2
o(l— o) o(l-o’)
* néu ” = 1 thi:
_1+e™
(p* +1)°
Ta da biét 2; <> sint—
(P’ +1)
Theo tinh chat tré ta co:
e " t—
PR n(
(p”+1)

O<t<m

t>m

™) [sin(t— ) — (t— ) cos(t — m)]
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e ™"

hay:
(p* +1)°

< n(tz_ ™ [(t—m)cost —sint]
Vay:

x(t) = %(sin t—tcost)+ %n(t — n)[(t —m)cost—sin t]
hay:

1 .
—(sint—tcost) O0<t<m

x(t) =42

_ mcost
2
Vi du 8: Giai h¢ phuong trinh:
{x’ +x-y=¢'
y' +3x —y =3¢

thoa man diéu kién dau x(0) = 1, y(0) = 1

bt x(t) « X(p), y(t) < Y(p) nén x’(t) = pX - 1, y’(t) = pY - 1. Thay vao ta c6 hé
phuong trinh anh:

t>m

PX—14X-Y =

p—1

2
pY —14+3X-2Y =——
p—1
hay:

(p+l)X—Y=L1+l

3X+(p—2)Y=L+1
p—1

Giai h¢ nay ta duoc:
xo L.y L
p-1 p-1

Vay: x(t)=e'vay(t)=c¢'

Vi du 9: Giai h¢ phuong trinh:
X"—x+y+z=0
Xx+y'—y+z=0
X+y+z"-z=0

Thoa mén cac diéu kién dau x(0) = 1, y(0) = z(0) = x’(0) = y’(0) = z’(0) = 0.

Pit x() o X(p)=x"pX-p

y(t) & Y(p) =y’ < p’Y
2(t) & Z(p) => 2 & pZ
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Do d6 hé phuong trinh d6i v6i cac anh la:
P’ -DX+Y+Z=p
X+’ -DY+Z=0
X+Y+(p'-1)Z=0

Giai hé nay ta co:

3

< - p
(p* +D)(p* -2)
p
(p* +D(p* -2)

Nhu vay:
x(t) = %Ch(’\/zt)—l- % cost

y(t)=z(t) = —%ch(ﬁt)+ % cost

2. Dung cong thirc Duhamel: Néu biét nghiém x,(t) ciia phuong trinh:
a x| +ax; +a,x, =1 (5)
thoa mén cac diéu kién ban dau thuan nhat x(0) = x’(0) = 0 thi cong thirc ma ta thiét
12p dudi day dua vao cong thirc Duhamel sé cho ta nghiém x(t) cia phuong trinh:
a.X” + a1x’ + ax = f(t) (6)
thoa man cac diéu kién ban dau thun nhat x(0) = x’(0) = 0.
Ta c6 cong thirc:

x(t)=x*f = jf(r)xi (t—71)dt= j.f(t —1)x;(1)dt

Chung minh: Pat x,(t) <> Xi(p), x(t) <> X(p), f(t) <> F(p). Ham X,(p) thoa man
phuong trinh anh cua (5) la:

(a,p’ +a,p+a,)X,(p) =$ (7)

Ham X(p) thoa man phuong trinh anh cua (6) la:
(a,p’ +a,p+a,)X(p) =F(p) )
Tu (7) va (8) suy ra:
X(p)

pX,(p) =——= hay X(p) =pX,(p).F(p)
F(p)

Theo cong thire tich phan Duhamel ta co:
X(p) © x(t).f(0) + x| *f

Vix;(0) =0 nén X(p) <> x; *f

nghia la:
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T t
x(t) =} *f = [f(Dx](t—)dt = [f(t—D)x| (D)dr
0 0
Ta ciing c6 thé dung cong thirc Duhamel thtr 2:
x() = x,(DF(0) = [ x,(Df (t - T)dr
0

Vi du 1: Tim nghiém cta phuong trinh:
2

X” + )S, — e—t ‘
thod man diéu kién dau x(0) = x’(0) = 0.

)

(10)

Ta thiy nghiém cta phuong trinh x” + x” = 1 v&i diéu kién dau x(0) = x’(0) = 0

1a x,(t) = 1 - cost. Vay theo (9) thi nghiém ctia phuong trinh ban dau la:

t
2
x(t) = [e " sintdr
0

Vi du 2: Tim nghiém cta phuong trinh x” + x = 5t* véi diéu kién dau 1a x(0) = x’(0)

=0

Trong vi du trén ta c6 x,(t) = 1 - cost. Vay:

x(t) = [ 5t* sin(t — t)dr = 5(t* — 2+ 2 cos )
0

§20. BANG POI CHIEU ANH - GOC

Tt () F(p) Tt ft) F(p)
1 _ 2 2
1 1 — 21 te*cosmt (P a)2 rr12 D
p [(p—a) +m’]
1 2m(p—a)
2 t — 22 te*'shmt
p’ [(p-a)’ -m’]’
n! _ 2 + 2
3 t" — 23 te"'chmt ® a)z n12 >
[(p—a)" —m’]
at 1 m2
4 e 24 1-cosmt VN
p-a p(p” +m”)
a
5 | e o) 25 f(t)sinmt %[F(p —jm)—F(p+ jm)]
1 1 ) .
6 te™ (p—a) 26 f(t)cosmt E[F(p —jm)+F(p + jm)]
7 t"e™ n I 27 f(t)shmt l[F(p —m)—F(p+m)]
(p-a)’ 2
) m |
8 | sinmt o tm’ 28 f(t)chmt E[F(p —m)+F(p+m)]
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P eat _ ebt 1
9 cosmt 29
p’+m’ a—b (p—a)(p—b)
t t
m a_ab 1
1 hmt ¢ ~¢
Of shme bty |0 (ap+1)(bp+1)
11| chmt o E)mz 31 (1+at)e™ o _pa)2
_ m e’ —at—1 1
12 | e*sinmt 32 —
(p—a)’ +m’ a’ (p—a)p’
—a 2+2 2
13 | e cosmt 4 — | 33 cos’mt P rem 5 = >
(p—a) +m p(p” +4m”)
m 2m’
14 | e"shmt > > | 34 sin’mt %
(p—a)"—m p(p” +4m”~)
—a 2 _ 2 2
15 | e*chmt P 3 > | 35 ch’mt %
(p—a) —m p(p”—4m")
2pm 2m?
16 | tsinmt 5 P ) 36 sh’t =
2 2
(p” +m”) p(p” —4m’)
2 2 at bt -b
17 | tcosmt (p2 N rr12)2 37 © te mI; .
p +m _
18 | tshmt 2pm 38 ¢’ 1
shm
@ Jrt Joa
2+ m? 2m(p—a
19 | tchmt p2 1112 5 20 te™'sinmt (12) )2 >
o —m) [(p—a)’ +m’]
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CHUONG 7: PHUONG TRINH VAT LY - TOAN

§1. PHAN LOAI CAC PHUONG TRINH PAO HAM RIENG TUYEN TiNH
CAP 2 vO'I CAC BIEN POC LAP
1. Phan loai cac phwong trinh: Khi khao sat cac bai todn vat li, ta nhan dugc phuong
trinh dao ham riéng cép 2 dang:

30,00 -4 3, (x) -+ ox)u =d(x) 1)

i,j=1 18y1 i=1 aXi
Trong do a;j(x), bi(x), c(x) va d(x) la cac ham nhiéu bién da cho clia x = (X1, Xa,...Xp)
con u(x) 1a cac ham can xac dinh.

Trong thuc té ta thuong gip cac phuong trinh dao ham riéng tuyén tinh cap 2
v6i hai bién doc 1ap dang:

2 2 2
aa‘j 2p-2 Y +c8“ 4 e M guoh )
ox oxoy oOy> oOx 0Oy

Trong d6 a, b, ¢, d, g, h 1a cac ham hai bién cua x va y.
Trong gido trinh nay ta chi xét cac phuong trinh dang (2). Pé don gian ta viét lai (2):

2 2 2
8 2b8 8 +®d| x,y,u ,Guﬁu =0 (3)
8x 8x6y ﬁy O0x 0y
Céac phuong trinh nay c6 thé phan thanh cac loai sau:
Phuong trinh hyperbolic:
o’u du du
=d,| x,y,u
Ox0y ox” oy
Phuong trinh eliptic:
82u o’u du du
2t =0 X%y
ox* oy’ ox” oy
Phuong trinh parabolic:
2
ou —d x,yu 8u ou
ox’ ox 8y

2. Cac bai toan co ban cua phuwong trinh vt li - toan:

a. Bai toan Cauchy va bai toan hon hop ciua phwong trinh truyén song: Mot
phuong trinh truyén song 1a mot phuong trinh dang hyperbolic. Phuong trinh truyén
song dang chinh tac la:

0’ t o’'u o’u 0

u(x,z/,z, )=a2 lj+ 121+ 1; +£(x,y,2,t)
ot ox~ oy 0z
Gia s ta can xac dinh ham u(x, y, z, t) trong mién V va t > 0. V duoc gi6i han bang
mat bién kin va tron S véi cac diéu kién dau:
u(x, y,z,t)‘t:0 =u,(X,y,2)

A, = UZ(X, Y, Z)
Ot

va diéu kién bién: 150
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u(x,y,z,t) (xyyes = u,(X,y,z)
Bai toan giai phuong trinh trén véi cac dieu kién dau va diéu kién bién dugc goi 1a bai
todn hon hop cua phuong trinh truyén song. Néu ta xét bai todn trong mién cach xa
cac bién ma & do diéu kién bién khong cé tac dung thi ta gdp bai toan Cauchy voi diéu
kién dau va x¢ét trong toan bo khong gian.

b. Bai toan Cauchy va bai toan hon hop ciia phwong trinh truyén nhiét. Cho
phuong trinh truyén nhiét dudi dang chinh tac:

ou(x,y,z,t o'u o7u oO%u

Mx,y,2,) ):a2 Sttt +fl(x,y,z,t)

ot ox" oy 0z

Khi d6 bai toan hdn hop ctia phuong trinh truyén nhiét 13 bai toan tim nghiém cia
phuong trinh véi diéu kién dau va diéu kién bién:

u(x,y,z, t)‘t:O =u,(X,Y,2)

u(x,y,z,t) (xy)es = u,(X,y,z)

Bai toan Cauchy cta phuong trinh truyén nhiét 1a bai toan tim nghiém cta phuong
trinh truyén nhiét trong toan b khong gian.

§2. PHUONG TRINH LOAI HYPERBOLIC
PHUONG TRINH TRUYEN NHIET
1. Bai toan Cauchy - Phwong trinh séng ciia diy v6 han va nira vo han: Bai toan
Cauchy cua phuong trinh hyperbolic trong trudng hop mot bién duge xac dinh nhu
sau:

o™u(x,t) g2 o*u

-0 <x<o0,t>0 1
@tz ox’ @
vO1 cac diéu kién
ou
u(x, b)), =u,(x); paile U, (x) (2)

t=0
Day la bai toan dao dong tu do cua day dai vo han. ’
bé giai phuong trinh (1) ta bién d61 né bang cach dung cac bién:

E=x+at
B 3)
n=x-at
nghia la:
(o5tn L _&-m
2 2a
Ta co:
ox 0% oOn
ou_ [ou_ou
ot ot oOn

2~ 2y 2~y 20y
o’u_oJwu ou o4

=—+ +
ox* 0g*  otom on’
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M (8u o 82ﬁ]
= -2 +—
ot’ og*  d&om  on
Thay vao (2.1) ta co:
o _ hyg@]:
ogon on\ 08

Suy ra: Z_?; =@ (§) voi @1(§) 1a ham tuy y

Nhu vay:

(&) = [,(§)AE+y(n)
vo1 y(n) 1a ham tuy y.
Tur d6 ta co:

u(&,n) = o) +yn)
hay: u(x,t)= o(x +at) + y(x - at) ‘ 3)
Trong do ¢ va y la cac ham tuy y, lién tuc va kha vi 2 lan. Nghiém cua (3) dugc goi
1a nghiém tong cua (1). Tur (3) néu tinh dén diéu kién (2) ta s€ co:

O(x) T Y(X) = uo(x) 4)

ap(x) - ay(x) = uy(x) )
Lay tich phan hai vé cua (5) ta co:

alp(x) - 9(0)]- a[yy(x) ~y(0)] = [, (0)d0

Vay nén:
0(x) = ¥(x) = [1,(0)d0 +C ©)
voi C = 0(0) - y(0)
Tu (4) va (6) rit ra:
o(x) = lu (x) +Lju (0)do + ¢
o 1 2
C
y(x)= —u o(X) ——fu (6)do Y

bat cac he thu’c tren vao (3) ta dugc nghiém:

X+at
u(x,t)=— [u (x+at)+u (x—at) +2La ju (0)do
x—at
bay la cong thu’c D’ Alembert.
Vi du 1: Giai phuong trinh:
o*u e o*u
6‘[2‘ - ox’
vo1 cac diéu kién:

-0 <x<00,t>0

X
B 1+ x? = U, (%)
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=sinx =u,(X)

t=0
Ap dung cong thirc D’ Alembert ta co:

1 X +at X +at L. .
u(x,t)=— >+ > |+ —sinatsinx
2|1+ (x+at)” 1+ (x—at) a

Vi du 2: Giai phuong trinh:
o’u  , 0%
; — 4 2
ot ox
vo1 cac diéu kién:
_sinx

-0 <x<00,t>0

u(x, ‘[)L:O = =u,(x)
ou 1
AL = 2 ul(X)
otl., 1+x
Ap dung cong thirc D’ Alembert ta co:
xsinxcosat —atcosxsinat 1 2at
u(x,t) = > 5 +-—arctg 3 2
X~ —(at) 2a 1+x" —(at)

vi néu dit arctg(x + at) - arctg(x - at) = o ta co:
tg[arctg(x + at)] — tg[arctg(x — at)] _ (x+at)—(x—at)
1+ tg[arctg(x + at)] X tg[arctg(x - at)] 1+ (x +at)(x —at)
B 2at
1+x° —(at)?

Vi du 3: Giai phuong trinh:
o’u  , 0%
o o

v&i cac diéu kién:
u(x,t)‘t:0 =x’=u,(x)

-0 <x<0,t>0

=sin’ x = u,(x)

Ot |,
u(x,t)‘x=0 =0
Trudc hét dé tim nghiém cua bai toan ta kéo dai 1é ham uy(x) = x* va u;(x) = sin’x s&
duoc cac ham:
. [x* x>0
u = )
-x° x<0
. lsin’x x>0
ul = .2
—sin“’x x<0
Ap dung cong thirc D’ Alembert cho cic ham nay ta co:
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1 X+at
u(x,t) ——[ c(x+at)+ul(x— at)]+2—a Iu (6)do

Xx—at

1 X+at X
- t )2 |+ — 0)do g<™
) 2[(x+a) +(x —at)? ]+2axjmsm() -
%[(x+at) —(x—at) ]+—{ [ sin*(6)d6 - jsm (e)de} t>250
a
X +a’t” +———cos2xsin2at t<—
4a a

2axt + 4i [2x —sin2xcos2at]
a

Vi du 4: Giai phuong trinh dién béo:
8u+RC+LG6u RG 1 o%u
ot’ LC ot LC LCox’
o  RC+LGdi RG. |1 o
ot LC o LC LCox

Trong cac truong hop:

- Day khong ton hao R=G =0
- Day khong méo RC = LG

& Truong hop day khong ton hao: Khi d6 cac phuong trinh trén c6 dang:

o*u _ g o*u

ot ox>
o4, ol
PEaRP

1
Trong d6 a = —
g 1 LC N\ r
Gia sur cac diéu kién ban dau da biét la:
u(x, b, =, (x)
i(x, 1), =1,()

Vé6i R =G =0 ta c6 diéu kién d6i véi phuong trinh dién bao:

-0 <x <00,y >0

a L
o, C
A=l
o, C

Tu d6 4p dung cac cong thuc D’ Alembert ta duogc:

u(x,t) =~ [u (x +at) +u, (X - at)]—ﬁx]ai (0)do
a

x—at
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i(x, t)——[1 (x +at)+i, (x - at)]—ﬁxﬁl (6)do
a

x—at

, , 1
Neéu tinh dén a = ta suy ra nghiém:
JLc T RERE

u(x,t)=— [11 (x+at)+u, (x— at)]+\/;{l o(x —at) i, (X+at)}

2
: 1 u (x—at)—u, (x+at)
1(x,t)=—[1_ (x+at)+1_(x —at) |+
(0= [ Geran +iy(x-an)] \E { ;
& Truong hop day khong méo: khi d6 RC = LC va ta tim nghiém dudi dang:
——tu(x t)
u(x,t)y=e
ix, 0 —e
Lay dao ham hé thirc trén hai lan theo x va theo t rdi thay vao phuong trinh ta cé:
o’u_ ,o0u. 0% g2 0’1

= a 5
oE? ox> ot? ox>
Céac diéu kién dau:

u(x,t)‘tzo = ﬁ(x,t)‘t=0 =u,(x)
i(x,0)]|_, = T(X,t)‘tzo =i (x)

ou :
=i
s
< 8N
1 1
= =—tux)
ot
t=0

Tt do, theo cong thirc D’ Alembert ta c6 nghiém:
; . | |
st =e Lt{uo(x +at)J2ru0(x —at) N % i (x —at);o(x+at)}

2 C 2

i(x.1) = e}L{t{io(x+at)+i0(x—at) N L uo(x—at)—uo(x+at)}

2. Bai toan hon hop - Phuwong trinh song cua diy hiru han:
a. Khdi ni¢m chung: Bai toan hon hop cua phuong trinh loai hyperbolic trong
truong hop mot chiu la bai toan giai phuong trinh:

2 2
82— 26 +1(x,1) 0<x<L0<t<T
ot

re s Y N ou

véi cac dicu kién u(x,t)| _ =u,(x); —| =u,(x)

t=0
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u(x,t) X0 o, (t);  u(x,t) el b, (1)
Ta phan bai toan hon hop nay thanh cac bai toan nho sau:
b. Bai todn I: Giai phuong trinh:
o'u  ,0%u
=a
o' ox’
vo1 cac dicu kién:

0<x<1,0<t<T

|, w0 2 =)

u(x,‘[)‘xz0 =0; u(x,t)‘le =0
Bai toan ndy mé ta qua trinh truyén séng cua ddy hitu han véi hai dau day cd dinh.
Biét dang ban dau ctia day 13 uy(x) va van toc ban dau ctia cac thanh phan day 13 uy(x).
Ta giai bai toan nay bang phuong phéap tach bién, nghia 1a tim nghiém cua phuong
trinh dudi dang tich hai ham s6, mot ham chi phu thudc vao toa d§ x va ham kia chi
phu thudc t. Nhu vay nghiém u(x,t) c6 dang:
u(x,t) = X(x).T(t)
Sau khi 14y dao ham va thay vao phuong trinh ta co:
1 T'(t)  X"(x)
a’ T(t) X(x)
Do vé phai chi phy thudc t va vé trai chi phu thudc x nén chung phai cing bang mot
hang s6 ma ta ki hiéu 13 -A. Khi d6 ta nhan dugc hé phuong trinh:
X"(x)+AX(x)=0
{T"(t) +a’AT(t)=0
Nghiém ciia bai toan phai thoa man diéu kién da cho nén:
X0)=0; XD=0
Khi giai phwong trinh vi phan tuyén tinh cap 2 hé sé hing ta c6 nhan xét vé gia tri caa
A nhu sau:
* Néu A = 0 thi nghiém tong quat cua phuong trinh c6 dang:
X(X) = CI(X) + C2
Véi diéu kién dau ta suy ra C; = 0 va C, = 0. Khi nay X(x) = 0 khong duoc coi 1a
nghiém cua bai toén.
* Néu A < 0 thi nghiém tong quat c6 dang:
X(x)=C,e"™ +C,e ™
va véi cac diéu bién ta co:
X(0)=C,+C, =0
{X(l) =Ce'M+CeV M =0
Tt hé trén ta suy ra C; = 0 va C, = 0. Khi nay X(x) = 0 khong dugc coi 1a nghiém cua
bai toan.
Néu A > 0 thi nghiém tong quat c6 dang:
X(x)=C, cos Vix + C,sin Vax
va véi cac diéu bién ta co:
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X(0)=C, =0
{X(l) =C,sinAM =0
DPé nghiém khong tdm thuong thi tir phuwong trinh trén ta thdy C, # 0, suy ra
sin+/Al = 0. Nhu vay:

2_2

ﬂl:% hay A= <"

12

VkeZ

X(x)=C, sink—lnx
Vi gié tri A vua tim dugc giai phuong trinh ta co:
T, =A, cosk—lnat +B, sinanat
Do do6:
kn . km . km
u, (x,t)=|a, cosTat +b, s1nTat sme
Nghiém tong quat c6 dang:
u(x,t)=> u, (x,t) = Z(ak cosk—lnat +b, sinanatj sinanx
k=1 k=1

Van dé con lai 1a xac dinh cac hé so a, va b, dé thoa man cac di€u kién dau va diéu
kién bién, nghia la phai co:

ux, 0], =u, 0 2 =)

t=0
Ta gid stir cdc ham u,(x) va u(x) la cac ham c6 thé khai trién thanh chudi Fourier theo

sin anx trén doan [0, 1]. Khi do6 ta co6:

u(x,‘[)‘t=0 = iak sinanx =u,(x)
k=1

Do do:
2 . kn
a, =—|u,_(x)sin— xdx
e =7 u Gsin =
va: - @bksink—nX:ul(x)
Oty 1o 1 1
1
nén: bk:ijul(x)sink—nxdx
kna | |

Vi du : Tim dao dong gan chat tai hai mut x = 0 va x =1 néu vi tri ban dau cua day
trung vo1 truc Ox va van toc ban dau cua cac thanh phan day dugc cho bdi ham so:

v, khi|x—1|<2"
Oul
ot
o khi|x-tls ™
\ 3|7 2n
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(0 <x <1, t>0), h 12 hang s6 sao cho x thoa min

0, 1).
Nhu vay ta can gidi phuong trinh:

o*u 22 o*u
ES ‘

véi diéu kién dau da cho va diéu kién bién:
u(x,t)‘t=0 =0; u(x,t)‘X=l :u(x,t)‘le =

Nhu vay, vi uy(x) = 0 nén:

x—l <™ chaa trong khoang
3| 2h

ak=0
2
b, = Iu (X)Sll’lk—XdX—iJ.V sin 2 xdx = vl sin knh
1 kma 1 k’n’a 2
: knsinknzh
4v 1&” 3 . kmat . kmx
va:  u(x,t)= sin sin
(D)= n’a ; 'S 1 1
¢. Bai todn 2: Giai phuong trinh
2 2
82—a26 +f(x,t) 0<x<L0<t<T
ot

voi cac diéu kién:
ou
u(x, )|, =u,(x); = =u(x)
Ot
u(x,t)‘X=0 =0; u(x,t)‘X=l =
Bai toan nay md ta qua tinh truxén song cua day hiru han co6 tac dong cua luc cudng
burc bén ngoai voi hai dau day c6 dinh. Dang ban dau cua day 1a uy(x) va véan toc ban
dau cua day cho bdi u(x). Ta cling gidi bai toan bang phuong phap phan ly bién so
Fourier. Ta tim nghiém dudi dang:
k
u(x,t) = ZT (t)smﬂ (1)
Ta gid st cac ham Uy(X) va uy(x) khai trién duoc dudi dang chudi Fourier theo sin
trong khoang [0, 1], khi do ta co:
kmx

u, (x)= ZT (O)sm—

hay: T, (0)= —J.uo (x) sinkT xdx

knx

u,(x)= ZT (0)sin——

hay: T,(0)= TIuO (x) sinkT xdx
0
Mit khac 14y dao ham hai 1an u(x, t) trong (1) theo x va t ta c6:
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an

o'u &
=> T/(t)sin——
k=l

81:2
2 ©

ou o1, (t)( ) sin KX
x> & 1

Khai trién ham f(x, t) theo sin:
f(x,t)=3C, sink%

k=1

Trong do:
2 . kn
C, =—|f(x,t)sin—xdx
= FJtxsin®
Dit cac diéu kién trén vao phuong trinh ciia u(x, t) ta cé:
Z{T”(t) ( 1; ) T,(t)-C (t):lsmk%—o
k=l

Tir d6 suy ra T(t) trong (1) 1a nghiém ctia phwong trinh tuyén tinh cp 2 hé s hing:

y akm
T () + ( | j T, () =C,(t)
thod man céc diéu kién dau va diéu kién bién
Vi du 1: Giai phuong trinh
2 2
a—‘j:a—‘jﬂ 0<x<1,0<t
o 0x
v6i cac diéu kién:
; Ll
Ot
u(x,t)‘x=0 =u(x,t)‘X=l =
Ta tim nghiém dudi dang (1). Trong vi du nay f(x, t) = 1. Nhu vay:

1 1
C, = 2 J. f(x,t) sink—n xdx = 2] sin knrxdx = 2 (1 —Cos kn)
1y 1 5 kn

u(x,t)|_, =0

4 khi k=2n-1
hay: C, =<kn
0 khi k =2n
Mat khac u;(x) = 1, uy(x) = 0 nén ta suy ra:
L _ L 4 khi k=2n-1
T, = 2'|.u1 (x)sin knxdx = 2J. sinkmxdx =1 kn
0 0 0 khik=2n
Vay véi k chin ta phai giai phuong trinh vi phan thudng:
T, (t)+(2nm)’T,, (1) =0
v6i didu kién: T (0) = 0; T,,(0)=0

Nhu vay T, (t) =0
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Vi k 1¢ ta phai giai phuong trinh vi phén tuong ung la:

" _ 2 — 4
T +[en-Dr]'T,, (1) = Gn—Dn

4
2n-D=n
Nghiém téng quat cia phuong trinh nay 1a:

T, ,(t)=C, cos(2n -1)nt + C, sin(2n - 1)mt +

v6i diéu kién: Tp,(0) =0; T, ,(0) =

(2n-1)’=’
Khi t =0 ta co:
C = —%
2n-1)'=n
Mat khac ta co:
T, (t)=—C,(2n —Dzsin(2n — )zt + C,(2n — )mcos(2n — 1)zt
Theo diéu kién dau:

T, ,(t)=—C,(2n—-Dzasin(2n - )at + C,(2n —)mcos(2n — )zt = Lﬂ
Cn-1)n
nén: C, = %
Cn-1)=m
Thay C, va C, vao biéu thirc cua Ton1(t) ta co:
T, (1) = % [(2n —Dmsin(2n — 1)t —cos(2n — )7t + 1]
2n-1)'n
va:
u(x,t) = % > [(2n —1)msin(2n — 1)zt — cos(2n — )zt +1]sin @n-lmx
2n-1)'n" 5
Vi du 2: Giai phuong trinh
2 2
‘Zt‘;:gx‘jﬂ(x—l) 0<x<1,0<t
véi cac diéu kién:
ou
u(x,t)‘t=0 =— =0
Ot

u(x,t) _, =u(x,t) _ =0
Trong vi du nay ta c6 f(x, t) = x(x - 1). Vay:

2 . kn 1 :
C, = Tj.f(x, t) s1nTxdx = 2j x(x —1)sin knrxdx
0 0

_ 2{()(2 B x)(— coil;nxﬂ

x=1

1
+ 1 j (2x —1)cos kmxdx
km

x=0
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8 khi k=2n-1
[=D*=1]={@n-1)’x’
0 khi k =2n
Ta tim nghiém cua bai toan dudi dang (1) nén bay gid phai tim Ti(t)
Véi k = 2n (chan), ta tim Ty, (t) tir phuong trinh :
T;,(t) + (2nm)° T, (1) = 0
v6i diéu kién: Toy(0)=0; T, (0)=0
Nhu vay T, (t) =0
V61 k =2n -1 (18) ta phai gidi phuong trinh vi phan tuong Uimg la:
T+ [0 —Dr T (0 =0
v6i diéu kién: Tp,(0)=0; T, ,(0)=0
Nghiém tong quat ctia phuong trinh nay la:

4
kn’

nén: C, =

: 8
T, ,(t)=C, cos(2n —1)xnt + C, sin(2n —1)mt — m
Khi t = 0 thi tir cac diéu kién dau ta rit ra:
Cl = % C2 = 0
2Cn-1)n
T, ,(t)= 8 [cos(2n — 1)zt 1]
(2n-1)°m’
8 > :
u(x,t)=—— ) [cos(2n —1)at —1{sin(2n — 1)7wx
(x,1) an-umﬁé[ (2n - Dzt ~1]sin(2n ~1)

d. Bdi todn hén hop: Sau khi di giai 2 bai toan trén ta tré vé giai phuong trinh:
o’u  ,0u
;=& 75
ot ox
vo1 cac diéu kién :

+£(x,t) 0<x<LO<t<T (1)

ou
u(x, 1), = u,(x); %l u,(x)
t t=0

u(X7 t)‘x=0 = (pl (t)7 u(X7 t) x=1 = (pZ (t)

Ta giai bai toan bang cach dua vao ham phu:
X

P, =0, () + o, (0 -0, (V)]
Khi d6 ta tim nghiém ctia bai toan hon hop dudi dang:

u(x,t) =u(x,t) +p(x,t) 2)
Trong d6 ham U(X,t) ta phai xac dinh. Trudc hét ta c6 nhan xét:

p(x, 1), =0, (1)  px,t) _ =9,(t)
Vay két hop voi diéu kién da cho ta co:

ux, )| _, =u(x,1)_ =0 3)
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Khit=0tasé co:
u(x, 1), =[ux,)—p(x,H)]|_, =u,(x)—,(0) —?[%(0) —¢,(0)]=1,(x)

~ 4)
ou ou op X ~
= -2 =u.xX)=-0(0)=-=|e.(0)=-0'(0)|=1"(x
ol el T, = MR 02 -0 (0]=T ()
Pao ham 2 lan (2) theo x va t roi thay vao (1) va rat gon ta co:
aZN 262~
=a > +H(x,t 5
pve (X, 1) (5)
Trong do:

f(x,t) = f(x,t) - @(t)——[ OB

Tom lai, dé tim u(x, t) ta phai giai (5) voi cac diéu kién (3) va (4). P6 chinh 1a dang
bai toan 2 ma ta dd biét cach giai. Sau d6 két hop U(x,t)va p(x, t) ta tim dugc
nghiém.

§3. BAI TOAN CAUCHY CUA PHU'ONG TRINH TRUYEN
SONG TRONG KHONG GIAN
Bai toan Cauchy ctua phuong trinh truyén song trong khong gian la bai toan giai
phuong trinh:
o’'u  ,(0u 0d’u 62
= +
ot ox’ 8y2 0z"
voi cac diéu kién:
u(x,y, z,t)‘t=0 =u,(X,y,2)

(1)

-0 <X <00, -0 <y <00, -0<z<0w,t>0 (2)

ot
Nguoi ta dd chirmg minh dugc rang nghiém cta phuong trinh ¢ dang:

ol 1
ot| 4ma’t g

Trong d6 S 14 mat cau tdm M(x,y,z) va ban kinh at. Cong thirc nay goi 1a cong thirc
Kirhoff. 7

Trong trudong hgp mat phang, cong thure Kirhoff trd thanh cong thirc Poisson:
u, (& n)dédn { [ (emdedn }
e -y o 2m ) -G - (ny)

= ul (Xa Y9 Z)

t=0

1
ux.y,2,0 = 4ma’t
S

1
sl o

§4. BAI TOAN DAO BPONG CUONG BUC
1. Nguyén li Duhamel: Dé giai cac bai toan c6 tac dong cua ngoai luc ngudi ta
thuong dung nguyén 1y Duhamel dugc phat biéu nhu sau:
Néu H(a, x, t) voi moi gid tri cia tham bién o 12 nghiém cua phuong trinh:

2
0 H =a’Ail
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vo1 cac diéu kién:
H(a, x,t)[_, =0
%H(a,x,t) =h(x,0)

t=0

Khi d6 ham:
1
u(x,t) = J.H((x, X,t—a)da
0

s€ 1a nghi€ém cta phuong trinh:

olu
=a Au+h(x,t
ot (x.9
vo1 cac diéu kién:
u(x,t)‘tzo =0
aul
Ot

Pé hiéu 16 hon vé nguyén 1y Duhamel ta s& dung né dé giai cac bai toan vé dao dong
cudng birc sau:
2. Bai toan 1: Giai phuong trinh:
o'u  ,(0u o7u J4u
2 PP
ot ox~ oy 0z
voi cac diéu kién:
u(x,y, Z,t)‘t=0 =u,(X,Y,2)
ou

ot
Ta dung phuong phap chong nghiém, nghia 13 tim nghiém cua phuong trinh (1) duéi
dang:

j+f(x,y,z,t) (1)

0 <X<00, ~o<y<oo, ~-0<z<oo. t>0 2
9 y M 9

=1,(X,,2)
t=0

U(X, y7 Z’ t) = E(X’ Ya Za t) + 1=’1(X9 Y9 Za t)
Trong do u(x, y,Z,t) 1a nghi¢m cua bai toan:

o*u —
-~ =a’Au
ot
A ou
vOl: uL:o =u,;— =u,
ot|_,
Con u(x,y,z,t) 1a nghiém cua bai toan:
d*u -
= a’Au+f
. = ou
vor: u =0;— =0
t=0 ot
t=0

Theo cong thure Kirhoft ta co:
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o| 1
ot | 4ma’t "
Mait khéc theo nguyén 1i Duhamel ta co6:
I fEnCa)
5 ” . ds

- 1
uxy 20 =" C)dS}

H(a,Xx,y,z,t) =

Tur do suy ra:

= |
u(x,y,z,t)=
(%.3.2,1) 4ma’ t—a

o'—.—-

jj fento ds} N

| S(t-a)

Dé rat gon cong thirc nghiém trong tich phan trén ta doi bién r = a(t - o). Do d6 ta co:

_ 1 f((tw n:cat_;j (Eﬁ nacat_;j
u(x,y,z,t) = o .[ ” ds |d ”I dv

a” o] s r 4na Vat r

Trong d6 V, 1a hinh cau bao boi mit S va:

r=y(x =8 +(y—)’ +(z-0)’

Vay nghiém cua bai toan 1 la:

r
(&,,9 n, C: t— j
N erel | arat [”“ &N ds}m " alay
Vat
Cong thuc nay dlIQC goi la cong thu’c Kirhoff tong quat.
3. Bai toan 2: Giai phuong trinh:
2 2 2
OW _ o3 080U by, 1) (1)
ot ox’ oy’
voi cac diéu kién:
u(x,y, 1), = u,(x,)
-0 <x <00, -0<y<on, t>0 (2)

ot
Nghiém ctia bai toan rut ra nhd cach giai twong tu nhu bai toan trudc bang cach ding
nguyén ly Duhamel:

= ul(X9 Y)

t=0

_ 1 u1(&:n)
MO Isj Jalt —(x =&’ —(y—n)’ dodn
0 u,(&,m) ‘ £(&,m, a)d&dn
+— 0 d&dn |+ da
&{QWH—( ~&)’ —(y-n)’ } ngWa%t—a)z—(x—a)2—<y—n>2

Trong do Dy va Dyq) 12 mién tron c6 cling tam (X, y) va ban kinh la at va a(t-a) .
Cong thirc nay duoc goi 1a cong thic Poisson tong quat.

4. Bai toan 3: Giai phuong trinh:
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o'u  ,0°

u
=a’ — +1(x,t 1
o o (x,t) (D)

vo1 cac dieu kién:

u(x, )|, =u,(x)

ou -o<x<o, t>0 (2)

— =u((x)

Oty
Dua trén nguyén Iy Duhamel va cong thitc D’ Alembert ta dua dén nghiém bai toan:

at 1| x+a(t-a)
u(x,t) = i [u,(&)de+ % [u,(x +at)+u, (x —at)]+ 2i [ { [fe, oc)dci}da

x—at a 0| x—a(t-a)

day 1a cong thirc D’ Alembert tong quat.

§5. BAl TOAN HON HOP CUA PHUONG TRINH LOAI HYPERBOLIC

Cho D 12 mdt mién phing véi bién 12 dudng cong tron. Ta can tim nghiém cua
phuong trinh:

2 2 2

8?=a253+af (1)

ot x> oy
v6i cac diéu kién dau

u(x,y,t)|_, =u,(x,y)

00 < X <00, -00 <y <o, t>( (2)
A =4 (Xo Y)
Ot
va diéu kién bién:
u(x,y,t) )y = 0 o 3)
Bai toan nay ta giai bang phuong phap phan ly bién s6 va sé tim nghi¢m cta n6 dudi
dang:
u(x, y, ) = u’(x, y).T() 4
Pao ham 2 vé cua (4) theo x, y va t hai lan réi thay vao (10) ta nhan dugc phuong
trinh:
1(o°n" o°u 1 T
+ =——
u'lox> oy’ ) aT
Tu do6 suy ra:
2. * 2. %
O L OU =0 (5)
[0).4 oy
T"(t)+a’AT(t) =0 (6)

Trong d6 A 1a mot hang sé.
bé tim nghiém cua bai toan (1) vdi cac di€u kién (2), (3) ta thay rang T(t) = 0 va doi
vo1 cac diém trén bién ta phai co:

u(x,y) (7)

Nhimng gia tri A dé ton tai nghiém u'(x, y) # 0 dugc goi 13 cac gia tri riéng va cac

(x, y)ev
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nghiém u’(x, y) trong tng dugc goi 13 cac ham riéng cua bai toan. Tinh chét cua gia
tri riéng va ham riéng la:
* Moi gia tri riéng déu duong
* Tap céc gia tri riéng 1a mot tap vo han dém duoc
* Néu ), # A; thi cac ham riéng twong tng vo6i1 ching thoa mén h¢ thure:

[Jui(x, y)u;(x, y)dxdy =0

nghia la cdc ham riéng tryc giao v4i nhau
* MOt gia tri riéng co thé ung véi nhiéu ham riéng doc 1ap tuyén tinh khéc
nhau. Gia tri riéng nhu vay dugc goi la gia tri riéng boi
* P6i voi cac ham riéng néu chua 13 hé tryc chuan thi bang phuong phap truc
giao hoa Schmidt ¢ thé xay dung hé ham riéng tryc giao chuan, nghia 1a d6i v6i hé
do ta co:
0 i#]
.”ui (Xa Y)uj (Xa Y)dXdy = { . .
D 1 1=]
* Moi ham B(x, y) khé vi, lién tuc 2 1an va thoa man diéu kién bién:

B(x,y)

déu c6 thé khai trién theo hé théng cac ham tryc giao chuan thanh chudi hoi tu tuyét
doi va déu trén mién D, nghia 1a n6 c6 thé bi€u dién dudi dang:

B(x,y) =2 a,u,(X,y)
k=1
trong do6 a, duogc tinh theo cong thirc:

= [[B(x.y)u, (x,y)dxdy

Tir nhitng tinh chat d3 néu ctia ham riéng va gia tri riéng ta thay bai toan (5) & (6) c6
cac gia tri riéng duong nén (6) c6 nghiém tong quat la:

T.(t)=b, cos \/Kat + ¢, sin \/Zat

Tu do suy ra:

u(x,y,t)=> u, (x,y)T, (t) =D u, (x, y)[bk cos+/A at +c, sin,/A, at]
k=t P
Néu xét dén cac diéu kién ban dau ta co:
b, = Ijuo (X, Y)Uu, (X, y)dxdy
D

(x, y)ev

1
Cy = o ”u1 (X, y)u, (X, y)dxdy

k D

Vi du 1: Giai phuong trinh:

o'u L[ o07u 0du
2 =a 2 + 2
ot ox~ 0oy
. 0<x<l
trén mién D = t>0
0<y<m

vo1 cac diéu kién dau:
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u(x,y, 1), =xy(I=x)(m-y) =u,(x,y)
ou
— =0=u,(x,
ot 1(X,Y)
va céc diéu kién bién:
u(x,y,t)
trong d6 v 1a bién ciia mién D.
Ta tim nghiém cua bai toan dudi dang (4):
u(X,*y, t)=u (x,y).T(t) . ‘
trong do u (x, y) lai dugc tim dudi dang u (x, y) = X(x).Y(y) bang phuong phap phan
11 bién so0. ,
Khi d6 phuong trinh (5) dugc viét thanh:
Y’y ,, - X'®
Y(y) X(x)
Tu do6 ta suy ra:

(x,y)ey

{X"(x) +0X(x)=0 ®)
Y'(y)+BY(y)=0
Tu diéu kién bién cua bai toan ta rit ra:
X0)=X(1)=0
9)
Y0)+Y(1)=0

Khi giai phwong trinh (8) vai diéu kién (9) dé c6 nghiém khong tam thudng ta can cé:

k2 2 7'[21'12
o, ; B, =
T do6 ta co:
k* n?
A =1 —+—
kn [12 mzj

Nghiém riéng tmg véi cac gia tri riéng do 1a hé ham tryc chuan:

. knx . n
= sin sin y

u =
e JIm | m

Khi dé nghiém cua phuong trinh (6) c6 dang:

2 2 2 2
T, (t) =b,, cos natw/k—Jr = +c,, sin 7ra1t1/k—+n—2
I m’ I’ m

Tom lai nghiém cua bai toan s¢ la:

0 2 2 2 2
u(x,y,t)=>.> | b, cos nat1/k—+ = +c¢,, sin 7t'¢1‘[1/k—+n—2 smkﬂsmnﬂ
k=l nal P m’ I m 1 m

Trong d6 by, va ¢y, dugc tinh nhu sau:
cn=0Vk,nviu; =0
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4 1 kmx
by, __J. IXY(1 X)(m-y) sm—sm dxdy

Im 00 1 m

1

ij- (I- X)Slnk_dXIY(m y)sm—ydy

Im 1

T (2k'+1) (2n +1)°

k =2k,
Nhu vay:
212 » o
Uy, 1) = 64m1 S 'cosr3cat9k,n sin (2k + )mx sinM
iana| 2k'+1)°(2n" +1) 1 m

Vi du 2:Giai phuong trinh:

o'u L[ o07u 0ou
2 =a 2 + 2
ot x> oy

A 0<x<l1
trén mién D = t>0
0<y<m

v&i cac diéu kién dau:

u(x,y, t)\tzo =u,(X,y) = Sinn—lxsinﬂ

1

ot
va céc diéu kién bién:
u(x,y,t)
trong d6 y 13 bién ctia mién D. o
Tuong tu nhu vi du 1, sau khi dung phuong phap phan li bién s6 ta tim duogc
gia tri riéng la:

k? n?
=7
nmy

A 1.3 2 , .2 . kmx . \ A X ‘A A
hé ham tryc chuan tuong tng 1a TsstmT va cac h¢ so trong nghiém tong

a
:ul(Xay):T

t=0

(x,y)ey

quat dugc tinh nhu sau:

L1 0 kn=l
b, :%”singsinﬂsinkﬂ—xsinﬂdxdy:
1 1 m 1 k=n=1

1
™ +n’ Cp = ”sinEsinﬂsin@dxdy
1 00 1 1 m
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1 1 0 k,n chan
:%lsin%dxisin%sinﬂdy= 16a

m 5 k,n le
In”(2k" +1)(2n" +1)

Nghiém cua bai toan la:
atmy/2 16 | atn\/i . X . Ty
u(x,y,t)=| cos +——=sin n—sin—
I V2 I 11
2k +1)* +(2n+1)°
Sin{atn\/( + )1 +(2n+1) }
1

o @ (2k+1 j . (2n+1 j
+—=>> sinf ——mX |sin Ty
T 30T (2k +1)(2n + D32k +1)> + (2n +1)° I I

N

w

§6. BAI TOAN CAUCHY- PHUONG TRINH TRUYEN NHIET TRONG
THANH VO HAN VA NU'A VO HAN
1. Bai toan ban ddu: Bai toan Cauchy ctia phuong trinh truyén nhiét - phwong trinh
loai parabolic 1a bai toan giai phuong trinh:
o’u _ , 0%

o ()

voi cac diéu kién dau :
t=0:uo(x) -0 < X <00, -00 <y <o, t>0 (2)

Dung phuong phap phan li bién sb ta tim nghiém duédi dang:

u(x, t) = X(x).T(t)
Lay dao ham theo x va t rdi dua vao phuong trinh (1) ta c6:

T’(t) + a*AT(t) = 0 (3)

X7(x) + AX(x)=0 4)

v6i A 1a hamg sd.
Phuong trinh (3) cho nghiém la:

T(t) = Ce ™"
v6i C 1a mot hang sd
Mit khac nhiét d6 ctia thanh khong thé dat dén oo khi t tién dén co. Do vay A phai 1 sb
duong. Két hop voi nghiém cua phuong trinh (4) ta c6:

u, (x,t) = e **[C, (h) coshx + C, (h)sinh x]
u(x,t) 1a nghiém riéng caa (1) voi C; va C, 13 cic hé s6 ¢o thé phu thudc h. Ho cac
nghiém & day 1a mot tap hop vo han khong dém duoc. Do d6 ta s& tim nghiém cua bai
toan dudi dang tich phan theo tham bién h.

u(x,) = [u,(x,t) = [e™**[C,(h)cosh x + C,(h)sinh x]dh
Khi t =0 ta co:
u(x,t)|_, =u,(x) = [[C,(h)coshx +C,(h)sinhx]dh
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Gia st ham u,(x) khai trién dugc dudi dang tich phan Fourier ta s€ co:

C\(h) = - [u, @) coshids

1 % X
C,(h) = [u, (¢)sinh &
Tt do ta co:

u(x,t)— j ju (&)e ™ cosh(& — x)d&}dh

—oo|_—o0

u(x,t)=— j [ Te™ cosh(é - X)dh}uo (&)de ()
T oo

ta tinh tich phan don bén trong bang phuong phap doi bién: 1 = ha/t; 0= :E
a

Ie_hzazt cosh(é& —x)dh = L j e’ cosOtdt=—+ I(O)
0 a\/z 0 a
Trong dé
1(0) = [e™ cosbrdr (6)
0
Sau khi 14y dao ham cta (6) theo 0 rdi tich phan timg phén ta c6:
62
I'(0) = 9I(O) r O _9 —=1(0)=Ce
2 1(6)
Khi 6 =0 ta co:
C=10)= j e dt= £

I

nén: 1(0)= 76

K ~hZa?t _ \/E (E-’ X)
.([e cosh(§ —x)dh —m { R

Thay vao ta co:
u(x, 1) = J— Ju (&)exp{ Loy X }a )

Cong thue (7) duoc goi 1a cong thirc Poisson cua bai toan Cauchy.
Déi v6i bai toan Cauchy trong khong gian n chidu ctia qué trinh truyén nhiét:

o0’u ,(0°u 0*u o0’u
; —a s T Tt
ot 00X, 0Xj, OX;

v&i cac diéu kién dau :
U(X,, Xy X, 5 1) o

=u, (X, X550, X,)

Nguoi ta chirng minh dugc nghiém cua phuong trinh la:
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U(X ;X5 X, 1) = I_[ J.uo(E_m 25--5G, ) €XPY —
favm) af)"

—00—00

e x ) e,

Dbi voi bai toan truyen nhiét trong thanh ntra vo han ta xét cac bai toan nho
Ung voi tung truong hop riéng roi méi xét dén bai toan tong quat.
2. Bai toan 1: Truyén nhiét _trong thanh ntra v6 han, cach nhiét dau mut thanh biét
nhiét 6 ban dau cta thanh bang khong:

Khi nay ta phai giai phuong trinh:

o’u  ,0%u

—a 0<x<o0,t>0 8
8t2‘ ox’ ®)
v6i cac diéu kién :
u(x,t)_, =u,(x) )
g (10)
ot

Dé giai bai toan ta kéo dai chin ham u,(x) sang phan 4m cua truc x va ap dung cong
thire (7). Khi d6 né s€ thoa man (8). Mat khac theo (7) ta cling s€ co6:

o _ e E=X)
XO—{4trju(é)<é )ep{ 4t}é}

Tu do6 suy ra:

0x

x=0

o D@l - e - G2

Trong tich phan dau ta d6i bién & = -& va do tinh chat chin cua u(&) ta sé& co:

€-x’ } il (&)GXP{ G- } :

i 4a’t

1 [ (E+x) = X)
u(x,t)——za m!uo(é){exp_ o }+e{ e }}g

3. Bai toan 2: Truyén nhiét trong thanh ntra v6 han biét nhiét d6 ban dau cua thanh
mot dau mut ludn ludn gitr 0 do.
Khi nay ta phai gidi phuong trinh:
o’u  ,0%u
2 =a 2
ot ox
vO1 cac diéu kién :
u(x,O)LZO =u,(x)

u(x,t) =

(e = [, @)exp -

0<x<,t>0

Dé giai bai toan nay ta kéo dai 1é ham u,(x) sang phan 4m cila truc x va ap dung cong
thire (7) ta sé ¢o:

g’
2N_ ju (i)exp{ o }dé 0

Tich phén nay bang 0 vi u,(£) 1a ham 1¢é.

Tu do6 suy ra:
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(E-x)" 1% (E-x)
ff“ (é)exr{ e } 2am£uo<@exp{ T }é

Trong tich phan dau ta d6i bién & = -&’ va do tinh chat 1& cia u(&) ta s& co:
1 = (E+x)° E-x)
Jnt ! u"(&){eXp {_ st | T g ([

4. Bai toan 3: ‘Truyén nhiét trong thanh ntra v han biét nhiét 6 diu mut caa thanh va
nhiét d6 ban dau cua thanh bang 0.
Khi nay ta phai gidi phuong trinh:
o*u 22 o*u
ot’ ox’
vo1 cac dicu kién :
u(XD t)‘X:O = q(t)
u(x, t)‘
Ta giai bai todn nay bang phuong phap bién ddi Laplace cua ham phuc. Gia sur

u(x, t) va q(t) 1a cac ham gdc trong phép bién d6i Laplace. Ap dung phép bién doi
Laplace cho u(x, t) va cac dao ham cua no ta co:

u(x,t)=

u(x,t) = 2

0<x<o0,t>0

u(x,th(x,p);%e pU(x,p); a(t" UEY (, pU(x,p)

Coi p 14 thong s va dit cac biéu thic trén vao phuong trinh truyén nhiét ta co:

0°U(x,p)
pU(x,p)=a’ Tl ‘ (10)
Vay ta phai giai phuong trinh (10) v6i di€u kién:
U(x,p)|,_, =Q(p) <> q(t) (11)

Nghiém tong quat ctia (10) c6 dang:

U(x,p)=C, exp[@ XJ +C, exp(ﬁxj
a

a

Ham U(x, p) 13 ham bi chin khi x — oo nén C, = 0. Tir diéu kién (11) ta suy ra:

C, =U(0, p) = Q(p)
Vay nghiém cua phuong trinh (10) thoda man (11) s€ la:

U(x,p) =Q(p) eXp[— @X]
Ta viét lai n6 dudi dang:

U(x.p) = pQ(p)iexp[—@x)

Ap dung cong thitc Duhamel:

PF(p)G(p) <> g(Of()+f*g°
va tinh chat:
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1 \/5 X
—exp[TxJHIerf(zaﬁ] Erf(2a\/—j

p
Trong do:

erf(x) = %jexp(— T’ )dr
Ty

Ta s€ rut ra:
‘ X
u(x,t) =q(t)Erf () + || Erf]| — = t—1)dt
(x,1) = q(t)Erf () ﬂ (Za\/Xﬂq( )
Mit khac ta biét rang:

Erf(o0) :1—%Iexp(— ’Cz)d’li =0

R

4
2ant? ar
Tu do suy ra:

u(x,t)= 2a)i/; { q(t ; v exp[— Xz ]dr

2 da°t
T

=0

5. Bai toan 4: Truyén nhiét trong thanh ntra v han, biét nhiét d6 ban dau cta thanh
va biét nhiét do tai dau mut.
Khi nay ta phai gidi phuong trinh:
o*u 22 o*u
o ox
véi cac diéu kién :
u(x, 1), =u,(t)
u(x, t)]_, =u,(x)
Pé giai bai toan nay ta dung két qua cia bai todn 2 va bai toan 3 va nguyén 1y chong
nghiém. Cu thé ta tim nghiém u(x, t) dudi dang:
u(x,t) =u(x,t)+u(x,t)
Trong do u(x,t)la nghiém cuia bai toan:
o't ,01
2 =4a 2
ot ox
v&i cac diéu kién:
U(x, 1), =u,(x); U, 1|, =
con u(x,t) la nghiém cua bai toan:
8% 22 o™
ot’ ox’
vo1 cac diéu kién:

0<x<o0,t>0

173



MATHEDUCARE.COM
u(x,t)_,=0; ux, ) =u,(t)

Theo két qua bai toan 2 va bai toan 3 ta suy ra:

Iu @{exp{ (&4 t)} exp{ (&4axt> }}g

,L-Z

u(x,t)=
()2

Vi du: Gia su trong mét 6ng ntra vo han tai mot dau 6ng x = 0 bi chin bai mot tim
khong tham thau va tai x = | cling co mot tAm nhu vay. Trong doan [0, 1] c6 mot moi
truong véi hé s6 khuyech tan D; = a” ¢6 chita ddy mot loai chat v6i1 hé s6 dam déc u,,.
Trong phan con lai ctia 6ng [1, ] c6 mot moi trudng voi hé sé khuyéch tan D, = b
va trong d6 khong chira chat trong doan [0, 1].

Tai thoi diém t = 0 ta bo tAm chén tai x = 1 va khi d6 bat dau qua trinh khuyéch
tan. Goi nong do chat khuyéch tan tai x ¢ thoi diém t 13 u(x, t). Trudc hét ta thiét lap
phuong trinh khuyéch tan trong 6ng. Goi uy(x, t) 1a nong do cua chat léng trong
khoang 0 < x <1. Khi do ta co:

ou, 1 0%,
=— 0<x<lI 13
ot a’ ox’ (13)
voi diéu kién:
ou
u,(x,t)) =u; — =0
1( )‘t:() o aX o
Goi uy(x, t) 1a ham ndng do chat khuyéch tan trong doan [1, o] ta co:
ou, 1 0’u,
=— I<x<o 14
ot b* ox’ (14)

véi diéu kién:

u,(x, )|, =05 uy(x, 1) =
Mit khéac tai diém x = 1 thi u;(x, t) va ux(x, t) phai thoa mén diéu kién lién tuc (“két
dinh”), nghia la:

ul(X’ t)L(=l - u2(X’ t)‘x=l

1 o*u, (L) 1 0%u,(1,t)

a’  ox’ b ox’
Gia st uy(x, t) va uy(x, t) va dao ham cua chung la cdc ham goc trong bién doi
Laplace, ta s€ c6 cdc ham anh la:

ul(X7 t) \g UI(X7 p) uz(Xa t) A4 U2(X9 p)

ou (x,t ou,(x,t

D o puep-u, P U, )

ou,(x,t)  0°U,(x,t) 2(x t) 82U2(x,t)
8X2 < 8X2 8X2 8X2

Tur cac phuong trinh (13) va (14) va cac hé thuc trén ta suy ra:
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1 0°U,(x,t) tu

U,(x,p)=—
p 1( p) az axz o
1 8°U,(x,t)

pUz(Xa p) = b_QT
Nghiém tong quat twong ing s€ la:

U, (x,p) = C,chax,/p + C,shax,/p + = (15)

p

U, (x,p) = C, exp|b/p(x = 1) |+ C, exp|- by/p(x - 1)] (16)

Mit khac tir diéu kién M _0ta suy ra w =0. Tur d6 ta co:
x=0 X x=0
Cla\/gshax\/gnL Cza\/gchax\/ﬂ L= Cza\/g =0

Vay C,=0
Mat khac u,(x,t)| _ =0 nén anh cta uy(x, t) 1a mot ham bi chdn khi x — oo va do do
C3; = 0. Khi d6 (15) va (16) tro thanh:

U, (x,p) = C,chax,/p +—2
U, (x.p) =C, exp|-byp(x D)

Xét dén diéu kién “két dinh” ta co:
U,(L,p)=U,(p)

1 dUGop)| 1 dUs(xp)
a’> dx |, b dx |
Ttr do ta c6 hé phuong trinh:
Clchal\/5+ Do o C,

1 1
. Cla\/gshal\f =7 C4b\/5
Gidi h¢ phuong trinh trén ta co:

C—_ u.a
l p(achal\/g + bshal\/g )
uobshal\/g

C, =
! p(achal\/g + bshal\/g )

Viy:
u u achax\/g
U, (x,p) =2~ :
P = plachal,/p + bshal,/p )
u,bshal\/p

U2 (Xap) =

p(achal\/g + bshal \/E ) exp [‘ b\/g (x - 1)]

Sau khi dung bién doi Laplace ngugc ta ¢d cic ham uy(x, t) va uy(x, t).
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§7. BAI TOAN TRUYEN NHIET TRONG THANH VO HAN
VA NU’A VO HAN CO NGUON NHIET
1. Nguyén ly Duhamel: Trudc hét ta xét nguyén Iy Duhamel ciia phuong trinh truyén
nhiét khong thuan nhat trong khong gian n chiéu R™. Néu H(a,, x, t) voi moi gia tri cua
tham bién o 12 nghiém cua phuong trinh:

—=a"AH 1
“a (1)
vo1 diéu kién:
H(o,x, 1), =h(x,a) 2
khi d6 ham:
t
u(x,t) = [H(a,x,t—a)da (3)
0

la nghiém cia phuong trinh:
% =a’Au+h(x,a) (4)

va thoa man diéu kién:

u(x,t)‘t=0 =0
Ta ap dung vao cac bai toan sau day ‘ ‘
2. Bai toan 1: Truyén nhiét trong thanh v6 han c6 nguén nhiét voi nhiét do ban dau
bang 0.
Khi nay ta gidi phuong trinh:

du _ 22 o’u

N 8t ) 8X2 \
v6i diéu kién ban dau:

u(x,t)‘t:0 =0
St dung nguyén 1y Duhamel va két qua cho boi cong thic Poisson cua bai toan
Cauchy ta c6 nghiém la:

il fGw G
u(e.t)= ! uza\/% (t—0) exl{ da*(t— a)}dé; jda
O day ham H(o, x,t) 1 tich phan:

_];f(é,a) exp{— (‘:4;5? }d&

+f(x,1) -0< X <00; 20

3. Bai toan 2: Truyén nhiét trong thanh vo han c6 nguén nhiét voi nhiét do ban dau
bang u,(x).
Khi nay ta gidi phuong trinh:
a_ .o
N 81: 8X2 \
v6i diéu kién ban dau:
u(x,t)‘tzo =u,(x)

+f(x,t) -0< X <00; 120
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Dung phu:orng phap xép chong nghiém va két qua ctia bai toan 1 ta co nghiém:

(S il T f& E-x)
u, (§)ex dr
'[ () p{ ds + j _[O2ax/ (t—1) =P 4a’(t—1) as

4. Bai toan 3: Gai bai toan truyén nhiét:

u(x,t)=

2
@:aza—‘j+f(x,t) o< X < 00; £ 0
1 8t 8X \
v6i diéu kién ban dau:
L = U, (%)

u(x, )], =u,(t)

Dung phu.’ong phap xép chong nghiém va két qua cuia cac bai toan trén ta c6 nghiém:

ﬁl@{@w{<a 2} eﬂ{—@;i)ﬂdé
u(t r) _X_2
2a\/E£ 1 p{ 432Jdr
£ €= |__ [ &+
s e o] - Gl e L

§8. BAl TOAN HON HOP CUA PHUONG TRINH LOAI HYPERBOLIC
TRUYEN NHIET TRONG THANH HO'U HAN VA MIEN HO’'U HAN
1. Dat bai toan: Ta xét bai toan truyen nhiét trong khéi 1ap phuong dong chat, khong
c6 ngudn nhiét véi diéu kién biét nhiét do ban dau cua khdi d6 va nhiét do trén bién
luén ludn bang khong. Bai toan nay dua dén phuong trinh:

ou L[{0u O%u 82 o*u

~ 2 T 502 2

ot ox~ 0oy 62 ox
Trong‘miénTZtZOVé O0<x<lj;;0<y<l0<z<];
vo1 diéu kién :

u(x,y,z,

u‘x:O =

u(x,t) =

=a’Au (1)

Lo = U, (5,Y,2) 2)
—ul,, =0 3)

Dung phuong phép tach bién ta tim nghiém dud6i dang:
ux,y, z, ) =u(x,y, 2).T(t)

u x=l u‘y:O - u‘y:lz

:uz:O

va ta co:
T'(t)+ asz(t) =0 4)
Au'(x,y,z)+ ' (x,y,z) =0 &)

Tir (4) dé c6 nghiém riéng khong suy bién va kém diéu kién bi chin ctia u khi t —» o
ta suy ra nghi¢m cua n6 c6 dang:

T(t) = Cexp(-a’At)
Mt khac ta lai dung phwong phéap tach bién dé tim u'(x, y, z), nghia la:
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u(x,y, z) = X(x).Y(y).Z(z)
Sau khi dao ham va thay vao phuong trinh ta co:
X' Y0, 2@, _
X(x)  Y(y) Z(2)
Tu do6 ta rat ra hé phuong trinh vi phan tuong tng la:
X’(x) + oaX(x)=0
Y7(y) + BY(y)=0 atB+y=0
7”(z) +vZ(z)=0
Déi voi ham X(x), Y(y), Z(z) ta thiy do diéu kién bién (3) ching phai thoa man cac
diéu kién sau:
X(0)=X(1)=0; Y(0) = Y(I,) = 0; Z(0) = Z(1;) = 0
Giai hé phuong trinh vi phén trén voi cac diéu kién da biét ta suy ra cc gia tri
riéng (-A):

2 2 2 2 2 2
k°n

T’ Bk :T

2 2 2
}\‘k,m,n(11712:13):ﬂ: (k—+m—+n_}

Céc ham riéng tuwong ung khi do sé la:

\/§ . kn .. mm . nm

u X,y,Z)= SIn—XSIn—ysin—2Z
kmn (X5 Y,2) m ] L y L

Vay nghiém tong quat ctia bai toan do la:

0 0 2 2 2
u(x,y,z,t) = ZZZCk’m’n exp{—a%t (k—+m—+n—}[}sm?xsmmysmﬂz

2 2
1 m=I n=l 1 1 13 1 2 3

a, =

Trong do Cy i duoc suy ra tu diéu kién:
113

—— [ [u, &, )Sln—ﬁsml—nsm—Cdidndg

k,m,n 111213 101
2. Bai toan 1: Giai phuong trinh truyén nhiét:
ou 22 62

E ox>
Trong‘mienthZOVé 0<x<l
vo1 diéu kién :

u(XD t)‘t=0 = uO(X)

u x=0 = x=l = O
Nghi¢m la:
o 2
u(x,t)=Y.C, exp| —a’n’ k—zt sinﬁx
k=1 1 1
Trong do:

21 kn
C, == in—d
) 1guo@)sml g
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3. Bai toan 2: Giai phuong trinh truyén nhiét:

ou 22 o’u

—= +f(x,t 6
Trong‘miénTZtZOVé 0<x<l
v6i dieu kién :

u(x, 1), =u,(x)

u(X’ t)‘X:O = u(X’ t)L(:l -

Ta tim nghiém dudi dang:

u(x,t) =3 T, (t) sinkT”x %

Gid str uy(x) c6 cac dao ham lién tuc trong khoang (0, 1) va uy(0) = u,(1) = 0 con ham

f(x, t) c6 cac dao ham riéng cip 1 theo x lién tuc trong khoang (0, 1) va:
f(0,) =11, )=0 "
Khi d6 ta c6 thé thu dugc cac khai trién Fourier cuia chung la:

F(x, 1) = ifk(t)sink—l"x )
u (x)= iak sink—lnx 9)

vOi:
1
f (t)= % [f(x,0) sink—lnxdx
0
2 . kn
o, =—|u, (x)sin—xdx
k 1 j 0( ) 1
Sau khi ldy dao ham hai vé cua (7) va cha ¥ dén (8) va (9) ta co:

Z{T (t)+(kTaj T, (t)—f (t)}skax 0

k=1

Nén:
kn

T (t)+( 1 ] T (t) =1, (1) (10)
Khit=0 ta co:

u‘tfo =u,(x)= iTk(O)sinEx = iak singx

- k=1 1 k=1 |

nén:

Tw(0) = oy (11)

Sau khi giai (10) vé6i diéu kién (11) ta ¢ Ti(t), nghia 1a c6 nghiém cta bai toan.

4. Bai toan 3: Giai phuong trinh truyén nhiét:
ou 22 o’u
— —+f(x,t 12
P (x,1) (12)

Trongmién T>t>0va 0 <x <1

179



MATHEDUCARE.COM

véi diéu kién :
u(XD t)‘t=0 = uo (X)
u(x, ), = (x); u(x,t)

o~ P2 (x)

Ta giai bai toan ndy bang phuwong phip chong nghiém, nghia 1a tim nghiém dudi

dang:

u(x, t) = U(x, ) + W(x, 1) +<p1(t>+§[<pz<t> ~0,(1)]

Trong d6 u(x,t)1a nghiém cua phwong trinh:
ou ,0u
— =3 —
ot ox’
voi cac diéu kién:
U(x, B,y = u, (%)
ﬁ(x,t)‘x:0 :ﬁ(x,t)‘xz1 =0
Con U(x,t)la nghiém ctia phuong trinh:
o ,ot
—=a —+f(x,t
ot ox’ (1)

véi cac diéu kién:
u(x,t)_, =0
ﬁ(x,t)‘xzo :ﬁ(x,t)‘xz1 =0

+f(x,1)

R3 rang u(x,t) duoce rit ra tir bai toan 1 va U(x,t) duogc rit ra tir bai toan 2.
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