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Loi néi dau |
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Man hoe "Ham bién phite" duge gidng day Giﬂdﬁ‘u )
thit hai khoa Toan - Tin, truong Dai hoe Sit pham Ha Noi. g
chitomg trinh dao tao theo tin chi, thoi lugng hoe ela mon
| nay hien nay la 2 tin chi, vi sb gios bai tap chi con lai L tiét
phiit) cho mot tuin. Mat khde, vi day la mot mon hoe tuo
kho 46 véi sinh vien, nén dé cho sinh vién nim bt duge ¢
dung chil yéu ciia mon hoe thi vige chu tric lai phiin b
huténg dan sinh vien lam bai tap la rit cin thiét. Do vi
t6i bien soan cudn "Bai tap ham bién phite" vai

LI} ]

cho sinh vien dé dang hon trong viée tiép thu mén
N6i dung cia cubn sach ghm ba chuong
Chuong 1: Md dau vé ham bién phife.
Chutong 2: Ham chinh hinh va 1i thuyét Cau
Chuong 3: Chudi Laurent, 1i thuyét thang

|
F -

bién phite" do hai tac gia N;uﬁn
soan v Xuit ban tai Nha xufit b
nam 2006.
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quen vdi vige gidi cAc bai todn thuoe phin dé. Phan cuoi moi
chirong 1 mot 86 bai tap ty gidi (vai goi ¥ hoac dap s6 d cubi
séich) nhAm phat huy nang luc ty hoe v kha nang e duy dje
1ap cla sinh vién.
Chiing tdi khong dia vio cubn sach nay mot so lagng qua
Jdn bai tap ma chii ¥ nhidu hon dén tinh chuan mc va st da dang
cila céc bai tap. Bén canh cudn "Bai tap ham bién phire" nay
ban doc c6 thé tham khao bai tap & cic sich da duoc xuit ban
trude dé nhu endn "Bai tap ham bién phite" ciia cic tac gia Lé
[an Hai, Bai Ddc Tée; cudn "Introduction to complex analysis"
mﬁegﬁ J. Noguchi ...
~ Chung toi xin chan thanh cAm on GS. TSKH. Nguyén Van
“Khué; GS. TSKH. Le Mau Hai; GS. TSKH. D3 Dite Thai da danh
: &Mﬂg site dé doc ki ban thao va dua ra nhiéu v kién quy
‘ Quﬁnsﬁ::h nay lan diu tien duge xuit ban nén khong tranh
I E ;‘:'ﬁng thifu s6t. Chitng toi mong nhan dude syt gop v ciia

Cac tac gia

Chuong 1

w8
Bai 1.1. Viét cic sé phitc sau dudi dang higng gidc, ww
w-1-i b1+ivE oYL ) (Aiass

Lai giai. 3:-- 4T (a8
%) Ta c6 | = 1 — i| = V2, arg(=1 = #) = === Do
—1—i= Jé(cos(h?)-!-isin(-i:-)) ="* g

b) Ta ¢o |1 + V3] =2, arg(l +1v3) = % Dn_

= r 1
1+:'\/§-=2(ms-; +isln-5]- .

(1 +i1/$g’ "

¢) Ta co =, =

(l+t\/_)




B¢ +mr=4\/-(|m—+rsm-d— = 4v2.¢' .

7w 5z

g l

_ . Riit gon: a) z = :——; b) z = (1 +iv3)*
k- QF"L;

-1!_(1—1')2 = LR
2 T N

&9
—l V2,2 1
Iz’| 1 2#0

ah bt ding thit tuong duong

a1l +2)) S 2lz+z)) ()

= B

WWW. vnr}non‘h com

+i)t(1- :)) - 4arg(\/_+a)+arg(] 1) - 4— ot o A0S

b 'i'wsj-!'l‘)‘(l"'.) = lﬁvr.("oos-ﬁ +zsm-l—2J=fb\/§.n 1

 Suy ra

(\‘—3‘—'+|:—11\(Izal+lal)) A%
- (2 2) (B %)uz.msr.w .*'::
= (1 i ) O

= (24 2Re—2 ) (12 P + |zaf? + 2lzallzal)
Izl

= 31 & Reres
( elzzllzﬂ

2(|21]% + |221® + 2[z1]122] + Re (? lftl)

Wizl + )zal? + 2z fizaly -h& 15

B (2lsr+ 2l = A(s1+2)(FrFa) =4
Ta sé chimg minh A € B. That vay: _r-a
A< B &2zl + Re( lz'*‘|z,|) .,.R,(‘ :

51__#;}?

Vi Re(215,) < |51%2] = [21]|22] nén Re(z

(|21] = |z2l)*Re(z1%2) < (121l = J=l)R



= (»1 + 2)(5) + aﬂ‘l' (3: !n)('!l %)
= 535+ 1+ 235 + 5t 55 - Ol - A TR

hay (1) dude chiing minh. = 2(|31|* + |=2?).
Vay A < B hay (*) duge chitmg minh. Do do

-!h-i!al-r({g + ]'—’ll'me(z;-n < |z1f? + |22)% + 2Rex 3,

Bai 1.6. Tim cdn ecic so phitc sau:

a) V1: b)Y ¢) ¥ 2+ .

<2

1 | 21
2+ 22 2 =(|21] + |22]) I— +
| e

=] 9 y:
el AL BRFRF S |
Bai 1.4. Chitng minh | Lai giai. iy ' it wity okl

" " a)l=1e®nén Yi=e 3 (k=0,1,2) hay

L el T e 6 I N T G PN ) wh of

I 3 —1 \/5 w1 \/5 e M

| ‘”1?‘”22‘?-'....

Lai giai. Ta co | H t

N=F2 = |2 = z?

h)\/_—c Q =0,1,2,3) hay
A=3.2)1-32) - (2 - 2)G ==
= (1-2.2)(1 — 2.25) - () — 29)(3, —

f V2
\/_1_{\/5 v;' 2f ‘/- e
= l-z 22—+ 2121293 — 13 + 2

= 142zl = |5 - |2 ¢) ~2+ 2i = VB¢ €. Do d

= Q= (a0 - e _
N G L] ,,_z‘_ ¥ lhi ; (=] mzv@e‘s—’% (;kd;a‘

Za)
Za)
F2+ 2a

f hay
%m V2¥2i= {‘/ﬁiﬁ": :
' 13— 2l = 2122 + |22 ' e

P



. .
¥ 'ﬁ-—ll = lms:p-l+isinspl=\@osg—l)?+sin-;
B

V2(1 = cos ) = /4sin® /2 = 2]sin p/2|

< 2lp/2 = |yl = |arg .

Y nghia hinh hoc: Néu vé dudng tron don vi va gui A la diém

biéu didn cho s& 1 va B la diém biéu dién cho s6 — T thi hﬁ;l - Il
1a do dai cia day AB. Con |argz| la do dai cia cung AB. Hé
thite vira chimg minh néi 1én do dai ctia day AB phai nho hon
hay blng do dai cung AB. 0

i 5 ‘jl's- alﬂug minh T&ﬂg ﬂéﬂ 1+ 2+23=0va ‘..11 — |
2 =1 thi nhitng diém z,, 2, 24 la ba dink ciia mdt tam gide :I.- u
tiép trong hinh tron don vi.

ﬁ" Vi "‘}l |22] = |z3] = 1 nén 2, 2. 2, thude duong rron
% ﬂn&ﬂhs:mnhiz.—z.,[_|_,_ i

|~J = -Z']I.

-
|22 — "t: = R+ 3T - 295 — 45,
Tich "'I = Bt - hin - a5,

i, Vidt = = ricosp + isW}WWM’VzD:,

ath.com

Dt nha-nh —-ah = Hht 52— 77 l}.*.
S —nHi—-nh—hnn-uR= N - 5% — ‘ﬁ"'ﬂll
& (-3 - T+ T2 — ) = 5(-F -5 + 5(-n—n)
ﬁ’523"5+-4~‘.'—~3~3+23-3(d031+q+23ﬂ0) PLT Ll
& |2al? = |25 (ding do || = sl = fasl =1, 8
Vay |51 — 22 —|22—af = |a - 23] = |22 — 23|*. Suy ra |3 "'%
|2y — za]. Tuong t ta 6 |21 — 2| = |22 — z3|. Do d6 tam gidc

. la tam giac ddu va ndi tiép trong hinh trbn don vie B
WA

21392

Bai 1.9. Tim diéu kién cin va di d€ ba diém 2y, 29, 23 tﬁfg don
mat khde nhaw cing ndm trén mot dudng thiing.

",

Lai giai. Didu kign cin: Do 2, 23, 23 clng nﬁm tﬂnmo&_
thing nén 2y — 23 = k(21 —23) vdi & la mot sb thye. W

k. Do do Tm-t =™ — g. Vay diéu kién cin dé
2y — 73

timg doi mot khac nhau va cimg nfm trén mot m

lm‘l_z:’;o- "j|[|‘ﬁ;7 &
Zy, %2 oad & Sl &

Ta thiy ro rang diéu kién trén cﬁng 1a tﬁ!\l'w 1

ontts B g

Bai 1.10. Cho biét hai dinh lién uépa
canh. Tim dinh =3 ké vi 22(z3 # 1)



!Qﬂvﬁias=za+la—=WWW.V

P’ : , 2m
Wi |23 — 22| = |32 — 21| Vi gOc gllra 35 — 22 vdi 20 — 2 la ~, hén

dx 2x
a—m-(a—:.]eu.Dod6:3=:g+(zg—:,}c,., 03

Bai 1.11. Chitng minh rdng cd har gig tri v/z* — 1 ndm trén
duing thdng di qua goc tog do va song song vdi dudmg phan gide
etia gdc trong cda tam giae voi dinh tai cdc diem —1,1, = va duecmyg
phan gidc nay di qua diém =.

L& gidi. Gidsir 22— 1 = r(cos p+ising) vdi r > 0,0 < ¢ < 27,
Khi d6 tap gia tri cla 27 — 1 la

¢ {ﬁ(m'§+sin§): \/F(m(g + ) +"'i“(§ S ”))}'

Do d6, ta chi chn chitug minh 2; = /r(cos £ + sin £) thuje
dving 1} e:
Tacé2f=(z—1)(z+1), nén arg z; = é( arg(z—1)+arg(2+1)).

Blng viéc vé hinh va sit dung i Iuan trén ta suy ra 2 nim
trén dubng thing chia phan giac trong tai dinh 0 cia tam gide
;\ﬁh_dhhllﬂ.z -1,z +1.

- Duya viio tinh chit hinh binh hanh, tinh chét dudng thing
mm, ta dé th&y dutng thing nay song song vai duimg phan
dngsctq\m;wdinh z clia tam gidc 6 ba dinh 1a 2, —1, 1,
dﬂ,s. thube dutmg thing di qua gbe toa do thod man yéu

‘rndb tap gia tri v=7—1thoa man yéu can bai todn.
] ni

| ring néulm(z.z) > 0,1 <k < n thi: 3°F | ; £0.

l

ath.com.. .

i

Lai giai. Nén = = |z|(cosf + isinf) thi

Yy R ,
Pl . b

DI’! llll(l.:*) > U,Vk - l'.. S nén z.2) # ule-l."'l )
Theo nhéin xét trén ta co

=~ 1
e P
Vay Im (E fr %-:,;) # 0. Suy ra Im (E: l.;;) 40, va do

1
n Paint n-
T #

1
Nhir viy, néu Imz > 0 thi Im; < 0.

Bai 1.13. Ching minh ring, néu z,, 72, 3 la nghi¢m ct
trinh z* —1 =0 thi JIE

.24+ o] + B Wn e

zZ+

Lasi giai. Dé thiy = = 1 la nghiém cia phuong t
Nhit viy ta o6 thé gia st 2, =  dan,
minh tuong dudng vai g
1+ +23

it :

Theo dinh If Viet ta c6 2;.32.23=1 hay z2.23=1
(W} s ol

g +2 +a3 =

1l
&
&



LE. o+ T I
} : "?tﬁ"

trinh

r:émi. Chitng minh ring, WW:W #VDmQTh r.x-CrQ m o8 ;‘- m o

s —a
=k
=i

li phaong trink duomg trom. Tim tém va ban kinh duong tron dé.

L& giai. Xét phuong trinh

z—a
I 20| & 1)
(1) tatomg ditong vai |z|2—2Re(2a)+a|® = k*(|=[*—2Re(=b)+|b]?).
b Re(a — k%b)= |
2 _ oRe(@ - k2b)z  |a]® — A%
i b |z| g 1- A2 1 - k2 =0
nén
a— kb # i Il‘I - l\'zbl:? |"l'2 . k‘.!lb!‘z \
lz 1=k Q-8  1-8 (2)

M'h'-ablr’ = (1 =k*)(|a]? - k2|b12)

= la]* — 2Re(ak?D) + k'[b? — |af? + K2|b1% + k2|a]? — k4|bJ2
= k*a|? — 2Re(ak?B) + k?|a|?
b
1y ra
_8—k|  kja—b|
ey =i @

=

Iaruc..ISa<%

thi chudi hoi tu tuyét doi.

Lok gidi. Dit arg e, = @n. Khi do ¢, = |cal.€¥",

Ta c6 Re ¢, = |ep)-cosp, 2 |c,,|.cma. Suy ra 11 e

leal € sRe e (1)

= x,
Vi chudi ¥ ¢, hoi tu nén chudi zll‘lecn hoi tu, do do chudi
n=] n= -
L ik 96

S |cu| B0 tu (theo (1))-
|

ns=

x0 3 "
Vay chudi 3 ¢, hdi tu tuyét ddi.

n=1

Bai 1.16. Gid s cic chudi }:;",,F.. vi 2: c
minh ring, néu Re ¢, _>_Oudimoluﬂdehﬂ3(
hoi tu.

: R
Loi gidi. DAY € =T+ iln- Dodmaig
tu. N
Theo gia thiét x, > 0 nén véi n di
mét tinh tdng qnat ta cé tﬂL#



hoi ty. Tir do ta co

f“'ﬂ‘i E(JJ"'V)’”?EI -E:(.r — u2) hoi tu.

Vay 3 leal? hoi tu.
n=1

Bai 1.17. Ching minh-

(n— 2)2]11112 + IZG;" = Z lag + a,|°.
k=] 1<k<s<n
[ (7T, AP [
‘ Lai giai. Ta chimg minh biing qui nap theo n.
| +) Néun = 2: V& trai = |a, + as|* = VE phai.
t-. -i-).Gi.i_.sﬁding thite ding véi n = p > 2, tite 1a ta co:

Mjﬂ ’)2|°~1"+1Zm,| -

1
i P T Sk-_p

nhemmnuingtmdmmn_pﬂ

lax + a,|?. (1)

Pl
é@””*li“r‘ > lm+al (1)

1<k<ssps )

Fwwwmﬁn ath.com, c......

Vé trai (17)—Vé phai (1)

= i (lax|® + 2ReayBps1) + Plapsl’s

k=1

Pl -"'i:ﬂ;-j
o] ol =(E o) Eo)-(Eo) (Em)

p+1
l k=1 k=1

= (Z av+apn) (L a+dm) - (L) (L)
- (Fr (o ot
= ;,En:i, aplipyy +Ekul"“) + 1%1‘2 t 238“%1 +W?

= (- 2+ (3 loul® + lapal?) (= 21):;hr.

k=1

= ‘i:l(laklz + 2empyr) +olapel’ ol

= Vé phii (1)~ Vé phii (1.
Do d6 (1) duge chimg minh.
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a) Anh ciia cde duong x = C, 1 =Y. 2| = R
&)mmaﬁadltd‘nyua-c'.

M‘i-il.a)'lfhcéw=:"'=.z — i+ 2izynénu=1"—y* v=
2zy. Thay r = C ta duge

u=0%-y

v =2Cy.
v ) .
— vau=C?- hay v? =

NéuC # 0tacoy = =
4c?
4C%(C? - u). Day la phitong trinh parabol ¢6 truc Ou.
Néu € =0 thi
u=—y
Y=

Day 1a nita bén trdi tryc Ou (tiic 1a (—o0; 0] C R).
Anh ciia duong © = y la ditiing

[ = € u=_0
v= 223,

Dﬁhnﬁnhﬁlcﬁutmc(h
Anh
mﬁldﬂl::nii!' = fﬂ lf dll'(‘IHg lw| = R?. Day la phuong
: b)'!'lmtminhcﬁadttbngu:(? Thay
inh u = % - vtl&wcc=z’ —y
==

o
v

u = C vao phuong

1a phuang trinh cfia hai duong

ath.com,

Néu C > 0tacd ——— (\/—P (\/_)’

vudng co truc la O,

z?
Néu € < D taco (‘/._)2 (‘/_)’ lmmwm
6 truc Oy ' ‘
ek
Bai 1.19. (}wrinh.rau'=—, # 0. Hay tim: '| ! o

a) Anh clia dubngz =C: |z=1 =1
b) Tao dnh cia dutng u=C.

e = 1 1 xr—1iy
L?Jls!,lal.u}Tacow-—-;:;—_ﬁ;ﬂxa_'_v, Viy n:‘:
T : g

AT "'=_W'“' s\ e
Dé tim anh cna d\rbng:r-Ctaxéthaimw{
1 2¢
+) Néu C=0D1: Tacou-(}\'hv-:—- Do ~o0
u?ff)ue'ukoo<v{+00v#0 Vﬁvinhlitrg‘
1
+)NéuC # 0: Tacou +v2_1'3+v:
nén u? + v = 5 Tudétasuym[u-—-zz, !
anh 1a duong trbummA—( :0): ban

Tat'iminhcuﬂlz-—llwlnhﬂr
(£=1)2+y* =1, hay a? +y* = 22. T
céu-%.\myinhl&_dmm



&-&T"' tao dnh cia diong W‘WyWFV)m

u ta dugce

A
x2 4 p2
,,. 'MC-OW#=’°-3?‘°' Tao énh ciia ditang la truc ao
x = 0 trir i gc toa do.

5 _ 1
BRI = 5. TG 14 ta o6 (2 - 5=)7 + 1 =

=C.

1
. Do d6 tao énh cia diting v = C 1A dudng tron tAm
e 1
(56+9). bin kinh o o

m 'M g'd 916 t” =0 sau t
1 06 lll! i ‘ai < de cde haﬂl /3 m 'hﬂ.ﬂj'l
m h‘“ m m' d'&n 0 d“w kh""y"

a) f(=)=——z—‘; B) f(z) = 2RO 2

= z % 0.

Lai gidi. Ta co thé gan duge néu tan tai lim f(z) = 4
]

" 1 ! )
8) T8 6 20 = ~ — 0 khi n — 00 nén lim RC3n

= - n—oo =

i Zn
*‘;“Ukhlu-..mm limn Rei’ﬂ

=

— =0

n—oo 2,

Re

Iﬂ-l-lne z]

-m‘““m“‘“hﬁmlﬁmucmo

'lituﬂjuu*‘q“w_l.

Vsykhizqotm

math.com

Bai 1.21. Khdio sdt tink lién tuz cia w =
Ham nay c6 hén tue déu trong |z[' 2

1
Lai giai. RO ring w = (=0 litn tue trong ]ﬂ <1
thuong cia hai ham lién tuc va 1 — 3 khac 0 khi ]3

Tuy nhién ham nay khong lién tuc déu v nh .
ddu thi vai £ = 0, tdn tai 6(2) > 0, thoa mtn ;.'

121 <t | <1valdd =2 < u\u.‘tl z‘—
1
Chon n dit ldn va dat 2 = 1-;'. M =1- :
1 1 1 .__]"‘
de M = - —| = —= < 4.
! 1171—]. u1 n(n+ 1)

1 4 1
1
1-(1-2) 1-{1=

Nhumng: ] )
n+1

Bai 1.22. Chitng minh ring véi a # 0, |d| % 2
ham f(z) = f(az) khong cénghtimﬂhmm
toi z =0.

Losi gidl. Gia sit f(z) lien tuc tai = = 0 v f(=]
a #0, la!#lnén0<|a|<lho&=|¢|>l,



o

Vay f = const.
4+) Néu |a| > 1 thi trong lan cin cia 0, ta c6

1@ =1az) =1(7) = (em)=1(5) == 1(5)

Do lim = =0nen /(z) = lim /(=) = f(0)

Vay f = const. o

Bai 1.23. Tim phan thue va phan do cia cic ham sau:

a) f(z) =i+ 227 p k2l
dut! 1z4+3
Lafi giai. a) Ta c6
f(z) =z = iy) + 2(x + iy)*®
| o ='.I+y+2(’r2"y?)+l'-l.l'y

‘ =22 - ) vy +ixlr | Ly
Vay Ref(2) =202 — y') + i Lnf(z) = 2(1 + 4y).
- b) Gidi tuong i ta co
i 70, PO

Az—p) BV Y+ - L4

.ﬁ)“& z=—y.

WL ofep) =20y 4 20,

www.vhmath.com

Losi giai. a) Ta c6 = = x4y I =1 —iynén'r = -

y=—5(z 7). Tuds e

U'=§" ~ e .
ulz,y) = —5—:_+ Tz; »- a,-
vix, y) = !—;-—'-z+~12;'§'. ‘ S e

Vay f(z) = ulz,y) +iv(z,y) = (1 +1)= —_

b) Tudng taf tacb f(z) =22 +2iz -1

Bai 1.26. Tim ban kinh hoi tu va mién hoi tu cia cde chudiTiy
thita sau e i
o4 1—1,“‘ e e T E N _
a) —a" b)'go( 2:'—1)' e =

=0 2"

[SRLE]T A
[T=i _2& 1 il
Lc‘.liglii.a)'l‘ncé" |—2”—|=_2_-.§Hﬁn_.

1 . rinl . i
kinh hoi tular=1: 3= 2. Mién hoi tu G!TI‘QM
|zl <2

b) Dat w = 2—2:‘—_-—1—
¢6 ban kinh hoi tu r = 1. Mién hdi tu clia chu
hay |z —i—1|<|2i — Ile,#s._ﬂt hi{lh

kinh VB k7

Bai 1.26. Tim cdc '&’_3-!-‘“‘. b i
a) 14 cosx + cos2z + -+ '



Lk gidi. Ta o6 ' = cosx + W‘Wdevn

il S e
v 4+ i(sine +sin2r + - -+

e = (1 4+cosr+cos2r+ -

Vé trai cia ding thie trén la téng ciia n + 1 s6 hang cia |
clip 86 nhan c6 cong boi e v s6 hang dau tién la 1. Nen

L= Pn(n-o—ll.r
o T

l1— e

5 (1—cos(n+ 1)z) +isin(n + 1)z

(1 —cosz) +isinr
- [(1 = cos(n + 1)z) + isin(n + 1)z][(1 — cosz) -

(1 = cosz)? + sin® r

- 1 —cosx + cosnx — cos(n + 1)z

g™ ey (x # 0)

1 sin x|

3 COS ng
+ sin nx),

2-2coszx
L 8in(n 4+ 1)x — sinz — sinnr
| s
2z 2n41)r
e 2sin +2muL——le:1 L sm(u + 1)z — sinx — sin n|
- 4mn’£

2 - 2cosz

231112

2 -
+ 2sin ——-{ ":“J sin i

4sin® 2 .

_+¢£ﬂ_ .+dnu:_m(n+l)z-mn:r sin nx

-a

mgitha Zog ,;th| - nl""‘"{m _

isin 2ry)| =

1 hay * —y* = 0. Titc la ta cd y = x holla y = .
Vay tap nghiém la hai dudng phan gidc ciia mat phing phife.

— _ —anen ikig ki
?+y2

Néwa=0tacétz=0,y+#0 'I‘apnshve:nutmclnh!il
ghe toa d0.

Néu a # 0 ta ¢b (:—~—)’+u’=i—)—’ mm‘h

b) Ta c6 Re !_ =

during tron tAm ( 0) ban kinh ——

2a|’

Bai 1.28. Tim phédn thye va phan do cia:
a) cos(l — 2i); b) sini.

L giai. a) Vi 2 = + iy ta eb ¥l
e 4 C-l'a 0 e-ri-!: +cﬂ—!}l
cCOosz = 2 = 2 :
¢~¥(cosx + isin x) + e¥(cosx — ising)
. 2
eVteV | eV —e¥
= cosT—p— —isinz 5Tl
=cosz chy —isinzshy. .«
Do dé cos(1 — 2i) = coolph(—!)ﬂ-ﬁﬂl_ shi

b)'rmngtu'taeé




ham bi chan trén C.
iy 5]
L& gidi. Theo bai 1.28 ta co

iy |sinz|= y/sin* x ehly + cos? r shy=+/sin’z + shiy> [shy]
ap g

_ |eosz| = \J/oos?x + sh?y > [shy|.
Do d6 khi = roi xa truc thye, cing vdi y tang, modun cua sin 2
v ctia cos = déu tang vo han. o

i

Bai 1.30. Gidi phuong trinh:

a) cosz =2; b) cos2z = sin(z + 1).

1 " -3z
. Laigidl. a) Tir gia thiét ta c6 %_ =2 hay (€)% —de%*+1 =0,
Tirdé e = 2+ /3 hotic ' = 2— /3. Do d6 iz = Ln(2+ V3) =
In(2 + V/3) + ik27 hoac iz = Ln(2 - v3) = In(2 — V/3) + ik27.

Vay 2 = —iln(2+ V3) + k27 holic z = —i S :
wikeZ 7 hodc iIn(2 — /3) + k27,

b) Ta c6: Tir gia thiét Suy ra cos2: = cm(g =15

A2: = 22 iykon
: = hodc 22
k2r

- i). Tiic

w -
=3 + = +i+k2n, hay
o

e &

|

dang:
wald

e

QLY.
e '

w=

nath.c

Do a — 0 nén 20 = a. Quad‘télngt.rbndunvi.dﬁmd& :
a la i diém d6i ximg voi w = 0 la diém w = 00 nén 3 =
x

—_—

o
Do dé

Lz a -
w=Az--‘-—M'Ez—l' & okl
e
Néu z = €'¥ ta cb
| ¥ —a

= !)\CI! eiwﬁ s o 1\ N sl ‘i"
Do ) ]
e —a P (¥ —a)e®—a) _1+|af =TS a
\;-ffﬁ - ii ~ (v*a - 1)(ea—1) jaP+1 fe*rﬁﬂfm

f
] LY

nén |A\G| = 1, titc la Aa = e

Viy anh xa phai tim c6 dang:

nvze"Zha- ¢ indl
az—1 ods O 88

Bai 1.32. Tim dnh 2o phan tuyén tinh bién nia mat
Imz > 0 thanh hinh tron don v [w] < 1 v _-;: Ll
tdrm w = 0 cua hinh tron.

ngiﬂi.'rnﬂmﬁnhwphﬁn‘ i tinh d
-

Tim dnh za phan tuyén tinh bién hinh tron |3| < 1
: diém 2= a bién thanh tam hinh tron.

AL =
o - 35—




~ Mat khie, vi @ va @ d6i ximg qua tryc thyc nén w(n)
v w(@) dbi ximg qua dudmg tron [w| = 1, nghia la w(d) =
%“ =0

-
z=a

Do céic diém trén truc thue bién vao dudmg tron don vi |w| =1

w=A

nén ..
I-la\l.'i—g'. vdi moi T € R.
r—a

L1

2
—al’ _(z—a)(z-a) -
0 .-IL-(-"I.El (z = &)(x - a) 1, véi moi r € R
Al =1 hay A = e,
B tn.oa!ﬂse":——_.:;mmudnﬂm G

s phép bién ddi phin tuyén tinh bién nia mat phang
Mhhhhﬂnd’dnmm]( 1 sao cho

romnee WWW. vnrnathﬁ.tcem

-1
Ta cbd: w "~+‘
w = ‘lﬂ‘-"+i] - (" "')
(z+1)?
o
(z+1)?
Suy ra
’ A l-
w'(i) = FLQ_@"

argw'(i1) =8 —arg2i = -—%.

Do .46l — == -%.Tfldﬁ;acéﬂ=ﬂ.

2

2t Uy
Viay anh xa phai tim 1a w = g




F

1 1 wdy o
w'{E)-e"s.Suyrnargw(z) 29 :)

Vay énh xa cAn tim [ w = 5——. -

Bai 1.35. Tim ham f dnh za hinh tron |z —4i| < 2 lén m}amd
phdng v > u sao cho f(4i) = —4 va f(2i) = 0.

Lai giai. Ta thiy anh xa 2, = ':_T'h bién hinh tron |z — 4i| < 2
1én hinh trdn don vi |2 < 1 vaa dnh xa w, = e~ w bién nita mat
' phing v > u thanh nita mat phing trén.
| T 06 21(20) = —i; (i) = 0 vis wy(—4) = —4e~'5

i Ta cén tim é.nl; xa g bifn nita mat phing trén lén hinh tron
dan vi vii g(—de™"3) = 0; g(0) = —i.

~ Do d6 aunh xa chn tim ¢6 dang:

.
0 W + 4CV'I
—_—

W) +4e's

21 = gwy) = e

e - WWW YR Ath.com

¥
[}

z-4i_c"%w+“"‘i‘ g,

e e“§w+4e'* 1 ;
hay -
: -4 _ wd TR
2 w4+di
Do d6 weied R

(> — 4i)(w + i) = 2(w + 4)
#:w+4zi-—4iw+l&=2w+§
s w(z—24i—-2)=-8—42

844z 4, snh xe clin tim
24 4i—=

Viy w =
Bai 1.36. Tim dang téng quat cia ham tuyén [mzh g
D = {0 < x < 1} lén chinh né.

Liti giai. Gia sit 4nh xa cn tim c6 dang w =az+b
Anh xa d6 1a hgp cia phép qu.ayvectdmétﬂ '
phép bién ddi ddng dang he sb k=|a| va phép tinh tién
b. :.-_b.ﬂ!
Doauhmbiénommmmaqu-ﬂ 0fc ar
Do d6 w = kz + b hoic w= —ki+b. " IS
Trong c hai truong hop ta déu o&
dai d& cho c6 anh 1a dai c6 do rong khac v
Do dé hodic w = = + b holic w = —z + b
Néuw=z+bthib=ihheR.




—

e WWW. vnr

1 mn-=+mholew=r—~+l+;h heR

w--

-
L ﬁm minh dnh xq Jukovski dom tri 1-1 trong nia mat

.dmmm{o-(l'{e < 1;Im = > 0} gua dnh zq

Dodé tip {0 < Re = < 1:1m - = 0}

L'l‘} ulbl dins L B Al
e

qulh,epggmt béi mita binh tron

z - 1 1 1 :
b) Ta c6 Anh xa Jukovski w = -(34. ;). Néu 5(.’ 4+ _ :

: L
__(_,.p-—)lhl{ 1—-2](1'"‘—‘)‘—" . {

132

Viy nnh xa nay don trj 1-1 trongmﬂnDrﬁoMﬂ- ¥ h
khi D2 khong chita -l' 2 ma zz =1, Amilf lfb

Ro ring = VA — duoc sAp xép nhit san: Néu mot didm ¢
nita mat phing trén thi diém kia thudc mita mat § ohé . Yo
Viy anh xa nay dan tri 1-1 trong nita mit '

Bai 1.38. Thmn dnh cia cic mién:
a) Hinh tron |z| < R < 1]
b |zl < L
c)lz| > 1

qua dnh o Jukousk:.

1 1 = .-
LI gidi. Xét w = 5(; + ;). Dat = = re®, tach
W= Uiy = —(rc -l-

1 L
= —(r+—=)cosp+
5 () domig




(r - —)mmp
u‘.'
i (3(r + ;))' (G(r- —))‘

a) ﬂl;:h Izl <§ R < 1 bién thanh mién ngoai ellip ¢6 cac ban
e ; 1
tryc a = §(R+ ﬁ}'b - E(R_ -
b) Hinh |z| < 1 bién thanh wat phing C bé di doan [ 1;1),
¢) Hinh [2] > 1 bién thanh C\ [-1;1]. o

S e

WWW. vn}nath.cngmwg

Bai 1.39. Viét caoaéphacsaudmdmm.& P ""

a) Vi b)VI+i o)

Bai 1.40. Tun phin thye va phin ao cia 8b phite & + iy {
hai bién x, y). )

'.lmnh

2wy 2m)
Bai 1.41. Cho n diém P; -—cos—-+i m—“—,neﬂ 0_

n — 1 trén hinh tron don vi. Ch\'tng minh rang m‘ﬂ

d6 Py la khoang cich gitta Py v Fy. ot (el

Bai 1.42. Cho0 < r < 1 va b, eRn=0,12, ..Chingx

chudi '."

~ 1,5
Zr“(cosﬂn-l-ininen) s

n=>0
hob ty, N -!h‘lz':‘
Bai 1.43. Cho day {zn)aza bdi Zas1 — 20 = n{zm_._
0 < |a| < 1. Tim gici han lim z,, qua zo V& 2y,
Bai 1.44. GiA 8t 2, — 2 7 00 Vi G — C. Ching
z1.Gn t 2a Laaigh fiaml za-1 & g
v { el
Bai 1.45. Cho E, ¢ C,a € T la nhimg | i
Ea, 0 ---N E,, # @ voi moi hé nim_han
winh OoerBa #2- o -
Bill.w.ChoBcAliilﬁ
vdi moi tap compact K




. Bai 1.47. Hay chuimg minh v&ulwwwrofvn

J2] < r2}(0 < 1y < rg) th mdt midn.

Bai 1.48. Cho E la tap réi rac trong mién D. Chitng minh ring
D\ E ciing la mot midn.

Bai 1.49. Tinh cic gidi han sau:

sin = lime‘-lI log(l+:)_

R e
Bai 1.50. Cho f(z) = %! Tim supremum va infimum ciia
|£(2)] trén A(1).

Bai 1.51. Cho f,(z) = sinnr, n=1.2..
| thye = € [0; 2] Khi d6 (@)}

, Ia day cac ham bién
°¢ la bi chl‘m déu. Chitng minh

| rling bt ky day con nao ciia {ful)}, déu khong hoi tu trén

; 21,
P_ Bai 1.52. Tim ban kinh hoi tu cia cic chudi lity thira sau:
a) Env;- >0  b) 3 gan
n=0
) i.{lﬂ)”"z“: d)1+ 3 T
= ) .?;.', ,,Unl+p)(ﬁ+y]'

Bai 1.53. (Midn Stolz va dinh 1 v& tinh lien tue A
1c Abel). Cho
- $ €C(0:1). Ki hieu G(¢; r) € A(1) 1A midn ni %

nam gida hai dudng
- thing di qu{uomo<r<2 Vi duong thing di qua 0 vi ¢.

 Te wa({.r)hmﬂn(mc] Stolz véi dinh ¢,
a) Chitg minh rlmg- G(Cir) N A(¢;

(lg] < 1);

cosr) € {z € AQ);

ath.com .

Mat khae, va>1 T = cos

|z =
l-]:|

37 € (00w/2). Wiy
< I\} ﬁ&((ﬂml"] c @

minh {; e A1),
A((;2cosT),
b) Cho f(z) = ): a,:" la chudi lity thita hoi umuﬂ!,

Chitng minh ring nfu Zn 08, C™ hoi tu thi :

dyien

fiz )—zu..c"

=i =¢( (Cird

Bai 1.54. Chimg minh ring Aut(A(1)) 1a mot ho nhimg h
déng lién tyc trén cac tap con compact ena A(l1).
sinz

Bai 1.55. Chitng minh ring tanz =
€ z} vdi chu ki 7.

2n+mw

C\ { — - n
Bai 1.56. Chimg minh rang, néu a > 1 thi EQ;-
dén trén cac tap con compact cna C.

oo L, il
Bai 1.57. Ching minh ring “I'[l(l — ") hoity t

trén chc tip con compact cia A(1).

Bai 1.58. Chmmmﬁ(1+gﬁj=“--



LT A A A AR
han khi z; — co. Cho f € Aut(C) 1a phép bién déi tuyén tinh vy

hh”uetmm.ﬁz‘!} = 1; f(z3) =0 vA f(z) = oa, Cbﬂng
i ninhrh;f(:) = (8, 25, 23, 24)-

| Bai 1.60. Chitmg minh réng vdi bit ky phép bién déi tuyén tinh
£ via bbn diém 2, ..., 2, cia C thi

(21, 22, 23, 24) = (f(21). f(22). f(z3), f(=2))
(Tinh bt bién cia ti s6 cross)

b
Bai 1.61. Cho f(z) = :::d khong déng nhit vai =, ad ~ be = 1,

1 mot phép bién ddi tuy?n tinh. Chitng minh ring, néu o+ d =2
hodc —2 thi f c¢6 mot difm cé dinh = (diém théa man f(2) = z);
©On céc trudng hop khic thi £ ¢6 hai diém o6 dinh.

m 1'_62' Gid sit o v /7 1 nhig didm ¢6 dinb noi trong bai
f:-l cia f. Chiing minh ring, néu o # § thi w = f(z) dwdc cho

*

w— -’r'.'—'ﬂ'
gt w-p =~ K5 B’
Phép bién n ddi tuyén tinh J duge goi la hyperbolic néy e — 1

b gy | i i .
iﬁh&m = 1, va loxodromic trong nhimg trudmg hgp khac.

K>0 6eRr.

mcﬁiﬁ“"ﬁﬁnhuam )
8= 0= 1) e o "™ 8 i s, i
W YSEET | (0=p=o)
duge goi 1a parabolic

| tinh bao tdn A(R), 0 < R < o0.

ath.co

Bai 1.64. Gia st f(z) dmcho]Lumw 1.61. Clwn
rAng, nén a+d 1a sé thge thi £ la hyperbolic, elliptic hay arbolic
tay theo |a d| >2 <'2, hay = 2 tuong g, mﬂl N

nén a + d khong i sb thye thi f Ih loxodromic.

Bai 1.65. Tim dang tdng quat ciia phép bién déi

Bai 1.66. a) Tim phép bién déi phan tuyén tinh bién 0,
thanh #,1 4 1,2 + 1 tudng \mg.

b) Tim phép bién ddi phan tuyén tinh bifn —1,4.1
—2.1, 2 tMong ung.
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HUONG DAN GIAI
VA DAP SO

Chuong 1

1.39. Viét, ching han, Vi = z + iy. Khi d6 22 — »? = 0 va
2y = 1. TH da"\ng thitc thit nhat suy ra r = +y, tir dt.mg thire
thi hai suy ra © = y. Vay 2 = y = +£1/V2.

\[‘ 24 02 4 9 /o

T +TY +a U

1.40. u= +- = — AR T — ,{:—F——V—L————-.
V2 \/ v ? + y‘! + X

1.41. St dyng dong nhat thic
E-D]Jz-P-i)=2"=-1=(z=1)(""+:-+1)
J=

1.42. Sit dung tinh hoi tu tuyét dbi.

1.43. lim z,, = f’l_“__‘;zi_

1.44. Hay danh gia higu
21 +PJ+"'+3|:,_zlcn+32Cn-l+"'+zu<l.
| n = n
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unF =2,EC LT\ E,) th

1.45. LAy tity ¥ ag € I'. Né

1 ."fl]bqh'a
ﬁnullmuhgnEl<l<1m°h°ECU{-’(C\E ). Do dé ()]0g(ri')?=§=n1£lq1‘_§ kg —
rﬂﬂ&n a. . 1 L
1.49. Sit dyng khai trién Taylor tai = = 0. =—5n +1(log(n +1) — 1) - 0. BMW“&WI'“

Y
a) =%

1.50. sup |f] = n, va inf [f] = 0.

_51. Gia sit tdn tai diy con {f, }2; hoi tu tai moi diém thube 3. Do phép déi bién
1102«] Dat f(z) = lim Jn (). Theo dinh 1i Lebesgue vé hdi ty bi 3. D e e e “mmﬁ*%‘-l-ﬂ
}:u,,\ﬂs = hm 8p = Za,, VGIZEA(I)‘MQ

dt = li we (1)dt. Tacé [ f, (t)dt — 0, el .
dunumymff(t) im ff (1) ./ E s, 2" va khido f(z) —s=(1-2) E(‘u*‘lh? .

n=(

ai’

l
uH

Do 46 ta c6 [ f(t)dt # 0. Suy ra f(z) = 0 hau kbip nai v vi Vai z € D(1;cosr), ton tai hlngsbdm!} '
% cho |1 - 2| < K(1- 2]). Vai e > 0ty , tn ‘

b
m[lf(i)idt-.:o. sa0 cho |s, = s| < &, n 2 no. Khi d6 |f(z) —s| <
gt theo diih U Lebosgue vé hoi tu bi chén ta c6 wlal™ +"_§- elz|”) < [1— 2| [g"i"', '
m_ZI’.T...-(ﬂI&-jI.f(:)I«:tuo. zlﬂ}'_fwls.. s +£|1 lzi < |1—-zli‘&_!lp K

Liy z sao cho |1 — z| i |8n — 8] <
n=0
m[|mmw= f{mq.ﬂ f|amt|dt-2qutdt—4- (K +1)e.

u thuin xay ra. 1.54. Dat f(z) = e

2 :@'*__1' 5 b IR = S < (1= e
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1.55. Do sin(z +7) = —sin 2 va cos(z +7) = — c0S 2 nén tan(; 4
7) = tan . Gid s ton tai 0 < 7' < msaochotan(z = ') = tap .
Khi d6 ta c6 sin’ = 0. Tit do ta suy ra sin(z+27') = sin . May
thuin xiy ra vi sin 2 tudn hoan chu ky 27.

2!:4-1 -]

n
1.58, Biing quy nap, tacd [[(1+2%)= 2 2" Chon — o,
p=0

v=l

(2= 2)(z2— 2)
59, Dt B ——
S ) (2= 2)(22 - 2)
tuyén tinh va f(2) = 1; f(z3) 2 0; f(z) = co.
Ap dung dinh i sau: "Cho bo ba diém (21,2, z) va
(wy, w9, ws) 1 hai by ba diém phan biét trong C. Khi d6 ton
tai duy nht phép bién déi tuyén tinh f sao cho f(z) = w;, i =

. Dy la mgt phép bin dgj

1.60. Dat g(2) = (f(2), f(22), f(25), f(24)). Khi dé g(z) la phép

bién doi tuyén tinh va g(2) = 1; g(z3) = 0; g(z) = o0. Tix d6

ta o6 g(z1) = (21, 22, 23, ).

1 e -8

B N () = Re -z + R?

(24+14)z+i
z+1

b /()= 6?%2

,a€A(R), 0eR

1.66.a) /(z) =
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