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PHUONG TRINH VI PHAN VA LI THUYET CHUOI
BAI 1. CHUONG I. LY THUYET CHUOI
§ 1. Dai cwong vé chudi so

e Dinh nghia e C4c tinh chat co ban
e Diéu kién can dé chubi hoi tu
Dt van d8; 1+ 4+ 4 L hep g2

2 4 8 2"
e C6 phai la c&» cong mai cac sb hang cla vé trai thi thanh vé phai?
1+l +(=1)+...=7?
1.Chudisé: , ,
Dinh nghia: V&i moi s6 tw nhién n, cho twong rng véi mét so thuwe a,, ta c6 day so ki
hieu 1a {a,).
Pinh nghia:

Cho day sb {a}, ta goi tong vo han a, + a, + ag +--- la chudi so, ky hiéu la Zan,
n=1
a, la sb hang tbng quét.
S,=a;+ ax+ ag+ ... + a,laténg riéng ther n. Néu lim S, = S thi ta bao chudi hdi ty,
N—oo

cotbng Svaviét: > a, =S

Khi day {S,} phan ky thi ta bdo chudi Zan phan ky.

n=1
Vi du 1. Xét sy hoi tu va tinh > g”
n=0
5 1_qn+1
Sp=1+q+q" ++q" =—=—, [q <1
-q
lim S, —L, g <1
n—soo 1-q
Phan ky khi |g| > 1
- 1
Zq”=—1 , gl <1.
n=0 -9
Vi du 2. Xét sy hdi tu va tinh
g i u Z (n+1)
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im S, = lim [1-Lj=1

n—oo N—oo n+1

’
Zn(n+1) =!

n=1

Vi du 3. Xét s hoi tu, phan ky Z% (Chudi didu hod) S, =1 +%+%+--.+%
n=1

+( L +- L j
2m 4 1 om+1

L&y n>2™" co

1 1 1 1 1 1 1 1
Sy>1T+—+—+-+ =1+ — |+ =+ — |+ =+t — |+

2 3 oM+ 2) \3 4) |5 8
>l+2.l+4.%+---+2m.

1
2m+1 - (m+1)5

Do d6 S, c6 thé Ién bao nhiéu tuy y, nén cé lim S, = oo
Nn—oo0

Chubi da cho phan ky
Vi du 4. Chudi nghich dao binh phwong: le

13 -0

Sy tang va duong

8

* ) a, hoitythi lim a, =0 (Diéu kién can dé chudi hoi tu)
n=1

Chirng minh:  C6 a,=S,-S, 1; lima,=lim(S,-S, {)=0

N—soo n—oo

e Néu lim a, # 0 hoadc khong ton tai thi chudi E a, phan ky.
Nn—oo
n=1

e Thay d6i mét sb htvu han sb hang dau khéng 1am thay déi tinh hdi tu hay phan ky ctia chudi.

Vi du 5. —
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Co lim (-1)" =

n—o

Khéng tén tai lim (-1)"

Nn—oo
> (-1)" phanky.
n=1
Vi du 7. Tim tbng (néu cé) cta chudi sb sau 342 2n—+12
4 36 n?(n+1)
Vi du 8. —_— PK
. ;(M INGE
Tinh chat. Gid s lim a, =a, lim b,=b
Nn—oo0 Nn—oo
e Iim (aa,+pfb,)=aa+pb
n—oo
e lim (a,b,)=ab
Nn—oo
e imZn-2  pzo.
n—eb, b
§2. Chuéi sé dwong
e Pinh nghia e CAc tiéu chuan hoi tu

e Cac dinh li so sanh

1. Dinh nghia: ) a, a,>0
n=1

Nhéan xét. Zan hoi tu khi va chi khi S, bi chan.

n=1

Trong bai nay ta gia thiét chi xét cac chudi sé dwong

2. Cac dinh li so sanh.

BS: 1)

Binh li 1. Cho hai chudi sb dwong, a, < b,, ntuy y hoac tir mét luc nao do tré di

(e}

> b, hoity= ian hoi ty

n=1 n=1

> a, phanky = > b, phanky
n=1 n=1
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Chdeng minh.
&+a+---+a,<b+b,+--+b,
0<S,<T,

Rut ra cac khang dinh.

, - 1
Vidu 1.
;3”+1

Chubi dwong
3"+1>3"
1 1
<
3"+1 3"
— 1

— Chudi da cho hdi tu

3n° +2n+1
2"(3n+2)

Vi du 3. a) i

n=1

(HT)

Email: thaonx-fami@mail.hut.edu.vn

, — 1
Vi du 2. —
’ nz_: Inn
Chubi dwong
Inn<n

— (n+1)sin(2np)

n=1 \/n7+2n3 +3

, BeR;(HTTD)

L ChLE: 4 noa 2 R S A
Dinh li 2. Cho hai chudi s6 dwong, lim b—"=k¢0 = Zan va an cung hoi tu

hoac cung phan Ki.

n=1 n=1

Nhan xét. Déi voi cac chudi s duong > a, va ) b,:

n=1

19/Néu lim 21-0 va Y b, heitu= > a, hoity

n—oo
n n=1

2/° Néu lim %1 =0 va 3 b, phanki= > a, phanki

n—oo
n n=1

n_12n3_3
Chubi dwong
’ 2 1 2
n+2 _ n +E T +E
2n° -3 2n3'1_i 2n2'1_i
3 3
2n 2n

. n+2 1
lim 3T % =1
n—e\ 2N 2n
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[ee]

ZLZ hoi tu
n=12n
Z n3+2 hoéi tu
= 2n° =3
— 1
Vi du 5. ;F p>0

Khi 0< p<1ch 0<nPSn:»izl, do Zl phan ky nén Zi phan ky.
np n n=1n n:1np

Khi p>1, n tuyy, chon m sao cho n<2",co

SngSm :1+(i+ij+[i+...+ij+...+ 1 _|_..._|_—dI
& 2P 3P ) (4P 7P (zm—1)p (2m_1)p

2 4 om-1 1 1 1
s1+2—p+4—p+---+( )p:1+2p_1+( )2+---+W
2m—1 2,0—1 2,0—1
_m
:1 a < 1 L0k g8 <1
1-a 1-a op-1

Day S, bi chdn trén = Zip hoi tu.

n=11
KL: Chudi hoi tu v&i p> 1 vaphan ki vei0 < p<1.
] - 1
Vi du 6.
;\/ns +3
Chubi dwong
1 1 1
N n3/2P T on%?
n3
lim - =1
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Vidu?7

al) iln(1+\/n+2—\/n—1)
n=2

b1 3 nsin? L
) Z 2\/n

n+cosn
°V Z Vn +1

d1) i(Jn+2—Jn—1)

e) Xét sw héi tu

)Zlnn

- T
3) Z nin (1 + arctan? j
n=1 2V n3

3) Cac tiéu chuan hoi tu
a) Tiéu chuan D’Alembert

. a
lim S0+t —

n—e da,

Khi 1<1= ) a, hoity

n=1

Khi />1= ) a, phanky.

Email: thaonx-fami @mail.hut.edu.vn

(PK) az)isin(JnH—Jn—ﬂ (PK)
| 21
(PK); b2) 2;2 ~1 (HT)
(HT) n+sinn (PK)
(PK) i ( ) (PK)
(HT)
HD 2 Y —— (PK)
arcsin—+Inn
n
(HT)

n=1

Chirng minh

. a, a,
o /<1:Tw lim S =/ chone>0dubé dé/+e<1= 20t <[4 g ¥V n>n,.

n—e d, an
y . a, a an, +1 -
e Matkhac ¢6 a, =—2-.20=1... .00 g < (J+£)" ™ a, —0,n— e
dn 1 dpo ano

Do d6 lim a, =/
n—eo
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< a > 1 s 4R a
o/>1:Tw lim 2L =/ chon edlibédé/—e>1= 2 s _e>1= a,,1> a,
n—e d, an

— phan ki
Nhan xét. Khi / = 1 khéng c6 két luan gi

1 . n! . 1
: = lim ——=0<1
now @, n-oe(n+1)l Nl noe(n+1)l nsen+1

. a
lim 201 — 0 <1
nN—oo an

Chubi da cho hdi tu
1 13 135 1.3.5--(2n-1)

Vi du 3. Xét sy hdi tu, phan ky ctia chudi — + —— + 4ot
2 25 258 25.8--(3n-1)

1.35--(2n-1)
a, =
25.8---(3n-1)
8y _1-35-(2n-1)(2n+1) 1.85--(2n-1) _2n+1
a, 258-(3n-1)(3n+2) 2.5.8:--(3n—-1) 3n+2
2

. a
lim S0 = = <+
n—oo an

Chudi da cho hoi tu
Vidu 4

>0

at) i”!in (PK) a2) i”!zn

n=1 N n=1 N
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a3) Z 7n(” )* (HT)

32n+1 PK b2 oo 22n+1 T
)Z4nln(n+1) 0 )ES”In(nH) "
(2n+1)!! - (2nm
b3) ) ——— HT b4 HT
)Z p (HT) )nZ p (HT)
3n° +2n+1
HT
)Z 2"(3n+2) (1)
at) 1 (PK) d2) S 17 (PK)
n=1 n" n=1 n"

b) Tiéu chuan Cauchy
Gia st lim {la, =/

Nn—oo
Néu /<1= ) a, hoity

n=1

Néu />1 > a, phan ky
n=1
Nhan xét. Néu [=1 khéng c6 két luan gi

Chudi da cho hdi tu

Vi du 6. Xét sy hdi tu, phan ki Z(”—) (PK)
n=1

Vidu 7.
2 2n-Inn 3n-Inn
a1) Z[Bn +\/_+1j (HT) a2) Z(Zn +\/E+1j (HT)

4n° +cosn 3n +sinn
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e I72 n
a3)y 1> (HT)
=12"(n+1)"
S n(n+4) o n(n+4)
n+2 n+3
b1) Z:(n+3j (HT) b2) ;£n+2j (PK)
0y 15" s (HT)

n= 13”(n+1)

c) Tiéu chuan tich phan
Cé moi lién hé hay khong gilra:

oo b
jf(x) dx= lim [f(x)dx
b—>+oo
a
k | |
Vé. Z n — ||m a - ql'. :2 B 3 nmn/-*-kl‘ n*+w'2‘. m ]A 2 3
K—co
n=1 n=1

Hinh 14.4

X—>+o0

n
J-f( xX)dx<a+a+---+a,<a+ Jf x)dx, lim f(x)=0
/
Néu f(x) la ham dwong gidm voi mol x>1, f(n) = a,, khi do6

Zan va jf(x) dx cung héi tu hoac cung phan ky.

n=1 1
- 1
Vi du 8.
Z_: ninn
n=2
f(x) = 1 dwong, giam véi x>2 vacéd lim f(x)=0
xln x X—>+o0

f(x)dx = lim bd(lnx) = lim In( Inx = lim (In(Inb) -In(In2)) = =

b—eo > In x b—oo N—soo

— 8

f(x)dx phan ky

+
g_gl’\)

1

M -
3
5

i
n

phan ky
n

Téng quat c6 thé xét Z

héi tu chi khi p > 1.
n=2 n(Inn)
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Vi du 9. Chirng minh rang: LI B Y
2 3 4

1 1 1 1 1 1 1 1 1 1
Sop=1-—4+———+---+ ——=14+—=+-+ | =+t—+-+—
2 3 4 2n—-1 2n 3 2n—1

1 1 1 1 1 1 1 1 1 1 1
=|1+=-+=—+-+—|-2|=+—++— =T+ +=++— |- |1+ =+ =+ +—
2 3 2n 2 4 2n 2 3 2n 2 3

=[In2n+y+o()]-[Inn+y+o(1)], véi y= lim (1+1+---+l—lnnj
n—co 2 n

=In2+0(1) >In2 khi n—
Mat khac ta co
1

2n +1
n—oo

Sont1 = Sop +

o (- n+1
=In2
n=1
Vi du 10. Twong tw nhan dwoc 1+1—l 1 1—1 -=§In2.
3+R2aB At 2
Vi du 11. Xét sy hoi tu phan ki ctia chubi sé sau
1
- In(1+ n) Inn
a) (HT); b) (HT) c) ) — (HT)
Z“(n+2) Z:(n+3)2 Z

HAPPY REW YEAR 20111
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HAPPY NREW YEAR 2011
PHUONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 2
§ 3. Chudi s6 vé&i s6 hang c6 dau bat ki
e Chubi v&i s6 hang c6 dau bét ki e Tinh chét cha chudi hoi tu tuyét dbi
e Chudi dan dau
1. Pat van de.
2. Chuébi vé&i s6 hang cé dau bat ki

Dinh nghia: Zan dwoc goi 1a hoi tu tuyét déi < Z\an\ hoi tu. Chubi Zan dwoc goi
n=1 n=1 n=1
la ban hoity < ) |a,| phankiva » a, hoitu.

n=1 n=1

Dinh 1y. ) |a,| hoitu = > a, hoi tu.

n=1 n=1
Vi du 1. Xét sy hdi tu tuyét déi ctia chudi s sau
i( )n2+n n i )
a) ) (-1 2 —; b) ) sinn
n=1 2" n=1
Zsm( (2+43)") (HTTD) 9 Y 27 (HTTD)
n=1 n3
Hu’o'ng dan.
i n+n o0
n 2
a) » (1) 2 — b) Zsmn
nz—; 2" n=1
2
& n +) sinn“e R
#) Xt ) = +) Khéng ¢6 lim sinn? =0
n=1 Nn—oo
+) lim 2ot 1 That vay, phan chirng c6 lim sinn® =0
n—eo dap, ) ) '.7_>°°_
o = lim sin(2n+1)=0 = lim sin(2n+3)=0
n n n—oo N—oo
+) D, hoity = lim cos(2n+1)=0
n=1 N—oo
00 nP+n n = lim (sin2(2n+1)+cosz(2n+1))=O (v6 i)
#) D1 2 L hoity e
n=t +) Y sinn® phan ki.

n=1
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Nhan xeét.

1°/ Néu Z\an\ phan ki theo tiéu chuan D’Alembert hodc Cauchy = Zan phan ki

n=1 n=1

2°/ > |a,| phanki = >_a,phan ki (ding hay sai?)
n=1 n=1

3. Chuéi dan dau

Dinh nghia. Z:(—ﬂn_1 a,, a,>0 duocgoila chudi dan dau

n=1

Chu y. Z(—ﬂ" a,, a, >0 cling dwoc goi la chubi dan dau.
n=1

Dinh li Leibnitz

Day {a,} giam, a, >0, I|m a,=0 = Z( ~1)""a, hoituvaco Z(—1)"_1a

n=1 n=1
Chteng minh:
+) n=2m:

©CO Sopp=(a—a)+(a3—ay)+ - +(am1—am) = {Som} tang

e Syp=a—(a-a3)—(ay—a)——(@mo—am1)—am <&
eTrdo 3 lim S,,,=S vacod S< g

m-—oo
+) n=2m+1:

° 82m+1 = SZm + domid

eDo Iim a,,1=0= Ilm S,,,,1=S.
Mm—o0 m—oo

Dinh Ii dwoc chirng minh.
Vidu2. Xétsw hditu tuyét ddi va ban hditu cha cac chudi sb sau

Iy ) L . n13.5.7...(2n+1)
2 ,,Zzl‘ 2n—1 oAb D Y MR
Iy L < .n11.47..(3n-2)
,,Z:;‘ g Bk ! ZH) 7.9.11...(2n +5)
o0 ( 1)n+1 N—1
(HTTD ()" tan—— (HTTD
,,Z_;‘(zn Ok ) Z o J_
(-0)""'n 1)”1

n+1 2
en 5 h) ;(—1) — (PK)

n=1
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L — ~1lnn
) S " (pK) m) > (=" (Ban HT)
nz_; V2n? +1 nzz; n
Z( —q)" (””j (PK) 0) Z(;”;)S'”gz”ﬁ), BeR (HTTD)
n=1 \/n +2n° +3
) ) n
1) Z(—1)"_1In2n—+1 (HTTD) p) >’ (=) (Ban HT)
— n —n-Inn
n=1 n=1
Hwéng dan.
b) +) i D" 12 chudi dan dau d) +) i% 14 chudi dan déu
n=1 \/E n=1 6n-5
1) o o o e
—} giamvaco lm —==0 +) lim —
Jn n-en ke 6 n16

+) Hoi tu theo Leibnitz 1
1 +) A lim (=)™
+) > —— phén ki = ban hoi ty N 6n—5

\/E %)
—1)"—_ phan ki.
") nzz; 6n—5 "

8

n=1

4. Tinh chat caa chubi héi tu tuyét doi

a) Z\an\ = S = chubi sb nhan duoc tir chudi nay bang cach dbi thir tw cac sé hang
n=1
va nhém tuy y cac sb hang ciing héi tu tuyét dbi va cé tbng S

b) Cho > a,=S, > |a,| phan ki = c6 thé thay d6i thir tw cac s6 hang cla n6 dé
n=1 n=1

chubi thu dwoc hoi tu va cé tbng 1a mét sb bat ki cho truwéc hodc tré nén phan ki.

Dinh nghia. Cho » a,, »_b,, khi d6 ta dinh nghiia phép nhan chudi:

55 Eromaon

) Yla =5, Ylo=$; = (ianJ[ian ~5,S,
n=1 n=1 n=1 n=1

Vi du 3.a) Xét sw hoi tu cla tich cac chudi sb sau: Z . va Z#
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oo n
. x. 1 _ 2 k
b) Xét su hoi tu ciia chudi sd > | > (-1 tan _| 2N+
) » hoi [ p

=1\ k=1 n+1-k

Hwéng dan.

a) +) ZL hoi tu tuyét dbi
n=1 nvn

1]{ 1jhmtu
nn 2"

DAVE A GOOD UNRDERSTANDJING!

OO

n

E

AMg 1IN
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 3
§ 4. Chudi ham so
e Dt van de.
1. Chudi ham sé héi tu
Dinh nghia: Cho day ham sé {u,(x)} xac dinh trén X, ta dinh nghia chudi ham sb6

u1(x)+u2(x)+---ziun(x) (1)
n=1

Zun(x) hoi tu tai x, < chubi so Zun(xo) héi tu

n=1 n=1

D u,(x) phan ki tai x, < chubisé D u,(x,) phan ki

n=1 n=1

Tap céac diém hoi tu cta (1) goi 1a tap hdi tu ctia nd. Tong cua chudi ham so la ham
sO xac dinh trong tap hdi tu cua né.

Vi du 1. Tim tap hoi tu ctia cac chudi ham sé sau

— — COS Nx — 1 — X"
a) » x" b) —— o )>.— (x>1) d — (R)
— NS+ x —n ~ n!
e) ism(z”z t4)x (g f i(—ﬂ”‘1 e (L kor < x<Zikox)
= Bn+1° P 2 2
= ()™ 1
9) (Ix-3[>=)
;n5”(x—3)” 5
Huwéng dan.
a) an—‘l
n=1
+) Xétchudisd > x5 (2)
n=1
+) (2) hoi tu voi |xo| <1 +) Tai [x| =1, (2) phan ki +) Tap hoi tu: [ <1
b) C;)Sf));
NS+ x
- o~ cosn
+) Xét chudi sb Z‘CZS ”Xg‘ @ 4 ‘Z—X"‘S% = (2) hoi tu v6i moi X,
= n“+ Xx; n“+x; n

+) Tap hdi tu R
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Vidu 2. Tim tap héi tu cua cac chu6i ham so sau

oo (_1)n—1 X2n+3 oo 3 (4)(_3)” {3 j
1 —3<x<3 3 4
¥ )232”(2n+3) (9=x<d) 2 (2120 x (15:1)
y (-1)" ( j” _
xX>0vx<-2 0:+ oo
;\/n+ (x+1" ( ' ) Z\/r 1+ x ([0:+<<))
> (x>1v x<-3) X —x+1)
;3,7 Yn+1(x+2)" Z:(n+1)\/n+2 (O=<x<1)

2. Chudi ham sé hoi tu déu

Pinh nghia. Zun(x) hodi tu déu dén S(x) trén tp X < Ve>0 bé tuy y
n=1

Any(e)e N: vn>ny(e), tacd |S,(x)-S(X)|<e, Vxe X.
Y nghia hinh hoc. V&i n dG16n, S, (x) thudc déi (S(x)—¢; S(x)+¢).
Tiéu chuan Cauchy. » u,(x) hoi tu déu trén thp XcR < Ve>0 bé tuy y

n=1

Iny(e)e N: Vp>qg>ny,(e), taco ‘Sp(x)—Sq(x)‘<g, VxeX.

Tiéu chuan Weierstrass. Néu co |u,(x)|<a, VneN,vxeX va » a, hoi tu
n=1

= Zun(x) hoi tu tuyét déi va déu trén X .

n=1
()"
Vi du 3. Xét sw hoi tu déu cta chudi ham Z
2 4 n?
n-1
+) %S%,VX +) izhf't
X2+l n “~

+) Chudi da cho héi tu tuyét déi va déu trén R
Vi du 4. Xét sy hdi tu déu ctia chudi ham

sinnx X
— xeR (HTD b — Xe|-2; 2 HTD
272 (HTD) );2,,”3” [-2; 2] (HTD)
oo 2n
COS Nx n-1 X
Cc , XeR HTD d (1) . xe(=1; 1 HTD
)21 - (HTD) ) D . (-1;1)  (HTD)
e) , xeR (HTD f —, x>0 HTKD
Z1+n5 2 € ( ) ) — n! ( )

Huéng dan.
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n
x|

b) + < CIxl<2 hoi tu
) )‘ZHI’I%‘ n4/3 ;n4/3

+) Chudi da cho héi tu déu va hoi tu tuyét déi trén [-2;2].

Vi du 5. Xét s hoi tu déu cua chudi ham
1

sinnx, xe R (HTD) Z cosnx, xe R (HTD)

HZ; J‘\/‘|-|-X , n=1

_ (2“1) , xe[-1; 1] (HTD)

- 2x +1 _
2) Z:(n+2j (X+2j - xe 121 (HTD)

n=1

J*

M8
O3 [—=

c) Chirng minh rdng chudi ham sze‘”’( héi tu déu véi x >0
n=1
)" ;
d) 1) Ching minh rang chudi Z— héi tu déu trén R
x +n+1

n
2) Chirng minh rang chudi Z—) héi tu déu trén R
=0 X +n+2
3. Tinh chat cua chudi ham sé hoi tu déu
Dinh li 1. Chubi Zun(x) hoi tu déu vé S(x) trén X, u,(x) lién tuc trén X, voi
n=1
vne N = S(x) liéntuctrén X.

Dinh li 2. Zun(x) hoéi tu déu dén S(x) trén [a; b], u,(x) lién tuc trén [a;b], Vn

n=1

= TS(X) dx = jz(iun(x)de = ijzun(x)dx
a

a n=1 n=1 a

Pinh li 3. Zun(x)=8(x) trén (a; b), cac ham u,(x) kha vi lién tuc trén (a; b),

n=1

Zug(x) hoi tu déu trén (a; b) = S(x) khavitrén (a; b) vaco

n=1
§'(x) = [iun(x)] AL
n=1 n=1
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Vi du 6. Xét tinh kha vi cia cac ham sau

= (-1)" x - X
a) f(x)= E ; b) f(x)= E arctan— (f(x)= E , Xe R)
) = X | n=1 n® 1n4+x
Huwéng dan.

a) +) x #—n la chudi dan dau hoi tu theo Leibnitz

+) U, (x) = 5 lién tuc vV x #—n, Z:u;7 hoi tu déu theo Dirichlet
(n+x) P
H) )= (-)"—— x=-n
Z (n+ x)?
Vidu7
a) Tim mién hai tu va tinh téng
( )3”+2 1 X 2x-3 1|
"2 ((0:2],8=(x- arctan + )
by e G e
(x+1)3n+2 X+2 1 2x+1 7« |
(D" 22 ((=2:;0), S=(x+1) In +—arctan + )
Z 3n+1 3 xirx+1 VB V3 63
b) T|m mién hoi tu va tinh t6ng
oo . n-1 =) 2_
1) Z( L) (x+1)"; 2) Z(—1)”‘1(n+1)(x—1)” ((0:2), =2 > 1)
n X
n=1 n=1
Huéng dan.

b1) Hoi tu v&i [x+1 <1 vatai [x+1=1 = mién hdi tu [-2;0]

+)Pat t=—(x+1) = S—‘Z_ = (==Y " ___1
n=1 n=1 1-t
t

+) J.s’(u)du=ln|u—1|\6 = s(t)-s(0) =Inlt -1
0
+) s(0)=0 = s(x)=In(x+2)

DAVE A GOOD URDERSTANDJING!
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI

BAI 4
§ 5 Chudi luy thira
e Dinh nghia e C4c tinh chat e Khai trién thanh chubi luy thiva
e Dit van dé
1. Dinh nghia. g, + ax+ax* +---+a,x" +--- (1)

Kyhieula > a,x",&d6 a, laccsbthuc, x labiénsd.
n=0

Ta bao chudi luy thira héi tu (phan ky) tai Xy & chubi sb Zanxg héi tu (phan Kky),
n=0

chudi )’ a,x" hoi tu trén khoang (a; b) « chubisé > a,xj hoity, x, tuy ¥ € (a b).
n=0 n=0

[ee]

Vidu 1. ZX”=1+X+X2+---
n=0

D4 biét hoi tu khi [xl<1,c6 > X" __1
) 1-x
Phan ky khi [x]> 1

Dinh li 1 (Abel). > a,x" héitutai x; =0 = hoi tu tuyét dbi tai x: [xi <|x|
n=0

Chizng minh. +) > a,x§ hoitu= lim a,x) =0 = |a,xf| <M,vn= N,
n=1 n—e
n

X X
+)ax6"=ax6’(—j <M=
n n Xo XO
X — " — .
+) |- <1 =D M| hoitu (Dinhlisosanh 1) = > a,x" hoi tu tuyét dbi
Xo = %0 n=0

Nhan xét. Tl dinh Ii Abel suy ra: Néu Z a,x" phan ky tai x, = phanky tai x: [x>|x;|
n=0

. a <
Dinh Iy 2. Néu lim sz (hoac lim gla,| =p) thi ban kinh héi tu R cta chudi luy
n—>c0

n—oo an\
’
_ —, 0<p<w
thira Zanx” dwoc xac dinh bédi R = <g B
n=1 ’ p =
o, p=0
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Nhan xét. e Quy wéc viét R=0 & khang dinh 2), R =+ & khang dinh 3), tlr d6 c6 thé

phat biéu gon dinh ly nay nhw sau: Moi chuéi luy thira Z a,x" déu c6 mét ban kinh hoi

n=0
tu R v&i 0 < R < +oo, khi d6 chubi héi tu tuydt déi véi |xl < R va phén ky voi|xI> R.
e Cach tim ban kinh hdi tu R: R = lim hoac R = Ilim 1
n—eo|dp, 1 n—co n/‘an‘

Vi du 1. Tim khoang héi tu cia chudi ZX—Z

n:

a |_ 1. 1 _(n+1j2
An 1 n° (n+1)2 n
lim |-2n_| 1

N—eo|dpq

R =1, chudi héi tu v&i |x <1, phan ky véi [x] > 1.

>
. |x

Tai [xl=1co ==

n

, mat khac Z— héi tu, do d6 chudi luy thira hoi tu tai x| =1.
n? ~ n?

Khoang hdi ty 1a [-1; 1].

Vi du 2. Tim khoang hoi tu ctia chudi lu§ thira Z 3 2
=0

30 3n+1 n+3

a,| n+2 n+3 _gn+2
mtl

lim =3

n—oo

An11
R = 3, chudi hoi tu khi |x| < 3, phan ky khi [x| > 3.

Tai x=3co Za x" _Z(n+2) phan ky.

n=0 n=0
Tai x=-3 cé Za Z n+2 ) phan ky
n=0 n=0

Khoang hoi tu: (-3; 3).

non+1

a | 1 1 n+2
8p,y) N+1 N+2 n+1

. a
lim | — | =1
Nn—eo\ 8piq
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R =1, chudi héi tu v&i |x| <1, phan ky v&i |x| > 1

Khi x=1 c6 Zm phan ky

—1)" N ,
Khi x=-1co Z )1 la chudi dan dau héi tu
n-+

Khoang héi tu Ia [ 1;1).

i 2n
Vi dy 4. Tim khoang hoi tu ctia chudi Iu thira: > (-1)” (; T
n)!
n=0
Khoéng thé dung ngay cdng thirc vi mét nira cac hé sb ctia chudi bang 0: @.q = 0
. = (-1)"
Dat y = x* ¢6 chudi Iug thira: uy”
— (2n)!
)" (=)™ 2(n+1))!
Cé|a” |:( ) ; (1) :( (n+1) =(2n+1)(2n+2)
Bl @0 RO (20!
lim 21| = o
n—eo|dp 4

Khoang hoi tu: (—eo,o0)
Vi du 5. Tim mién héi tu cGa chudi luy thira

o 5 oo oo n2
a) Z(””) " (1<x<1) b)Y X" (xeR) o) Z% (-3<x<
- - “~ n

~ 2n +1

= (n)® , = (x—3)*"
d);(zn)!x (~4<x<4) e)Z:(n+1)ln(n+1) (2<x<4)

%) n2
f) ;(H%) (x-1)" (1—%<x<1+é)

S nix™ (1< x<1 ()™ _2MHS ent (<1
g);n el Z 3n? +4n+1X =
. -~ (_1)n+1 2n+3 2n | |S1
) ,;, 3n2+4n+5X =
0 S ™8 (2 {—1—i;—1 i}

)21 n° +1 - ( \/5 +\/§ )

oo: 2n
» Lx—1) (0<x<2)

(n+1DIn(n+1)
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2
1" n 1 1
m) Z(HFJ (x+2)" (-2—-—<x<-2+—)

y e e

[ee]

n) i (x-3)*" (2<x<4)
“~(n+2)In(n+1)

o)i (x-4)"" (3<x<bH)
~ (n+1In(n+2)

Nhéan xét

Z a,(x—a)" (1) dwoc goila chudi luy thiva tai x = a,
n=0

Patz=x-acb Z anz” (2), tim ban kinh héi tu R cGa chubi (2), thi co6 tap hoi tu
n=0

cda chubi (1), cu thé hoi tu voi: —R<x—-a<Rhay a-R <x<a+ Rvaphanky voi

X <a- R, hoac x > a + R; dé nhan duwoc khoang hdi tu ta can xéttaix=a- R va x

=a+ R.

2. Céac tinh chat cta chuéi luy thira

a) Chuédi luy thira Z a,x" hoi ty déu trén moi doan [a; b] nam trong khoang hdi tu ctia no.
n=0

b) Za,,x” =S(x), Ixl< R#0 = S(x) lién tuc trén khoang (-R; R).
n=0

c) Zanx” =S(x), Ix< R#0 = S(x) kha tich trén moi doan [a; b]c(-R; R) vaco

a\n=0 n=0\ g

d) > a,x" =S(x), [xl< R#0 = S(x) kha vi trén khoang (-R; R) va co:
n=0

di[zo a,,x”]=z 9 (3,07

n=0

Nhan xét. Thyc chéat tir a) ta co:  lim Z apx" |= Z lim (anx”)
X—=>Xo n=0 n=0 X—=>Xp

Vi du 1. Tim biéu thre chudi luy thira cta In(1+ x)

Mién xac dinh: |x| < 1.

F(xX)=——, & d6 d&t fx) = In(1 + X)
1+ x
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i =1 =X (0= X

X+1
n=0 )

Jf(t)dt— (
~£(0) = Zﬂ t”}dt— Z(—1)” ;':

n=0 o n=0
= n 2 3 4
Do f(0) =0 nén cb In(1+x):Z(—1)”+1X—:x—X F XX || <1
£ n 2 3 4
Vi du 2. Tim biéu dién chudi luy thiva ctia ham tan™' x
Pat f(x)=tan'x, —Z<f(x)<=
2 2
’
f'(x)=
%) 1+ x2
12= 1 :i(_xz)”zi(_ﬂn XN ‘X‘<1
1+ X 1—(—x2) n=0 )
X A L - X oo 2n+1
, at n .2n n{.2n n X
f(t)dt = = —1)" 2" | dt = N (2t =Y (~1
!() !1”2 j(z< ) ] 2 >£ 2
2n+1 3 5 7
tan”'x—tan"'0 = Z n X _x XXX x| <1
= 2n+1 3 5
¥ X X X
=Stan” X =x— T+ -+, X <1
3 5 7
Vi du 3. Tinh téng Z—
n=1
C6 R =1, chudi hoi tu v&i |x| < 1
pat f(x)=> 2 ¢6
n:1n
, Xn—1 e 1 1
F(x)=) n=—=> x""T=—"
=N n=1 1-Xx
X X
J-f’(t)dtz 1itt X <1
0 0

f(x)-f(0)=-In(1-x), |x]<1= f(x)=-In(1-x), [x|<1
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Vi du 4. Biéu dién chudi luy thira cGia ham : )2
1-x

(1—1x)‘2 ;’((—XJ dX[ZX]=an Z::”“ . X<

Vi du 5. Tinh tong ctia chui ) n®x"
n=1
R =1, chudi hdi tu vé f(x) v&i |x] < 1.

— inzx” = i“x.n‘gx”‘1 = xg(x),

nO nO = dx n=0
Theovidu4c()Z(n+1)x”= 12
n=0 (1_X)
g(x)—i X _1+x
I (1-x)°) (1-x)°
2
£(x) = x+x3
(1-x)
Vi du 6. Tinh téng
2n-1 oo
1. 1+x n
(- 1)””( _pn X b x> 1
Z (Gin— K<) )%X,, 5 X >1)
2n -1
c)z o (3)
n=1

n (x=1°""2 )3”+2 {1 X 1 ox-+3 = }
(=1) (x=1)]—=I t ,
Z (tx 3nx2—3x+3+\/§arcan /3 +6\/§

Z( 1)n(X+1)3n+2 (x+ { X+2 2x+1, m

3 m \/_ \/_ +6\/§},—2<x<0)

(x+1)” (In|x+2|, =2< x<0)

0<x<2)

oo -

ny

n:

oo

2
Z D" (D (x=1" (X 2_1,0<x<2)
= X
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c (-1)" 1[ 1 T
h —|=In3+——
)nz;',(sn+1)23”+2 (2{3” +6\/§})
— N+1 o N+ 1 9
k1 4 k2 >
)ZO o (4) )% - (7)
= (—)™ 3
k3 —— (In2 k4) el
)nzz;)(n+1)2’"’+1 (in2) Z:(n+1)3’"’+1 4)
Hwéng dan.

B n on 1 f _X 1
a)+) R=1 +) S(x) = Z( )" x = +) _([S’(t)dt—_([1+t2dt
+) S(x)-S(0) =arctanx = S(x)—arctanx
c) +) Xét chudi S(x) = Z(Zn 1) x?"2 ¢ S(Tj—

_ 2n—1 1 1+X L
+) R=1  +) S(x)= (Z J 2dx[ j 2 2 [[j

3. Khai trién thanh chuéi luy thira

o0 (n)
Dinh nghia. Z (XO)

n=0

(x- xo)” duwoc goi la chudi Taylor ca ham sb f(x) tai lan can

diém x,.

, (n) « .
Néu x, =0 taco Z ('O) x" dwoc goi la chubi MacLaurin ctia ham so6 f(x).

DPinh nghia. Néu i%x” = f(x) ta bdo ham sb f(x) dwoc khai trién thanh chubi
Taylor "

Dinh li 3. f(x) cé dao ham moi cap trong lan can nao do cla Xg s ,JIEL, R, (x) =

R, (x) = ) (x—x)™', & & gitta x, va x

(n+1)!

(x=xp)"

Dinh li 4. f( ) c6 dao ham moi cép trong 1an can nao dé cua diém Xo

‘f \s M, VE’; thudc 1an cén cua xy ndi trén

(x—xp)" .

||M8
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Chu y. e C6 ham kha vi vo han khéng dwoc khai trién thanh chudi Taylor, vi du
1

fix)=1e *©, X#0

— fN(0)=0, ntw nhién bét ky
That vay cé ngay

_ X _ 1
F(x) = tim TO=HO iy @0 20 iy i L Z im0
x=0 x-0 x—0 X x—0 1t et2 [—oo 2tet
eX

Tw d6 ¢ dao ham moi cép tai x = 0 cling bang 0.

Chudi Taylor ciaham fix)1a 0 +0+0+0 + ....

Chubi nay héi tu, ching héi tu vé 0

Nén f(x) noi trén khéng dworc khai trién thanh chudi Taylor

: A70E) o
e SO duv R, (x)=—2x""" nhan dwoc do st dung dinh Iy Rolle
n (n+1)!

DAVE A GOOD URDERSTANDJING!
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PHUONG TRINH VI PHAN VA LI THUYET CHUOI
BAI 5
§ 5. Chudi luy thira (TT)

e Khai trién mét s6 ham so cp

e (Yng dung
4. Khai trién mét s6 ham sé so cap co ban
4.1. M6t sé khai trién

1°/ f(x)=e*
o /M(0) =1 o|fM(x)=e*<e? =M, Vxe(-A; A), A>0
oexzix—n, Vxe(-A; A), A>0:>exzix—n, VxeR
= n! = n!
2° f(x)=cos x
k _
° f(n)(()):(;osnzz (1", n=2k ° ‘f(n)(x)‘z COS(X+ nEj‘S'I,VXE R
2 |0, n=2k+1 2
2 4 2n
ocosx=1—X—+X——---+(—1)” X 4. xeR
ol " 41 (2n)!
3° f(x)=sinx
3 5 2n-1
-sinx:x—x—+X——-~+(—1)”‘1 X +--, XeR
31" 5l (2n—1)!
4° f(x)=(1+x)% aeR
-f(x):1+EX+MXZ+---+a(a_1)m(a_n+1)x”+---, —1<x<1
1! 2! n!
5° f(x)=In(1+ x)
2 3 n
. In(1+x)=X—X—+X——---+(—1)”‘1X—+---, 1< x<1
2 3 n
6° f(x)=arctanx
3 5 2n—1
J arctanx:x—X—+X——---+(—1)”‘1X—+---, xeR, —1<x<1
3 5 2n—1

Vi du 1. Khai trién thanh chudi Maclaurin
a) f(x)=a*, 0<a=1

. n
o g¥ = gXlna o oXna _ Zln_axn’ XeR
3 n!
n=

b) f(x) =In(2+ x)
. In(2+x)=In2(1+§jzln2+ln£1+ﬁ), 1< X<
2 2 2
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-In(1+ ) Z( 1)”1( 3 Z( ™! inn
n.

. In(2+x):In2+Z(—1)”_1X—n,—2<x<2

P n.2
> ~2n-1.2n
c) sin? x (1—22—X,xeR)
pard (2n)!
1+ x =, x2m
d) f(x)=In—— 2 , — 1< x<1
) 1(x) 1-—x ( nzz(:)ZnH )

_X £ 2, (=) x2
®) f(x)_'([e at (Z::‘) n(2n+1)’

f) f(x)=In(1+ x+ x° + x°) (i( 1)”“( Z( 1)”‘X— —1< x<1)

eR)

. = (x4/2)
g) f(x)=e"sinx (nzzo pY sin—, xeR)
o 2n
h) f(x) = cosh x (n;)(z I xeR)
) f(x):fﬂdt (Z( Ly X xeR)
. t s 2n+D(2n+1)’
[ dt X 135,201 ap
k) fm_!ﬂ s i ansy ¥ T X<

1) Viét rd cac hé sb dén x°: f(x) = e*sinx

m) Viét rd cac hé s6 dén x°: f(x) = e cos x

Vi du 2. Khai trién thanh chudi Taylor tai lan can diém twong rng
a) f(x)=Inx, x=1

o0 n
e Inx=In(1+ x—1) e ln(i+x-1=3 (" X0
n=1 n
1
b) f(X)=—————, x=4
) Hx) X% +3x+2
1 1
o f(x)= -
X+1 x+2

-f<")(x):(-1)”n{ LI M}
(x+D™ (x+2)™
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o 17 (4)=(-)"ni(5""—"")

o f(x)= i ()" (577" _6 1) (x—-4)"

thaonx-fami @mail.hut.edu.vn

n=0
c) f(x) - %X theo chudi lu§ thtra ctia ——
J+x° y 1+ x
2 3
(f(x)= +1( Xj+1'3( Xj+
1+x 2\1+x 2.4\ 1+ x

d) f(x) = cosE, theo chudi luy thira cla (x—gj

@[1_@(—;) ogf e

( 2 112

L
~

e) f(x) =sin3x, theo chudi luy thira cta (x+E

f) f(x)= theo luy thira ctia (x —3)

X2 —3x+2

g) f(x)= theo luy thira cta (x—2)

X2 +3x42

4.2. 'ng dung cua chudi luy thira

1°/ Tinh gan ding

Vi du 3. Ap dung chuédi luy thira, tinh gan ding
a) sin18° v&i dé chinh xac 107°

n-1
e sinx= v (1) 2n-1
—(2n-1)!
(=)™ g2n-t
. S|n18°—sm
10 Z(zn—1)!102”—1
2n+1
¢ |Ry< <107
(2n+1)110°"
en>3
1
—X2 y o ~ P , _3
b) je dx v&i dd chinh xac 10
0
o n
[ ] eX = X—
n!

CuuDuongThanCong.com

1.3...(2n—3)( X j”
+ _|_)
24..(2n-2)\1+x

oo 2n-1
(Z(_1)n (3” + TC)
—1

(2n-1)!

n X2n
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1

© n X2n+1 ~ © n 1
.l_nZ:(:)(_ﬂ n!(2n+1)0_nZ:(:)(_1) nl(2n+1)

1
e R |<
A (n+1)1(2n+3
c¢) Tinh gan ding sb e v&i dé chinh xac 0,00001

)310‘3:>n24

)
d) Tinh gan dung je‘xz dx v&i dd chinh xac 0,0001
0

e) j 9X_ \6i @6 chinh xac 107
5 1+ x°

2°/ Tinh gi&i han.

X X
SiNX— X+ =5+
Vidu 4. lim N
x—0 X
: XX XX 9
L4 SInX=X——+———+—+O(X )
3 5 71 9l
9
X 1 o(x®) 1
¢« A=lim3 -
x—0 x° 9l

§ 6 Chudi FOURIER

e Chudi lwgng giac, chudi Fourier

e Khai trién ham sb thanh chudi Fourier
e Pat van dé
1. Chudi lwong giac, chudi Fourier
a) Chuéi lwong giac

Dinh nghia. Chudi lwong giac 1a chudi ham sbé ¢ dang

thaonx-fami @mail.hut.edu.vn

(2,71828)

(0,747)

(0,118)

a + Z(an cosnx + by, sinnx), a,, b,e R

n=1
Nhan xeét.

19/ Néu > [a,}, D |b,| hoitu = chudi (1.1) hoi tu tuyét dbi trén R

n=1 n=1

2°/ Tuy nhién, Z\an\, Z\bn\ héi tu khdng phai 1a diéu kién can dé chudi (1.1) hoi tu.

n=1 n=1
b) Chudi Fourier

CuuDuongThanCong.com
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B6 dé. V&i Vp,ke Z, tacod

T T
1°/ | sinkxdx =0 2°/ | coskxdx=0, k=0
n “n
T i
- - 0, k#
3°/ | coskxsinpxdx =0 4°/ | coskxcos pxdx = P
J . w, k=p=0
—TT —TT
T
. 0, k
5°/ | sinkxsinpxdx =< " *P
it n, k=p#0
e Gia s f(x) tuan hoan vé&i chu ki 2r va cd
f(x):%+2(ancosnx+ b, sin nx) (1.2)
n=1
St dung bd dé trén va tinh toan ta cé
T
:—j x)dx; a, —l f(x)cosnxdx, n=1,2,..
o
1 F
b, :E | f(x)sinnxdx, n=1,2,... (1.3)

-7

Dinh nghia. Chudi lwgng giac 3—20+Z(an cos nx + b, sinnx) voi cac hé sb ay, ap, b, xac
n=1
dinh trong (1.3) dwoc goi 1a chudi Fourier ctia ham £(x).
2. Piéu kién dé ham sé khai trién dwoc thanh chudi Fourier
Dinh nghia. Chudi Fourier ctia ham f(x) hdi tu vé ham f(x) thi ta bdo ham f(x) dwoc
khai trién thanh chudi Fourier.
Dinh li Dirichlet. Cho f(x) tuan hoan v&i chu ki 2r, don diéu tirng khac va bi chan trén
[-n; =] = chudi Fourier clia n6 hoi tu tai moi diém trén doan [-x; nt] va co
S(x) = f(x), tai diém lién tuc cua f(x).
f(c+0)+f(c-0)
> .
Vi du 1. Khai trién thanh chudi Fourier ham s f(x) tudn hoan v&i chu ki 2r, xac dinh
nhw sau

1, 0<x<m
@ i=1t O

Con tai diém gian doan x =c ¢ S(c) =

+) a :%jf(x)dX:%(n—n):O
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n 0
+) anzl f(x)cosnxdx——j( cosnx)dx+1 cosnxdx =0
TC_-TE et TC
1 T 0
+) b, =— f(x)smnxdx-—j( S|nnx)dx+—J-smnxdx
n:TE —-T
-2 cosmc)_—[1—( "
nm
+) f(x) = (smx+ 1 SiN3x+— L Sin5x +-- j
T 3 3
X, 0<x< —
b) F(x) = T (f( )_E_f cos(2m+12)x
—x, —nt<x<0 2 Tfm_o (2m+1)
c) f(x)=x%, —T<X<T
n 2
1 2 2n
=— | x“dx=—
) a=—] :
-7
1 F
+) b, =— | xX*sinnxdx=0
ﬂ_-n
17 4 4
+)a,=—| x* cos nxdx = —5cosnu = (- "= 5
71?_'7C n n
f(x) = _2_4{cosx_0032x+cosBx_cos4x+_.}
3 1 4 9 16
1, —-=n< 0
d) f(x)=4> T
0, O0<x<m

(F(x) = n+2 cos(2m+12)x+z(_1)n+1 sin nx
nm:O (2m+1) n=1 n

)

RHAVE A GOOD UNDERSTARDING!
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PHUONG TRINH VI PHAN VA LI THUYET CHUOI
BAI 6
§ 6 Chudi Fourier (TT)
e Khai trién ham chdn, 18 e Khai trién ham tuan hoan chu ki bat ki
3. Khai trién ham chan, lé
3.1. Néu f(x) la ham sé chan = f(x)coskx |a ham chan, f(x)sinkx 1a ham |é

T
= a =%If(x)coskxdx; b, =0,Vke N
0
Vi du 1. f(x) ={n_x’ OSXST . &n hoan véi chu Ki 27, khai tridn ham £(x) thanh
T+ X, — 1< x<0
chudi Fourier.
+) f(=x) = f(x)
+) by =0,VkeN

27 ) x2 Y
+) a = — f(x)dx——j(n x)dx == (zx——j -
7['0 T 2 0
2” sin kx
+) ax = — f(x)coskxdx——j(ﬂ x)coskxdx——smkxlo——j ( j
7Z'-o k k
x sin kx|” ”smkx 2 —cos kx|* 2 2 k
i : = (1-coskr)=—=\1-(-1)
[ '([ K ] k2 o 7k? d zk2( )
T - 2 k) /4 > 4
+) f(x) == Z— 1-(-1)")coshkx="Z+ > ———cos(2n +1) x
2 7k? 2 ()7'[(2I7+1)

Vi du 2. Khai tr| n thanh chudi Fourier theo cac ham s6 cosin clia cac ham sb sau
a) f(x)=1-x, 0<x<n (1-Z Ty costen=1)x

1 2~|cos(4n+1)x cos(4n+3)x
<—+—Z[ - })
2 T 4n +1 4n+ 3

c) f(x)=x(n—x), O<x<m
n=1
1, 0<x<X

2
b) f(x)=1 (%5 -
0, §<x£n n=1

T2  ~= COS2nX

)

3.2. Néu ham f(x) 1a ham sé Ié = f(x)coskx 1a ham sb 1& con f(x)sinkx 1a ham chén
T

— a,=0; b :%Jf(x)sinkxdx,VKe N
0
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Vi du 3. Cho ham s0 f(x) = x, —n < x <, tuan hoan v&i chu ki 2rt, khai trien ham f(x)
thanh chuédi Fourier
+) Ham f(x) Ié
+) a =0, Vk e N*

/4

2% 2 o7 _ B
+) bk =—J-f(X)SinkXdXZ—Ixsinkxdxz_J-Xd( COoSs Xj
T T pn p
0 0 0
o xcoskxl” fcoskx ol rcoskr sinkxl® 5 o
o R dx |=—| - + )

4) f(x) = i(—ﬂ"+1 2 sin kx
k=1 K

Vi du 4. Khai trién thanh chudi Fourier theo cac ham sb sin ctia cac ham sb sau

a) f(x)=m—x, 0<x<m (2> )
n=1 n
41 . N7
c) f(x)=x(n—x), O<x<m (—Z—sm — sin nx)
Tein
T
1, O<x<— IS F
’ 8 <« sin(2n-1) x
b) (x) = ° =Y :
0, g<x£n Tom (2n-1)

3.3 Néu f(x) tuan hoan vé&i chu ki 2/, don diéu twng khic va bj chan trén doan

[-/; 1]. Dbi bién x' :%x = f(x) = f(ix') = F(x") tuan hoan v&i chu ki 2r
T

S dung khai trién Fourier cho ham nay c6 f(x) = % + Z(a,,, coS n%x+ b, cos n%x),

/ /
¢ do g, =}J-f(x)dx, a, :}J-f(x)cosnn—lxdx, Vne N;
2 2
/
b, =Hf(x)sin n"—lxdx, Vne N
Z
Vi du 5. Khai trién ham tudn hoan v&i chu ki 2, f(x) = x%, —1< x <1 thanh chudi Fourier

+) f(x) chan
) b=0 k=12

1 3l
+)aO=J-x2dx=?
1

-1

2
3
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1 1

+) a, = j X2 cos nrx adx = ZI X2 cos Nz x dx

-1 0
1 sin nrx X2 o sin nzrx
=2J.x2d( j=2 Z_.sinnxx I .2xdx
n n 0 n
0 0
1 1 1
4 CcoS N x 4 CcoS N x CcoS N x
:—jxd— = —| X.—M8M— I—dx
n n n n 0 n
0 0

4 {cos nr sinnxx

n n n2

1
}:(—ﬂ”fﬂ
0

+) f(x) = —+Z( —1)" —cosmzx

Vi du 6. Khai trlen thanh chu6i Fourier ham sé

0, -3<x<0
a) f(x)=1 x vé&ichu ki 2/ =6
, 0<x<3
3
A1 ( Gen-nax (0" nsz
- —— + sin )
4 75 o\ z(2n - 1) 3 n 3
Q -2<x<0
X v&ichu ki 2/ =4
2’
2n-Dzx (-1D" . nzx
- —— 5 COS + sin )
4 75 7:(2n -1) 2 n 2
3.4. Néu f(x) don diéu tirng khiic va bi chan trén [a; b], mubn khai trién f(x) thanh

chudi Fourier, ta xay dwng ham sb g(x) tuan hoan véi chu ki > (b—a) sao cho
g(x)=1(x), Vxela; b].

Khai trién ham g(x) thanh chudi Fourier thi tbng cta chubi bang f(x) tai V xe[a; b]

(trv ra c6 chang la cac diém gian doan cla f(x)). Vi ham g(x) khéng duy nhat nén co6

nhiéu chudi Fourier biéu dién ham sb f(x), noi riéng néu ham sbé g(x) chan thi chudi

Fourier cGia n6 chi gdm nhirng ham sbé cosin, con néu ham sd g(x) 1& thi chudi Fourier

cta né chi gdm nhirng ham sé sin.

Vi du 7. Khai trién ham sb f(x) :%, 0 < x <2 thanh chudi Fourier theo cac ham sb

cosin va thanh chubi Fourier theo cac ham sb sin.

a) +) Xétham g(x) = % — 2 < x £ 2, tuan hoan chu ki 4

+)g(x)=f(x), 0<x<2
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+) Khai trién Fourier ham g (x) cé g(x) chan, do do6

b =0, k=12, ...
) 2 p)
1 P X2
=— | Ixldx=|xdx =—| =2
a0 = | I j 2,
2 0
p) 2 p)
ax 1 |x|cos@dx="‘xcos@dx=de(isin@)
2:2 2 2 kx 2
2 ) 2
:ixsm—kﬂx - isin—kﬁxdx:(ij C —kﬂx = 4 ((—1)k—1)
krx 2 o krx 2 krx 2 o ker?

21_2 : S(2n+1)7zx
= 2n+1)° 72 2

+) f(x):1—§Z%COSM, 0<x<?2

4 (=D kax
b) f(x)=— sin . 0 2
) F(x Z | 5 < X<

T = k

CIxl <2

CHUONG Il. PHUONG TRINH VI PHAN
§1. MO bAU

e Pat van dé

e Céc quy luat trong vii tru déu dwoc viét theo ngén ngr Toan hoc

e Mén Dai sb da dé giai rat nhiéu bai toan tinh

¢ Tuy nhién, hau hét cac hién twong tw nhién dang quan tam lai lién quan ti sw bién

doi va thwong dwgec mé ta béi cac phwong trinh ¢6 lién quan déen sy thay doi vé lwong, do
la phwong trinh vi phan.
1. Khai niém co ban
e Phwong trinh vi phan la phwong trinh ¢é dang F(x, v, y, v/, -, ¥'™)=0 (1)

trong d6 x 1a bién sb doc 1ap, y = y(x) 1a ham sb phai tim, v,y -, y\ l1a cac dao
ham cua né.

e Cap cua phwong trinh vi phan. La cip cao nhét cla dao ham clta y cé mat trong
phuwong trinh (1).
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e Phwong trinh vi phan tuyen tinh. La phwong trinh vi phan (1) khi F la bac nhat doi
voi y, v, v, -, y'™ . Dang tdng quat ctia phwong trinh vi phan tuyén tinh cép n la

Y + a(x)yn=D + -+ ap_g(x)y" + an(X)y = b(x)
trong d6 a(x), ---, an(x) 1a nhirtng ham sé cho trwde.

e Nghiém ctia phwong trinh vi phan (1) 12 ham sé thod man (1)

e Giai phwong trinh vi phan (1) 1a tim tat ca cac nghiém cla né.

Vi du 1. Giai phwong trinh vi phan sau

a) y = cos x b) ¥ =Inx c) y = x°eX d) y' = x*sin x
2. Mét s6 trng dung

a) Sinh trwéng tw nhién va thoai hoa

e Sy tédng dan sb: % = (B - ) x,platilé sinh, 514 tilé chét

b) Lai luy tién % = rA, A la lwong dé la trong quy tiét kiém tai thoi diém ¢, tinh theo
nam, rla ti 1& 1ai luy tién tinh theo nam.

¢) Sw phan ra phong xa % = —kN, k phu thudc vao tirng loai déng vi phéng xa
d) Giai doc % = —1A, 11a hang sb giai déc cha thubc

e) Phwong trinh tang trwéng tw nhién % = kx

Vi du 2. Theo s0 liéu tai www.census.gov vao gitra ndm 1999 so dan toan thé gioi dat
t¢i 6 ti ngwoi va dang tang thém khoang 212 ngan nguoi moi ngay. Gia s 1a mlre tang
dan sb tw nhién tiép tuc vai ty 1€ nay, hdi rang:

(a) Ty létang k hang nam la bao nhiéu?

(b) Vao gitra thé ki 21, dan sb toan thé gidi sé la bao nhiéu?

(c¢) Hai sau bao lau sb dan toan thé gidi sé tang gap 10 lAn-nghia la dat t&i 60 ti
ma c&c nha nhan khau hoc tin 1a mirc t6i da ma hanh tinh cta ching ta cé thé
cung cap day da lvong thuc?

(a) Ta tinh dan sb theo ti va thoi gian theo nam. Ly t = 0 &ng v&i gitka ndm 1999, nén
Py = 6. Sw kién P tang l1én 212 ngan hay la 0,000212 ti ngwoi trong mét ngay tai t = 0 cé
nghia 1a P1(0) = (0,000212)(365,25) ~ 0,07743 fi mot nam.
Tw phwong trinh tAng dan sé tw nhién P’ = kP véi t = 0, ta nhan duoc

o PO 007743 oo

P(0) 6

Nhw vay, sb dan thé gidi dang tang theo ti 18 khoang 1,29% mét ndm vao nam 1999.
V&i gia tri k nay, ta ¢ ham cho sé dan thé gisi 1a P(t) = 6e°°'%%,
(b) V&i t=51 ta co dw bao P(51) = 6290~ 11,58 (ti)
sé 12 s6 dan cua thé gidi vao gitra nam 2050 (nhw thé ké tr nam 1999 mai qua mét niva
thé ki, dan sb thé gi¢i da tang gan gap doi).
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N X X sy ~ s = > . by ~ by . I 1
(c) Dan sb thé gidi sé dat t&i 60 ti khi ma 60 = 6e”°'®*"; nghia la khi t = 5 2129 ~ 178;

tire la nam 2177.

f) Qua trinh ngudi di va néng Ién % = k(A-T), klahang sb dwong, A la nhiét do
cua moi trvdng

Vi du 3. Mot miéng thit 4-Ib c6 nhiét d6 ban dau la 50° F, dugc cho vao mét céi 6 375" F
vao lic 5 gio chieu. Sau 75 phut nguoi ta thay nhiét dé mieng thit la 125° F. Hai t&i khi
nao miéng thit dat nhiét dé 150° F (vira chin t&i)?

Giai. Ta tinh thoi gian theo pht va coi ltc 5 gio' chiéu la t = 0. Ta cling gia thiét (c6 vé
khong thirc t€) rang tai moi luc, nhiét d6 T(t) cda ca miéng thit la déu nhw nhau. Ta co
T(f) < A= 375, T(0) = 50 va T(75) = 125. Vi thé

ar = k(875 -T); ar = jkdt' ~In(375-T) =kt + C; 375 - T = Be X,
dt 375 -t

Vi T(0) = 50 nén B = 325, vay T = 375(1 — & ™). Ta lai thdy T = 125 khi t = 75. Thay cac

gia tri dé vao phuwong trinh trén sé dwoc k = —iln(@) = 0,0035.
75 325

Sau cuing, ta gidi phwong trinh 150 = 375 — 32500033

dpl voi t = —[In(225/325)]/(0,0035) = 105 (phut) la tat ca thoi gian nwdng thit theo yéu
cau dat ra. B&i vi mieng thit dwoc dat vao 10 luc 5 gi& chiéu, ta sé lay n6 ra khéi 16 vao
khoang 6 gi& 45 phut.

g) Quy luat Torricelli A(y)% = —a\/2gy , & do, v la thé tich nwdc trong thung, A(y) la
dién tich tiét dién thdng ndm ngang cla binh & dé cao y so v&i day, /2gy la tbc do
nwdce thoat ra khéi 16 hdng

Vi du 4. Mot cai bat dang ban cau c6 ban kinh miéng
bat 1a 4ft duoc chra day nwéc vao thoi diem t = 0. 4 '[
Vao théi diem nay, nguwoi ta mé mét 16 tron dwong e \?
kinh 1in & day bat. Héi sau bao lau sé khéng con H—9
nwéc trong bat? il
Giai. Ta nhan thay trong hinh, dwa vao tam giac

vudng c6 A(y) = r? = [16—(4—y)?] = T(8y — V?),

. Y
| L

v&i g = 32ft/s?, phwong trinh trén cé Thao nuéc tir mot bat ban cau
o, ady 1
8 —r(—)2./2.32y ;
T(8y — y)dt (24) y
1 16 2 1
gyl/2 _ y3/2)gy = — t 3/2 5/2 _ ___t1(C

f( y y2')dy —0172 FRAS =5

Do y(0) = 4,tacé C = 12 43/2 _ 2 4572 _ 448
3 5 15

Binh hét nwéc khiy = 0, nghia la khi t = 72 - 41;‘;3 ~ 2150 (s); te la khoang 35 phut 50

gidy. C6 thé coi la sau gan 36 phut, bat sé khéng con nudc.
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Vi du 5. M6t dia bay roi xudng bé mat Mét trang véi van toc e
450m/s. Tén Ira ham cua no, khi chay, sé tao ra gia toc /L// /)
2,‘5m/s2 (gia tbc trong trwong trén mat trang dwoc coi la bao %/

gom trong gia tc da cho). V&i d6 cao nao so voi bé mat Mat 1
trang thi tén Itra can dworc kich hoat dé dam bao "sw tiep dat !
nhe nhang", tirc la v = 0 khi cham dat? Dia bay trong Vidu 5

e Phwong trinh: v(f) = 2,5t — 450.

e Pap sb: xo = 40,5 km.

Do do tén Ira ham nén dugc kich hoat khi dia bay c’ly do cao 40,5km so véi bé mat Mat
trang, va no sé tiep dat nhe nhang sau 3 phut giam toc.

Vi du 6. Bai toan nguoi boi

e ¥

Ugp

L

(—a.0) (a, 0)

e x

Bai toan vé nguoi boi

N . A ~ N s . A N dy W X2
Phwong trinh vi phéan cho quy dao cua ngwdi boi qua séng la A L
S

3. Cac mo hinh toan

Thyre trang
Thiet Lap Gisi thich
b toin
Mo hinh Phan tich

: D - — Két qua
toin béi todn qut

Qua trinh mé hinh toan.
Vi du 1. Suét bién ddi theo thdi gian clia dan sb P(f) trong nhiéu trwéng hop don gian voi ty

|& sinh, t& khéng dbi thwong ty |1é véi sbé dan. Nghia 1a: % = kP (1)

vOi k 14 hang sb ty 18.

7

[ Volume WV »

!

"
Quy luat thoat nwéc cua Torricelli.
Phwong trinh (1) mé té qua trinh thoat nwdc khéi bé chira.
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Vi du 2. Quy luat cua Torricelli n6i rang suat bien doi theo thdi gian cua khoi lwgng
nwdc Vtrong mot bé chira ty 1€ véi can bac hai cda dé sau y cta nuwdce trong bé:
dV 7 n b ~ N X
T = —k,/y , v&i kla mét hang so.

Néu bé chra 1a mét hinh tru tron xoay véi dién tich day 1a A, thi V = Ay, va dV/dt =
A.(dy/dt). Khi dé phwong trinh cé dang: Cc;t = —h\f trong d6 h = k/A |a mét hang sb.

Vi du 3. Quy luat giam nhiét cia Newton pé thé phat biéu nhw sau: Suét bién dbéi déi voi
thoi gian cda nhiét do T(f) caa mét vat the ty 1€ véi hiéu so gitra T va nhiét dd A cua moi
tredng xung quanh. Nghia la (Z —k(T - A). (2)

trong d6, k 1a mét hang sbé dwong. Nhan thay rang néu I'> A, thi dT/dt < 0, do d6 nhiét
do 1a mét ham gidm theo t va vat thé ngudi di. Nnwng néu T < A, thi dT/dt > 0, va T sé
tang Ién.

) Nluet do 4

| Nhiét do T

Quy luat giam nhiét cua Newton,
Phuwong trinh (2) mé ta mét hon da néng bi ngudi di trong nwéc
Vay, mot quy luat vat ly da dwoc dién giai thanh mét phwong trinh vi phan. Néu ta da

biét cac gla tri cia k va A, thi ta c6 thé tim dwoc mét cong thire twong minh cho T(t), roi
dwa vao céng thirc do, ta cé thé du dodn nhiét dd sau do cla vat thé

§ 2. Phwong trinh vi phan cap mét

e Pai cwong vé phwong trinh vi phan cép 1

e Phuwong trinh vi phan khuyét
e D4t van dé
1. Dai cwong vé phwong trinh vi phan cap 1
Dang téng quét ctia phwong trinh vi phan cdp 11a F(x, y, y) =0 (1) hodc y' =f(x, y) (2)
Dinh li vé sw ton tai va duy nhat nghiém
o f(x, y) lién tuc trén mién D c R?

* (Xo;¥o)€ D
= trong lan can U, (x,) nao dé cla X, , ton tai it nhat mét nghiém y = y(x) cta phuwong trinh

(2) thod man y(x,) = y,. Néu ngoai ra s—f(x, y) lién tuc trén D thi nghiém trén 1a duy nhat
y

Chu y
- Viéc vi pham diéu kién cta dinh Ii c6 thé sé pha vé& tinh duy nhét
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a _
odx_z\/;

1 . .
e f,(x, y) = —= gian doan tai (0 ; 0)
g Jy
e C6 hai nghiém thoa man: y; = x%; y,» = 0.

- Vi pham gia thiét dinh Ii c6 thé lam bai toan vo nghiém
dy
e x— =2y,vy(0) =1
! ¥, y(0)

e Nghiém: % = 2% = Inly| = 2In|x| + In|C] = y = CX¥*

e y(0) = 1, khdong c6 C nao = v nghiém.
- C6 hay khdéng phwong trinh vi phan khéng thod man gia thiét va cé duy nhat nghiém?
- Bai toan Cauchy y' =f(x,y), y(xo)=Yo
- Nghiém tdng quat cia phwong trinh vi phan (2) 1a ham sé y = ¢(x, C):
e ¢(x, C) thoa (2) voi moi C
*V(Xy; ¥Yo)e D, IC=Cy: o(x, Cy )\XZXO =Y,
Khi d6 o¢(x, Cy) dwoc goi la nghiém riéng
- Nghiém Ki di & nghiém khéng nam trong ho nghiém téng quét
- Tich phan téng quat 1a nghiém téng quat duéi dang an ¢(x, y, C) =0
- Khi cho tich phan tbng quat mét gia tri cu thé ta cé tich phan riéng o(x, y, C,) =0
2. Phwong trinh vi phan khuyét
a) F(x,y)=0
+) Y =f(x) = y:If(x)dx
¥) x=f(y), daty =t = x=£(1); yzjtf’(t)dt

Vi du 1. Giai phwong trinh sau x= y2 -y +2
+)y =t
+) x =1t —t+2

2., P
+) dy=tdx:>y=jt(2t—1)dt=§t -5 +C

i@ 2 2 5, 2
+) Nghiém x =t -t + 2, y:Et _E+C
b) F(y,y)=0
/ dy 1
f(y) jf(y)

+) y=1f(y),dat y =t = y=1(1), X:If'(f)dt
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/ < , f
+) F(y,y)=0,dat y=1(t) = y = g(t) = x:jg

Vi du 2. Giai phwong trinh y? + y’? = 4
+) y =2sint = dy = 2costdt= 2costdx
+)Néucost#0 > dt=dx => t=x+c= y =2sin(x + ¢) la nghiém tbng quat

) Néucost=0=t= (2x+1)g — y = +1 (Nghiém ki di)

HAVE A GOOD UNDERSTARDING!
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 7
§2. Phwong trinh vi phan cap mét (TT)
3. Phwong trinh vi phan phan li bién sé
a) Binh nghia. f(y) dy = g(x) dx

b) Cach giai. jf(y)dy - jg(x)dx
F(y) =[g(xax
Vidu 1. 1% 2&% = J1-y2

ady ax dy ax
= , 1, x>0 =
) \/1 — y2 2/ x i< g * IJ1 — y2 IZ&
) sinly=Jx +C +) y =sin(vx +C)

+) y==11 la nghiém
2°/ y'=1+X+Yy+Xy
HY =(1+x)(1+y) +)ﬂ:(1+x)(1+y)
ax
dy
1+y
+) ¥y =-1la nghiém ki di

2
+) =(1+x)dx,y=-1, In\1+y\:x+x?+0

3/ (xy2 + x)dx+(y—x2y)dy =0 (1+y2 =C(1-x2))
4°/ tan x sin? y dx + cos? xcot ydy = 0 (cot? y = tan? x + C)
5/ y—-xy —a(l+ x2y) =0 (y=a+—2%
1+ ax
6°/ x+xy+y (y+xy)=0 (x+y=In(C(x+1)(y+1))
7°l y = (x + y)? (arctan(x + y) = x + C)

8°/ (2x — y)dx+ (4x -2y +3)dy =0 (5x+10y + C =3In(10x -5y + 6))
9°/ y = J4x+2y -1 (Jax+2y —1-2In(y4x -2y +1+2) = x+C)

c¢) M6t s6 rng dung
1°/ Sinh trwéng tw nhién va thoai hoa

e Sy tadng dan sb: % = (B -9)x, Blatilé sinh, 5latilé chét
2°/ Lai luy tién A _ 4
at

A 13 lwong dé la trong quy tiét kiém tai théi diém t, tinh theo nam
rla ti 1& i luy tién tinh theo nam.

3°/ Sw phan ra phéong xa % = —kN, k phu thudc vao tirng loai ddng vi phdng xa
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4°/ Giai doc % = —AA, Ala hang sb giai doc cla thube
. y . . dx
5°/ Phwong trinh tang trwéng tw nhién i = kx

6°/ Qua trinh ngudi di va nong lén % = k(A-T), klahang sb dwong, A la nhiét do
cua mdi trvdng
Vi du 2. Mot miéng thit 4-lb c6 nhiét d6 ban dau la 50° F, dwoc cho vao mét cai 16 375° F
vao lic 5 gio chieu. Sau 75 phut nguoi ta thay nhiét dé mieng thit la 125° F. Hai t&i khi
nao miéng thit dat nhiét d6 150° F (vira chin t&i)?
d? = k(375 —T), T(0) = 50, T(75) =125
. jL
375 -T
e Thay T(0) = 50, T(75) = 125 = B = 325, k=~ 0,0035
~ 105 phdt tlre vao luc khoang 6h45’.

7°/ Quy luat Torricelli A(y)% = —a,\/2gy , & d6 v 1a thé tich nwéc trong thung, A(y) 1a

— jkdt — 375-T = Bekt

dién tich tiét dién thdng ndm ngang clia binh & d6 cao y so voi day, /2gy la tbc do
nwéc thoat ra khéi 16 hdng

Vi du 3. M6t cai bat dang ban cau cé ban kinh miéng bat la 4ft dwoc chira day nwoc vao
th&i dieém t = 0. Vao thdi diem nay, ngwdi ta mé mét 16 tron dwong kinh 1 inch & day bat.
Hoi sau bao 1au sé khong con nwéce trong bat?

Aly) = nr* = 1(8y — y°), S

2
d 1 J——
n(sy_yz)_y = —n(—j \J2.32y ; € e
dt 24 o 1] *?
-Eyz—gygbinc § A
3 5 72 ' ~Li
ey(0)=4=C =228
13 Tha yc ttr mot bat béan cé
e t = 2150 (s); tirc 1a khoang 35 phut 50 gidy. a0 nuoc i mot bat ban cau

Tty

Vidud. y +sin> =sinX;y, yim)=z (C=21n

tang‘ = 2—2sin§)
4 2

4. Phwong trinh thuan nhat (dang céap)

a) Dat van dé

e Nhiéu trng dung dan dén cac phwong trinh vi phan khéng phan li

e Chang han, mot may bay >,<uét phat tir diém (a ; 0) dat & dung phia Dong cla noi nd
den, la mot sén bay dat tai goc toa dé (0 ; 0). May bay di chuyen v&i van tbéc khong dbi Vo

lién quan dén gi6, ma théi theo dung hwong Nam véi van téc khong doi w. Nhw da thé
hién trong Hinh vé, ta gia thiét rdng phi cong ludn gitr hwéng bay vé phia gbc toa do.
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y = fix)

May bay hwéng vé gbc
Puwong bay y = f(x) cia may bay théa man phwong trinh vi phan

dy_ 1 (voy W X? +y)

dx  vox
b) Dinh nghta. ay _ F(Xj (1)
ax X
c) Cach giai
-Détv:zzﬂ:v+xﬂ
X ax ax
e Bién dbi (1) thanh phwong trinh phan ly: x% =F(v)-v
X
Vidu 1
. dy 4x°+3y2
1°/ Giai phwong trinh: =
ax 2Xy
oﬂ:Z X +§(Zj ev=Y :>l=£, y=vx= ﬂ=v+xﬂ
ax y) 2\ x X v oy ax ax
av 2 3 dv 2 v vi+4
o VtX—=—+—V o X—=—+—= ;
ax v 2 ax v 2 2v
o dv = [|—dx = In(v? +4) = In|x|+InC.
[ =[x = n g
2
ov2+4=C\x\:>y—2+4=C\x\:>y2+4x2=kx3.
X
2°/ Gidi: xyPy'= X +
: X%y
+) ¥ = 0 khéng la nghiém +) y#0; y——2 =
X

[ ' / 1
X

2
u

+)1?=3Inlx]+ C= ¥y =x3In|x| + C)

3°/ (x + 2y)dx— xdy =0 (x + y=Cx%)

4°/ (x— y)y dx = X dy (x = CeY)
50/ 2x3y’ = y(2x2 - y2)  (x = £y/InCx)
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6°/ xy’—y=(x+y)InX;y (y = —xInInCx)
X
7°/ (3yF + 3xy + X°)dx = (X* + 2xy)dy ((x + y)2 = Cx3e x+V)
8°/y’:1_3X_3y (Bx+y+2In|x+y-1=0
1+ x+y
9°/ 2x -y +4)dx+(x—-2y +5)dy =0 (x+y—-13=C(x-y+3))
10°/ y' = y2 —% (1—xy = Cx3(2+ xy), xy =-2)

Vidu2.1°/ xy =y =y(lny —Inx),y(1)=e (x = In%)

2°/ (x2 — y2)dy = 2xydx (y=0, X = - X Y , dang cap)
2y 2x’

3°/ y2dx = (xy — x2)dy (e¥/X=Cy,y=0,x=0)

4°/ (x — y)ydx = x2dy (y=x(|n|Cx|)_1,y=O,x=O)

5/ xy'—y=x2+y2, y1)=0 (y +X2 +y2 =Cx2 C =1)

5. Phwong trinh tuyén tinh

a) P4t van de

e Phuwong trinh dai sé tuyén tinh cip mét ax = b luén giai dwoc

e Liéu co6 thé xay dwng dwoc cach gidi dbi véi phwong trinh vi phan tuyén tinh cdp mét
hay khéng?

b) Binh nghia. % + p(X) y = g(x) hodc X + p(y)x = q(y) (1)

c) Phwong phap giai
e Tinh thira sb tich phan p(x Jp

e Nhan hai vé ctia phwong trlnh vi phan vo’i p(x),
e Puwa vé trai cia phwong trinh dwoc xét vé dang dao ham clia mét tich:

D, (p(x)y(x)) = p(x)q(x).
e Tich phan phuwong trinh néy
jp Xx)dx + C,
roi gidi theo y dé nhan duoc nghlem tbng quat cla phuo’ng trinh vi phan.
Vi du 1. 1°/ Gidi bai toan gia tri ban dau %—y N gws, y(0) =—1.

8
e CO p(x) =—1vaqg(x) = %e"”s, thira s6 tich phan 1a p(x)=e

e Nhan ca hai vé cla phwong trinh da cho véi e * duwoc e x dy —e Xy = D —4x/3

ax 8
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.« oXy = jue“msdx _ _§6—4x/3 iC
8 32

33 _
o y(x)=CeX —=Se X3,
y(X) 35 |
e Thay x=0va y=-1vaotaco C=1/32, nghiém riéng can tim la

1 x 33 i3 1, « ~x/3
X)=—e ——e =—(e” —33e :

yx) 32 32 32( )
2°/ Giai phwong trinh y'+ 3y = 2x.e™>*
+)p=3,g=2x.e* +) p=e
+) ¥ (y'+ 3y) = 2x +)
1) ye¥=xX¥+C=y=(C+Ce™
3°/ Giai: (x+ y.ey)ﬂﬂ

ax

+)%—X=y.ey +)p—e_jy ey
dy
+)el(x'=x)=y +) %(xe‘y) =y

+) xe‘y:%y2+c =N x:(%y2+6jey

4°/ y'(2x +1) = 4x + 2y (y =@x+1)(C+Inl2x +1 +1)

5°/ y = x(y' — xcos x) (y = x(C + sin x))

6°/ (x + y2)dy = y dx (x = y2 +Cy)

7°/ y2dx — (2xy +3)dy = 0 (X:Cyz—i)

8°/ (1+ y2)dx = (\/1 +y2siny - xy)dy (xy[1+ y2 +cosy = C)
9°/ (2x+ y)dy = ydx+4inydy (x=2Iny -y +1+Cy?)

DPINH LY 1. Phwong trinh tuyén tinh cap mét
Néu ham p(x) va g(x) lién tuc trén mét khodng mé / chiva diém xo, thi bai todn gia tri ban dau

d

L+ Py = g, Y(X0) = Yo (2)
c6 nghiém duy nhét y(x) trén I, cho b&i cong thirc

v = 7% [qtnel ™) ac s | &

vé&i mét gia tri C thich hop.
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Chuy:
e Binh Iy 1 cho ta biét moi nghiém clia phwong trinh (1) déu nam trong nghiém tong quéat
cho bé&i (3). Nhw vay phwong trinh vi phan tuyén tinh cap mét khdng c6 cac nghiém ki di.
* Gi4 tri thich hop clia hang s6 C—can dé giai bai toan gia tri ban dau voi phuong trinh
(2) — cb thé chon “mét cach ty déng” bang cach viét

X t
- | ptyot x | pudu
y(x)=¢e % Yo + J- e q(t)dt
X0

Céac can xo va x néu trén dat vao céc tich phan bat dinh trong (3) ddm béo trwéc cho
p(Xo) = 1 va vi thé y(xo) = Yo.

Vi du 2. Gia s hé Erie c6 thé tich 480 km?® va van téc cta dong chay vao (ttr hd Huron)
va clia dong chay ra (vao hd Ontario) déu la 350 km*nam. Gia st tai thdi diém t = 0
(n&m), ndbng d6 & nhiém cta hd Erie — ma nguyén nhan la 6 nhiém céng nghiép va nay
da dwoc giam bét — bang 5 1an so vdi hd Huron. Néu dong chay ra da dwoc hoa tan hoan
toan v&i nuwdc hd, thi sau bao 1au néng d6 6 nhiém cda hé Erie sé gap 2 1an hd Huron?

r

. « ax
e Phuwong trinhviphdncap 1: —=rc——x
g P P dt vV

e Ta viét lai n6 theo dang tuyén tinh cép 1: % +px=q

véihé sbhang p=r/V, g=rc vanhan ti tich phan p =e”".

o x(t)=cV+4cVe V.

e Dé x&c dinh khi ndo x(t)=2cV, ta can giadi phwong trinh:

cV+4cVe WV =2¢cv; t= Zln4 = %I n4 =1,901 (n&m).

Vi du 3. Mét binh dung tich 120 gallon (gal) Iuc dau chtra 90 Ib (pao- khoang 450g) mubi
hoa tan trong 90 gal nuwédc. Nwédc man cé nong dd mudi 2 Ib/gal chay vao binh v&i van
tdc 4 gal/phat va dung dich da dwoc tron déu sé chay ra khdi binh véi van téc 3
gal/phut. Héi c6 bao nhiéu mudi trong binh khi binh day?

e Phwong trinh vi phéan : %+ 3
dt 90+t

e Binh s& day sau 30 phut, va khi t = 30 ta c6 lwong mudi trong binh 14 :
904

xX=28

x(30) = 2(90 + 30) — ~ 202 (Ib).

Vi du 4.
a) 1°/ (2xy + 3)dy — y2dx = 0, y(0) =1 (x = y2 ——)

2
2°/ 2ydx + (y2 — 6x)dy = 0, y(1) = 1 (x=2"(1+y))
b) 1°/ ydx — (x + y2siny)dy = 0 (x=(C—-cosy)y,y=0)
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2°/ (1+ y2)dx — (arctany — x)dy = 0 (x = arctan y — 1+ Ce-arctany)
c)1°/y’—X:xcosx, y(g):ﬂ (y = x+ xsinx)
X
, ex
2l y V= y()=e (y = (1+In|x])eX)
,__eX eX+C
X+ 1 X+ 1 X + 1
4oy =1+—F (y = (x + Inlx| + C))
X(x +1) X+ 1

e)1°/ xy/+y—-eX=0, y(1) =1 (y:—X )
, y X
2°/ -————=x=0,y1)=0 = X—-1+In|x
Xy === x=0y() (y X+1( x1))

6. Phwong trinh Bernoulli
a) Dinh nghia. %+ p(x)y =q(x)y%, a#0, a#1hoadc X + p(y)x = q(y)x%, o =0 (2)
X
b) Cach giai
o VGi y#0,dat v=y"?
e Bién dbi phwong trinh (2) thanh phwong trinh tuyén tinh:
av

o (- a@)px)v =(1-a)q(x).
X

dy 3 y=2X
dx 2x y

e La phuwong trinh Bernoulli v&i p(x) = -3/(2x), g(x) =2x, a=-1val1—-a=2

Vidu 1. 1°/

Y ——y? = 2x

2x

21 2 N A aro. dv 3

e Dat: v = y“ ta thu dwoc phuwong trinh tuyén tinh: d———v =4x
X X
+) Nhan t& tich phan p = ej(_s/x)dx = x°.
+) DX(X_SV) = i2:> X3y = —i+ C = x3y?= _4 +C
X X X

o y? =—4x®+Cx°,

2°/ y + 2y = y2eX (y(eX + Ce?X) =1, y =0)
3°/ x)Py’=xX + ) () = CxX° - 3X9)
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4°/ y’ = y4cos x + ytan x (y8 =Ccos® x—3sinxcos? x; y =0)
5/ (x + 1)y + y2) = —y (y(x + D(nlx +1+C) =1, y = 0)
6°/ 3xdy = 4(1+ xsin x — 3y3 sin x) dx (y3(8 +ce®sx) = x, x=0, y =0)
(

Vidu2 1°/ ¥y +2xy = 2x3y3 y 2= %(Ceb(2 +2x2 +1), y = 0)

o/y+X}J/r +y2=0 (y1=@1+x)(In1+xl+C), y =0)
3°/ xy2y’ = x3 cos x + y3 (y = 3x(xsinx +cos x +C)

1
4°/ (x+ 0y + y2) = -y (y=0y=[(x+D(nlx+1+C)])
7. Phwong trinh vi phan toan phan
a) Binh nghia. Phuwong trinh  P(x, y)dx + Q(x, y)dy 0 (1)

dwoc goi la phuo’ng trinh vi phan toan phan néu cac ham P(x, y) va Q(x, y) lién tuc cing
v&i cac dao ham riéng cap mot trén mién don lién D va co

oP _dQ

dy  ox
Vi du 1. 1°/ Gidi phwong trinh vi phan (6xy — y*)dx + (4y + 3x* — 3x)")dy = 0
* P(x, y) = (6xy—)); Q(x, y) = (4y + 3X° = 3x)

(2)

o 9P _ 6x— 3 = 9Q — Phwong trinh vi phan toan phan
oy 0X
oF 3 v

¢ S-=P(xy) = Fix,y) = [(6xy~y*)dx = 3%y —x/" + g(y)

. g—}l:_:Q(x,y) = 3—5 = 3x° = 3xy° + g(y) = 4y + 3 — 3xy/,

*g'(y) =4y =9(y) = 2y° + Ci,

* F(x, y) = 3X2y—Xy’3 + 2}/2 + C;.

e Tich phan téng quat 3xX°y —x)* + 2y = C

2°/ (2x + 3y)dx + (3x + 2y)dy =0

+) P=2x+3y,Q=3x+2y=Q=P,=3 +) F=j(2x+3y)dx =X+ 3xy + 9(y)

x{ 3x+2y:>3x+g(y)=3x+2y:>g(y)=y2
+3

Xy+
0 y2 2y 2 2\ _
3°/| 4 - 2 ax + — dy 0 ((4x= + y©) = Cx)
°/eydx+(1—xey)dy—0 (y + xe?¥y =C)
5°/de+(y3+|nx)dy=o (4ylnx + y* = C)
2 _ay2
6o/ X+ Y2 =3X 4 — 0 (X2 — y2 = Cy?)

y3 y4
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y

7°/ xdx + ydy = (x2+y2—2arctan;=C)

8°/ 2xcos? y dx + (2y — x2sin2y)dy =0 (x2cos? y + y2 = C)
2
(x +1)cosydy=0

(x2+1=2(C-2x)siny)
cos2y — 1

sin y
b) Thira sé tich phan
Phwong trinh vi phan P(x, y)dx + Q(x, y)dy = 0 v&i Q; # P, c6 thé dwa vé phuong
trinh vi phan toan phan khi tim dwoc p(x) # 0 (hodc p(y) # 0) sao cho phwong trinh

uPdx + uQdy =0 cé ai(,uQ) = ai(ﬂP). Khi d6 ham u(x) (u(y)) dwoc goi 1a thiva sb
X y

9°/ (L + 2} ax +

tich phan, va duwoc tinh nhw sau.

, - P
eNew TP o) = uix) = o0
X O - P,
*Néu =T = y(y) = u(y) = el V¥
Vidu 2. 1°/ (x+y2)dx—2xydy=0 (1)
- _(2
n&h Ay 2 0 ulx) = e 1% = L
1) -2Xy X X2
+) x = 0 la nghiém
2 \
+) x#0: (1) %dx — 2—ydy = 0 la phwong trinh vi phén toan phan
X X
X y 5 ]
+)j1dt+jﬂdt=c +) Inlx] = = = ¢ 1a tich phan tdng quét
/ t 9 X X

2°/ (x2 — y)dx + xdy =0 (,u=i2,X+X=C,X=O)
X X

3°/ 2xtany dx + (x2 —2siny)dy =0 (u =cosy, x2 siny+%0032y =C)

4°/ (e2X — y2)dx+ ydy =0 (u = e2%, y2 = (C - 2x)e?X)
X

5/ (1+3x2siny)dx — xcotydy =0 (u=—,x3+—=20C)
sin y sin y

Vi du 3.

a) 1°/ eX(2 + 2x — y2)dx — 2eXydy = 0 (2xeX — eXy? = C)

2°/ (2xy + x2y3)dx + (x? + x3y?)dy = 0 (x2y +%X3y3 =C)

3°/ Tim h(x) dé phwong trinh sau Ia toan phan va giai h(x)[(y + cos y)dx + (1-sin y)dy] = 0
(h = KieX, eX(y +cos y) = C)
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4°/ Tim h(y) dé phuwong trinh sau & toan phan va gidi h(y)[(1 - sin x)dx + (cos x + x)dy] = 0
(h = KieY, e¥(x + cos x) = C)

b)
1°/ Tim h(x) dé& phwong trinh sau 1a toan phan va giai h(x)[(y + In x)dx — xdy] = 0
(h:%,—llnx—l—lzc:)
X X X X
2°/ Tim h(y) dé phwong trinh sau la toan phan va giai h(y)[y(1+ xy)dx — xdy] = 0
2
(h=2, %2 ¢
y=y 2
2 _ay2 2
)17 ok + L= gm0 (X -Log
y y y y
o Z 3 — y_4 _
2/de+(y +In x)dy =0 (4+y|nx_C)
4
3°/(sinx+xjdx+(y3+Inx)dy:0 (—cosx+yT+yInx:C)
X

T AP _ - y2 _

4°/ | sin x 5 ax+|cosy+2=|dy =0 (—cosx+siny + =C)
X X X

d)

1°/ Tim h(y) dé phuwong trinh sau 1a toan phan va giai A(y)[(1 - sin x) dx + (cos x + x)dy] = 0
(h=Ce¥, e¥(x+cosx) =C)
2°/ Tim h(x) dé phuong trinh sau 1a toan phan va gii h(x)[(y + cos y)ax + (1 —sin y)dy] = 0
(h=CeX, eX(y +cosy)=C

HAVE A GOOD UNDERSTARDING!
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 8
§3. Phwong trinh vi phan cap hai
e Dat van dé. Bai trwdc da hoc xong phuwong trinh vi phan cp mét va cé (rng dung tha vi sau:

* Phuwong trinh logistic dwgc dwa ra (vao khoang nam 1840) bdi nha toan hoc va nhan
ching hoc ngudi Bi P.F. Verhulst va né tré thanh mét mé hinh cho sw tang trwdng dan so.

* Trong vi du sau day ching ta so sanh m6 hinh tang trwéng tw nhién va mé hinh
logistic cho di liéu diéu tra dan sO & My vao the ky 19, sau d6 dwa ra dy an so sanh
cho thée ky 20.

Vi du. Dan sé nwéc My ndm 1850 14 23.192 triéu. Néu lay P, = 5,308.
e Thé cac dif liéu t = 50, P = 23,192 (voi thdi didm 1850) va t = 100, P = 76212 (véi thoi
diém 1900) vao phuwong trinh logistic aP _p(M - P) (1)

at
AL X (5,308)M _
=23,192
ta c6 hé hai phwong trinh 5.308 + (M _5,308)¢ = 3,192 ;
(5.308)M —=76,212.
5,308 + (M —5,308)e
e Giai hé nay tacd M =188,121, k=0,000167716.
£ s , 998,546
[ J =
Thé vao (1) ta co P(t) 5.308 1 (182,813)8 005 (2)
5 Dan séthwc | Mb hinh dan sé Sai s0 M6 hinh i
Nam 1 ooa nuwoc My dang mii dang mii logistic Sai 50 logistic
1800 5.308 5.308 0.000 5.308 0.000
1810 7.240 6.929 0.311 7.202 0.038
1820 9.638 9.044 0.594 9.735 -0.097
1830 12.861 11.805 1.056 13.095 -0.234
1840 17.064 15.409 1.655 17.501 -0.437
1850 23.192 20.113 3.079 23.192 0.000
1860 31.443 26.253 5.190 30.405 1.038
1870 38.558 34.268 4.290 39.326 -0.768
1880 50.189 44.730 5.459 50.034 0.155
1890 62.980 58.387 4.593 62.435 0.545
1900 76.212 76.212 0.000 76.213 -0.001
1910 92.228 99.479 -7.251 90.834 1.394
1920 106.022 129.849 -23.827 105.612 0.410
1930 123.203 169.492 -46.289 119.834 3.369
1940 132.165 221.237 -89.072 132.886 -0.721
1950 151.326 288.780 -137.454 144.354 6.972
1960 179.323 376.943 -197.620 154.052 25.271
1970 203.302 492.023 -288.721 161.990 41.312
1980 226.542 642.236 -415.694 168.316 58.226
1990 248.710 838.308 -589.598 173.252 76.458
2000 281.422 1094.240 -812.818 177.038 104.384

Hinh 1.7.4. So sanh két gua ctia mé hinh dang mi va mé hinh logistic
véi dan so thue cia nwdc My (tinh theo triéu)
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e Nhirng dw doan theo md hinh dang ma P(t) = (5,308)e!*%%°*3)" v theo mé hinh dang
logistic (2) dbi chiéu véi két qua thdng ké dan sé thue ctiia My, ta thay
— C& 2 mé hinh déu cho két qua tét trong giai doan thé ki 19

— M hinh dang mi cho sé liéu phan Ky ngay ttr thap nién dau tién caa thé ki 20, trong
khi mé hinh logistic c6 két qua twong dbi tét cho t&i tan nhivng ndm 1940.

— Pén cubi thé ki 20 mo hmh dang mi cho k,et qua vuot quéa xa dan sbé thuc cia My,
con md hinh logistic lai cho so liéu dw doan thap hon so liéu thyrc.

* Sai s0 trung binh dé do mirc d6 cho phép ctia m6 hinh hop Ii voi d ligu thuc té: la
can bac hai cua trung binh cac binh phuwong cua cac sai so thanh phan.

e Tr bang 1.7.4,trén dwoc: mé hinh dang ma cé sai sb trung binh la 3.,1 62, con mo6 hinh
logistic ¢ sai s trung binh la 0.452. Do d6 mé hinh logistic dw doan toc do tang trwdng
dan sO nuwédc My sudt thé ky 20 tot hon mé hinh dang ma.

1. Dai cwong
e Dinh nghia. F(x, y, y, y') =0 (1) hodc y” = f(x, y, ¥) (2)
Vi du. a)yw +y?2+xy=0

b) ¥V =3xy+y +1

e Dinh li vé sw ton tai va duy nhat nghiém

Néu f(x, ¥, ¥), SL1x v, ¥), 2 1(x, v, /) lién twe én D < B2, (xo, Yo, o) € Dt
y y

(2) c6 nghiém duy nhét trong U,(xp) thod man y(xo) = vo, ¥V (X0) = Y0

e V& mat hinh hoc: Binh li trén khang dinh néu (xo, ¥o, ¥0) € D = trong Ux(xo, yo) ¢

dwong tich phan duy nhét ciia phwong trinh (2) di qua (xg, o) va hé sb goc cla tiép

tuyén cutia né tai diém nay bang y; .

Dinh nghia. Ham y = ¢((x, Gy, C>) la nghiém téng quét cla (2)

+) o(x, Gy, Co) thoa man (2) véi V G, Co

+) V (X0, Yo, ¥0) € D néutrong dinh Ii tim duwgc cf, c9: y = o(x, 9, c9) thod man

(D(X C1, Cg)‘ = Yo, ¢(X C1’02)‘x=x0 = Y6

Ham ¢(x, ¢?, ¢3) dwoc goi la nghiem riéng
Dinh nghia. Hé thirc ¢(x, y, ¢, ¢o) = 0 xac dinh nghiém téng quat cla (2) dwéi dang
an dwoc goi la tich phan tdng quat. Hé thire ¢(x, y, ¢, ¢3) dwoc goi la tich phan riéng
e M6t s6 (rng dung
e La mb hinh toan hoc cua nhirng hé co hoc va mach dién.

2
e Phwong trinh mé ta dao déng tw do cua chét diém m% + c% +kx =0,& do chat

diém c6 khdi lwong m, cac hang sb dwong k, c.
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e Phuwong trinh md ta dao déng cudng birc cha chat diém bdi tac ddng clia ngoai luc F(t)
2
md— + c% + kx = F(t).
d? dt

2. Phwong trinh khuyét
a) F(x, y’) =0
Céch gidi. Pat y’ = p= phwong trinh vi phan cap mét F(x, p) = 0 = p = ¢(x, ¢). Giai
phwong trinh vi phan cdp mét ' = ¢(x, ¢)
Vidui.1°/ x = (y”)2 +y +1

ep=y = x=(p)+p +1

2
eDitp =t = x=t2+t+1védp=tdx=t(2t+1):>p—§t3+%+c1
. B (2,5
o Tw y —p:y—jpdx—j(gt +4+C1)(2t+1)dl‘
_ Ay £t4+1t3+c1t2+c1t+02
15 12 6
e Tich phan tbng quéat cia phwong trinh da cho la
x=1r+t+1, y_it5+£t4+lt3+c1t2+c1t+02
15 12 6
” 1
2°/ y = (y = x(In|x| + C)) + Co)
, : x3
3°/ y" = x+sinx (y=€—3|nx+C1x+Cg)
, X2 3
4°/ y" =1In x (y =— 5 Inx—E + Cix + Cp)
, X2 — X 5
5°/ y” = arctan x (y = 5 arctanx—EIn(1+x)+C1x+Cg)

b) F(x,y,y") =
Céch gidi. Pat p = y’ = phwong trinh vi phan cap mét F(x, p, p) =0 = p = ¢(x, ¢),
gidi phwong trinh vi phan cap mét y’ = ¢(x, ¢)

Vidu2.1°/ (1-x3)y"—xy’=2, y(0)=0, y(0) =0

e p=y => (1-x)p -xp=2 = p’—1_X2p:m,X¢i1 la phwong trinh vi

phan tuyén tinh cap 1, c6 nghiém téng quét

—X
= cie I1 2° +e_I1 xzdxj—z J1 27 “dx
1- x2

e e 1,2
2In|1 x|+e 2In|1 X |J‘ 2 2In|1 x2| Ci
1- x2

- 1 I 2 ax
JiI—x2  J1-x2J 1= x2

= ce ax =
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(o] 2
= +
Vi-x2  J1-x2
Vi—x2  J1-x2
¢ Y(0)=0 =0 =0y(0)=0= ¢ =0

e Nghiém can tim : y = (arcsin x)2

arcsin x

. . 2 .
arcsin x= y = (arcsin x)° + ¢ arcsin x + ¢

2
20/y//:y/+x (y C16X+CZ_X_X?)

’

3°/y”=y;+x (y=%x3+C1x2+Cg)

’

X
X
4°/ xy” = y’Iny7 (y = (C1X—C12)ec1+ +Co)

5/ (1+x2)y"+y2+1=0 (y=(1+CHIn|x+C-Cix+C)
6°/ x2y" = y2 (Cix-C2y =In|Cix +1|+ C;2y = x2+C; y = C)
7°2xyy” = y2 -1 (9C2(y —CR) =4(Cix +1)3; y =C £ x)

3
8/ y2+y =xy (y C1——02x+02,y—x—2+C)

01 Yo+ xy =2y (x=Cop+ 3%y =25+ SCpt+ B E 4Gy =)

10°/ 2y'(y” +2) = xy"? (8Cly =(x-C)3+Co; ¥y =C; y = C—2x?)
Vidu3
, 2
a). 1°/ y” +y;_x2( Ny =2y (1) =1 (y=%[5—(1—3|n|x|)3})
2°/ (x +1)y" + x(y)2 =y, y(0) =1, y'(0) = 2 (y =In(1+ x2) + 2arctan x + 1)
1 x4 x3  3x? 1
b ———y =x(x-1), y(2) =1, y(2) = -1 = - - 4+ 3x+—
)V Y = Xx =y y V=% "% " 3)
c). 2xy" -6y +x2=0,y(1) =0, y(1) =1 (y:X—3+X—4—l)
6 8 24
/’ ’r N 2
d). 1+ (y')* = 2xy (y = —=(Cx =12 + C2)
3G
c) Fly, ¥, y') =0
, . , adp ap ap . . Az
Cachgidi.bat p=y = —=p— = F| y, p, p— | = 0 la phwong trinh vi phan cap
ax dy dy

mot, gidi ra ¢ p = ¢(x, ¢), gidi phwong trinh vi phan cdp mét ¥y’ = ¢(x, ¢) ta duoc
nghiém can tim.
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Vidud. 1°/ 2yy” = y2 +1

adp ap

ep=y=y = pd—y,thayvéo co 2ypd—y: p? +1
o 2p dp:ﬂ,y;to
1+ p? y

& Inly| =In(1+ p?) +In|cy| hay y = c(1+ p?)

-Tu’p:y’:>dx:d—;/:201dp,p;t0:>p=2L+02

Ci

: 2
o Nghiém tdng quét y = ¢/ | 14| ——+co | |= ¢ + (x + 2¢ic2)
202 4¢

e Dat 2cico =—-a,2¢c1 = b = Zb(y — gj = (x — a)? 1a parabol phu thudéc 2 tham sé va
c6 dwerng chudn 1a truc Ox.

2°/ y2 +2yy" =0 (y3 =Ci(x+C2)?, y=0C)

3y +1=y" (Ciy = sin(Cix + C2))

4°/ y" = 2yy’ (y = G tan(Gix + Cz); In‘}}:—g =2Cy +C y(-x) =1y =C)
57 yy" =y?-y®
6°/ 2yy” = y2 + 2
7°l Yy + y? =2y
8°/ y2 =@y -2y)y

y+Cinly|=x+Co, y =C)

y = G(1 £ ch(x + C2)))

ey +C = (x+C)3

=3Cip? +InCop; y = 2Cip% + p; y = C)
y-cl
a

10% yy" =y (1+y) (Cy-1=0Ce%y=C-xy=0)
11°/ yy" + y2 =1 (y?2 = X2+ Cix + Cp)

(
(
(e
(x

sin

9/ yAd+y?2)=ay” (x-C=aln

Vi du 5. (Bai todn van toc vi try cap 2). Xac dinh van téc nhé nhat dé phong mét vat
thang ding vao vi tru sao cho vat khong tre lai trai dat, gia thiét stec can khong khi
khong dang ke.

e Khéi lwong trai dat 1a M, vat phong 1a m, khodng céch gitra tam trai dat va tam vat

phong la r, theo dinh luat hap dan cta Newton, lwc hit tac dung 1én vat 1a f = k@ k

|a hang sb hap dan.

d2r Mm , 2 e
e Phwong trinh chuyén déng cla vat 1a mﬁ _kr—Q’ r(0) =R, r(0)=vy,&ddé R

la ban kinh trai dat, vo la van téc Itc phong.
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2
OE)étv=r’:>r”=vﬂ:>vﬂ=— M:>vdv=—wdr:>v—=1kM+c1
ar ar r2 re 2 r
2 2 2
o T v(0) = 0 6 v(R):vo:»q=V—0—W:V—=M+(V—0—szo
2 R? 2 r 2 R

3
Chor = o = vy > ,/ZKM ~ 11,2km/s (do k = 6,68.10~11 m , R =63.10°m.
R kg.s?

e Van téc v tru clp hai la 11,2km/s

Vidu 6
a). yy —y?=y% y0) =1 y(0) =1 (y=i)
b) . L2y -y2=1y) =1y ) =1 (y:x22+1)
2.y +y2=1y0) =1y (0)=1 (y=x+1)
c).2yy —y2-1=0,y(1) =1, y(1) =1 (y = X22+1)
d). 1+ (y')° = 2yy" (CR(x + C2)2 = 4(Cry - 1))

DHAVE A GOOD UNRDERSTARNDING!
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PHUWONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 9
§3. Phwong trinh vi phan cap hai (TT)
e Dat van dé. Mo hinh toan hoc ctia hé co hoc va mach dién dan dén phuwong trinh vi
phan c4p hai m£+c%+kx—0 L/”+Rl+—/—E()
dt? at C
k 14 hé sb co dan cua 16 xo; ¢ 1a hé sé gidm x6c; m 1a khdi lwong vat thé
3. Phwong trinh vi phan tuyén tinh cap hai
a) Dinh nghia. y”" + p(x)y + g(x)y = f(x) (1)
b) Phwong trinh vi phan tuyén tinh thuan nhat y” + p(x)y’ + q(x)y = 0 (2)
Dinh li 1. yy, y» la cac nghiém cua (2) = ciy1 + coy2 clng la nghiém cua (2),
Ve, e R

y2(X) # hang
y1(x)

sb trén [a ; b]. Trong trwéng hop nguoc lai ta n6i cac ham nay phu thude tuyén tinh.

e Dinh nghia. Cac ham y4(x), y»(x) 1a déc lap tuyén tinh trén [a; b] &

Vidui. a) e*, e2X b) X2 +2x+1, x+1 c) tan x, 2tan x

Dinh nghia. Cho cac ham y4(x), ya(x), khi d6 dinh thirc Wronsky ctia cac ham nay la
i Yye

/7 /7

yi ye

W(y1, y2) =

Dinh li 2. Cac ham y4, y» phu thudc tuyén tinh trén [a ; b] = W(ys, y2) = 0 trén doan d6
Chu y. Néu W(ys, y») # 0 tai xp nao dé thudc [a; b] = doc lap tuyén tinh

Dinh Ii 3. Cho y3, y» la cac nghiém cua (2), W(y1, y2) # 0 tai xo € [a; b], cac ham
p(x), g(x) liéntuctrén [a; b] = W(y4, y2) # 0, V x € [a; b]

Dinh li 4. Cac nghiém y;, y» cla (2) doc lap tuyén tinh trén [a; b]

= W(yy, ¥2) #0, Vxe [a; b]

Dinh li 5. Cho y4, y» 1a cac nghiém doc 1ap tuyén tinh = nghiém téng quét cta (2) 1a

Y =Gyt Cayo.
Vidu2. y+y=0

Dinh li 6. Biét nghiém riéng y; # 0 cla (2) = tim dwoc nghiém riéng y» cla (2) déc lap
tuyén tinh v&i y4 va c6 dang yo(x) = yi(x)u(x)
Hé qua. V&i gia thiét cta dinh li 6, nghiém y, tim dwoc theo cong thirc sau

v = i # e [Py (Liouville).
1
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Vidu3. a)y’-y =0

+) D& thay y; = 1 1a nghiém + ye = | o] Vg — ox +) ¥ = C + Coe”
b) xX2y" —xy'—y =0
1

1
+) yi = x langhiém  +) yp = xf%e_jxdxdx = Xj%dx = -

+)y=C1X+%
X

c) (2x+1)y " +4xy'—4y =0 (y = CGix + Coe2X)

d) xy/ - 2x+1)y' +(x+1)y =0 (y = CeX + Cox2eX)

e) y -2(1+tan2 x)y =0 (y = Cytan x + Co(1+ xtan x))

c¢) Phwong trinh vi phan tuyén tinh khéng thuan nhat y” + p(x)y’ + g(x)y = f(x) (1)
Dinh li 1. Nghiém tdng quat cia (1) codang y =y + Y, & d6 y la nghiém téng quét
cua (2), Y la nghiém riéng cua (1).

Dinh li 2. (Nguyén li chdng nghiém)

Néu y; la nghiém cda phwong trinh y” + p(x)y’ + g(x)y = A(x).

y» la nghiém cta phwong trinh y” + p(x)y" + q(x)y = f>(x).

Thicéd y = y1 + y» la nghiém cua phwong trinh y” + p(x)y” + q(x)y = fi(x) + b(x).
Phwong phap bién thién hang sé Lagrange

e Biét nghiém tng quat cta (2) 1a ¥ = ciyy + Coyo

Ciy1 + Cay2 = 0
ciyi + cayz = f(x)

» Nghiém tong quat cta (1) 1a y = yi(¢(x) + ki) + ya(go(X) + k2)

e Giai hé sau { cod ¢t = ¢(X) + ki, Co = d(X) + ko

Vl'dl_14.a1)y”—y’:2_3xex
X
+) yi =1langhiem  +) yzzjefdxdx=ex ) 7 = Ci + Coe*
— X X
Ci+CoeX =0 Ci=-2"Xex g = e—zdx—j2e ax
. X b% x3
+) Giai hé § L, 2-x  © ) = N
C1-O+CZe = 3 e Cé: —X sz———-i-Kg
X3 X X2

. 2 , eX 1 1 ex
+) Nghiém tong quat y = 1.(—+ KJ + ex(———+ ng = K1 + KoeX + —
X2 X X2 X
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2) X2y "+ xy -y = x?

+)Theovidu3cé}7=C1x+C—X2
/ ’1 , , 1 , 1 X
. X X 2 2
+) Giai hé 1 VN 1 PN , e ;
1+ G| —— | =1 ,—C,—:1 ’:_X_ :_X_ K
Cit+ G- | G- G=-2 |G=""1k
] 3 2
+) Nghiém tong quat y = x(§+K1)+l[—X—+K2j= K1X+ﬁ+x_
2 X 6 X 3
b1)x2y” — xy’ =3x3 (y; = x3)
” ’ X2 Cz
2) x2y" + xy' -y = x? (y:?+C1x+—)
X
&) Xy - y) = -2 (y ==~ +CieX + Coe™)
d. 1) x3(x + 1)y” = 2y, biét nghiém riéng y; = 1+ 1
b%
(y:@(1+1j+c{x+1—l—X+1|n(x+1)2})
b% X b%

2) y"tan x + y'(tan? x — 2) + 2y cot x = 0, biét nghiém riéng y; = sin x
(y = Cysin x + Co sin? x)

3) x2y” + 4xy’ + (x2 + 2)y = e bang cach ddi ham sb y = 2

F
C| Cg . ex
= —_C0S X + —=sin x +
(y X2 X2 2x2)

e. 1) xy” +2y + xy = x béing cach dbi ham s y = &
X

(y:%(acosx+czsinx+x))

2) y” + y'tan x — y cos? x = 0, biét nghiém riéng y; = eSnx (y = Ciesinx + Cresinx)

3) ¥y +3y +2y = (y = Cie X + Coe2X + (e7X + e2X)In(1 + eX))

ex +1
t. 1)y - £ + ¥ = 0 biét nghiem rieng y; = x (y = Cix + CoxInlx])
X X
2) y' - 2Xy + 2y _ 0 biét nghiém riéng y4 = x (y = Cix + Co(x2 — 1)

X2 +1  x% +1
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g.1) x2y” — (6x2 + 2X)y" + (9x2 + 6x + 2)y = 4x3e3X bang cach dat u = Y
X

(y = e¥X(Cix + Cox? + 2x3)

2) xy” +2(1- x)y' + (x —2)y = e X bang cach dat u = yx
eX 1
(y=C—+Ce¥+-—e)
X 4x

cosx|n1+sinx)
2 1-sinx
sinx, 1+ cosx

2) ¥+ y =sinx + cot x (y:K1cosx+Kgsinx—£cosx— In
2 2 1—-cos x

h.1) y”+ y = cos x + tan x (y=K1cosx+Kgsinx+§sinx—

HAVE A GOOD UNRDERSTARNDING!
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 10
§3. Phwong trinh vi phan cap hai (TT)
4. Phwong trinh vi phan tuyén tinh cap hai c6 hé sé khéng doi

Y +py' +qy=1£f(x),pqgeR (1)
a) Phwong trinh thuan nhat y” + py’ + qy =0 (2)
Cach giai.
e Giai phwong trinh dac trung k2 + pk+q =0 (3)

e (3) c6 hai nghiém thuc ki = ko = (2) cd nghiém tdng quét y = ciekix + cpekex
e (3) c6 nghiém kép ki = (2) c6 nghiém tbng quét y = ekiX(cix + ¢5)
* (3) c6 2 nghiém phirc ki 2 = ¥ + i = (2) c6 nghiém tdng quat
y = erX(cycos BX + Co sin fX)
Vidut1. a) y"-3y'+2y =0 b) y+4y'+4y =0 )y +y +y=0
d) y -4y’ +5y =0 e 4y’ +4y'+y =0 f)y’+4y ' +3y =0
Giaia) e k2 -3k+2=0= k =1k =2

e Nghiém téng quat y = cieX + cre2X

b)+) k2 +4k+4 =0 (k+2)2 =0 ki = kp = -2 +) y = e2X(Cix + C)
X

C)+) k2 +k+1=0 o ko =-1% i3 +) y =e 2(C cos\/gx+ Co sin\/gx)

b) Phwong trinh khéng thuan nhat y” + py’ + qy = f(x) (1)

19/ Khi f(x) = e®*Py(x), @ € R

e Néu o khong la nghiém cla (3) = nghiém riéng cda (1) c6 dang Y = e**Q,(x),
Qn(x) la da thrc bac n caa x.

e Néu «a 1a nghiém don cta (3) = nghiém riéng cta (1) cé dang Y = xe?*Q,(x).
e Néu «a 1a nghiém kép clia (3) = nghiém riéng cta (1) cé dang Y = x2e?*Q,(x).
Vidu2. a)y "+3y/ -4y =x

Gidie k2 +3k-4=0= Kk =1k = -4 °* Y = cieX + coe X
e ax=0=Y = Ax+ B, thay vao ta cé —4Ax+3A—4B=x,VX(:>A=—%;B=—%
:>Y=—£—i

4 16

e Nghiém tong quat y = cieX + coe X - % — %
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3
b) y' -2y + y = 2xeX (y=C16X+ngeX+X?eX)

)y —-y=e
Gidie k2 - 1=0 © k = +1 oy =CieX + Coe X
e o = 1langhiém don = Y = xeXA, do dd A(xeX + 2eX) — AxeX = eX
:>A=l:>Y=lxeX
2 2

e Nghiém téng quat y = CieX + Coe > + gex

d) y"+3y -4y = xe X + e (y = GieX + Coe™X —ge—“x - (% +31—6j ex)

e) y —y =2eX — x2 (y:QeX+Cze—X+XeX+X2+2)
f) Yy’ =2y -3y = x(1+€%) (y = Cie3* + Cre™* +%(2 —3X) +%(2X2 — X)e%¥)

2°/ Khi f(x) = Ppn(x)cos Bx + Py(x)sin x
e Néu +i khong la nghiém cuda (3) thi nghiém riéng ca (1) c6 dang
Y = Q(x)cos x + Ri(x)sin Bx, | =max(m, n)
e Néu +i /3 |1a nghiém cla (3) = nghiém riéng cuta (1) c6 dang
Y = x[Q(x)cos Bx + R(x)sin Sx]
Vidu3. a)y'+y=xsinx
Gidie k2 +1=0 © k=i ® ¥ = (C1COS X + CoSin X
e +/f la nghiém cua phwong trinh dac trwng = nghiém riéng c6 dang
Y = x[(Ax + B)cos x + (Cx + D) sin x]
e Tinh Y’, Y” thay vao cé
[4Cx + 2(A + D)] cos x + [-4Ax + 2(C — B)]sin x = xsin x, V x
1

(4C =0 A:‘Z
A+D=0 B =0 xtk
VRN = Y = Z(sin x — xcos x)
—4A =1 C=0 4
c-B=0 |,_1
4

e Nghiém téng quat y = ¢;cos x + C» sin x + %(sin X — COS X)

b) y” + y = cos x (y=C1<:osx+Cgsinx+%xsinx)

c) y -3y ' +2y = xcos x (y =CeX + Ce?* +(0,1x —0,12) cos x — (0,3x — 0,34) sin x)
d) ¥ +9y = cos2x
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Giai e k2+9=0 k=13/ o ¥y = Cjcos3x + Cosin3x
e y = Acos2x + Bsin2x o vV =-4Acos2x — 4Bsin2x

e 5SAcos2x +5Bsin2x =cos2x < A :%Vé B=0=y =%COSZX

e Nghiém téng quat y = C;cos3x + Co sin3x + %cos 2X
e) y -2y '+ y =sinx+shx

(y = (G +x62)ex+1cosx+x—2e—3x+x(i—ijezx)
2 4 10 25
fy y”— 4y’ — 8y = €2X +sin2x
(y = e2X(Cycos 2x + Co sin2x) + 0,25e2X + 0,1cos 2x + 0,5 sin 2x)
9) Y +4y =2sin2x — 3cos2x + 1

(y=C10032x+Cgsin2x—£(33in2x+20032x)+%)
h) y”+ y = 2xcos xcos 2x
. X X2 . X 3 .
(y = Cicos x + Cosin x + —C0S X + — sin X — —c0s 3x + —sin 3x)
4 4 8 32
i) xy” +2(1-x)y’ + (x —2)y = e %, bang cach dat z = xy

(y=C1eX+%ex+ie—X)
X 4x

Ky y +y = 1 (y = Cycos x + Co sin x — xcos x + sin xIn|sin x|)

sin x
co’[(ﬁ + Z)‘)
2 4

n) y’—y =tanh x (y = CieX + Coe™™ + (eX + e X)arctan eX)
0) X2y —2xy’ + 2y = 3x2, x > 0, bang cach dat x = et

X

1) y”—2y’+y:e7 (y = (Cy + Cox)eX + xeXIn|x])

m) y” + y = tan x (y = Gycos x + Co sin x + cos xIn

(y = x2(C +Cglnx)+glen2x)

Chu y. 1°/ Khi f(x) = e2X[Py(x)cos fx + P,(x)sin Bx]|, dat y = e**z 3é& dwa vé 2°/
2°/ f(x) bat ki dung phwong phép bién thién hang sé Lagrange
Vi du 4.

X
a) 1) y'+y=xeX+cosx (y=C1<:osx+Cgsinx+gsinx+%(x—1))

2) Y+ y =sinx+ e Xx (y=C1008X+CQSinX—gCOSX+%e_X(X+1))

3) yV+y-= (y = (=x + Kq)cos x + (Insin x| + K>) sin x)

sin x
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1

4) y' +y= (y = (K1 +In|cos x|) cos x + (Ko + x) sin x)
COS X

y +3y +2y = ex1+ 1 (y = (e + e2X)In(eX + 1) + Cie* + Cre2¥)

1)y —6y +9y =3x—86%%  (y = (Ci + Cox — 4x2)e%* + X 4 Z)

3 9
2
(y = e‘X(G +Cox — X + xIn|x|+X?))

— X

2) y”+2y’+y:e—x+e

3) v+ y =cotx (y = Gycos x + Co sin x + sin x1In

tan ﬁ‘)
2

X T
cot (— + —)
2 4

(y = Gie* + Coe?X + 3xe2X +%ex(sing + 2005%))

4) y"+y =tanx (y = Cycos x + Co sin x — cos xIn

)

1) vy -3y + 2y = 3e2X + 2eXcosg

2) y' -3y ' +2y = eX(3 —4x) + 5sin2x
(y = CieX + Coe®X + (2x + 1)xeX + %(3 coS 2x — sin 2x))

= X

3) y”+2y’+y:4xex+e

(y = Cie X + Coxe ™™ + (x —1)eX — xe ™ + xe ¥ In|x])
4) y" + 2y’ + y = 3xeX —cot? x

(y =Cjcosx+ Co sinx+%ex(x—1) + 2cos xIn tang‘)
3 3 3

1) 5y” -6y’ +5y = €5 cosx (y = eSX(G cosgx+ C sinng —geSXcosx)

3y 3x 4 4 5 3x
2) 5y -6y ' +5y =e5 sinx (y=¢65 (Qcosgx+Cgsinng—§e5 sin x)

1) ¥y + y = 2c0s xCcos 2x (y = Ccosx+ Co sinx—%cosSx+gsinx)

2) vV +9y =2sin2xcosx (y = Cicos3x + Co sin3x—g0033x+%sinx)

cosx|n1+sinx

2 1—sin x
&)y +y=sinx+cotx  (y=Kcosx+Kpsinx—Xcosx— SNX 1+ cosx
2 2 1-cosx

3) y"+ y =cos x + tan x (y=K1cosx+Kgsinx+gsinx—

DAVE A GOOD UNRDERSTARNDJING!
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PHUWONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 11
§3. Phwong trinh vi phan cap hai (TT)
4. Phwong trinh vi phan tuyén tinh cap hai c6 hé sé khéng doi
c) Phwong trinh Euler x2y” + axy’+ by =0, a, be R

Cach giai.

ePit x=el =>t=Inx

Syl _dvdt tdy o dy
dx dt dx x dt dt

ey 9 d(1 dyj _tdy 1 d(dyj dt
ax dx\ x dt X2 dt  x dt\dt) dx
1dy 1d% 1 (de dyj o, d2y dy
X2 df | X2 di2 a2 at) XY T e ar
d?y dy _dy d2y dy
by =0 22, 4
gz ot i T E0e @ty
vi phan tuyén tinh cép hai c6 hé s khéng dbi
Vi du 1. Giai phwong trinh vi phan
a) X2y +2xy' -6y =0 (1)

e Thay vao cé + by = 0 la phwong trinh

b) x2y” —9xy’ + 21y =0 c) X2y  +xy' +y=x

’ 2
d) x2y" —-2xy ' +2y + x—2x3 =0 eyy Y, Y _=
) X2y - 2xy + 2y )Y =T =
Giai a)

e x=el=>t=Inx
S AR . AT .

Ve S a2 dt at’ Cdi?e dt
. . d%y dy dy d2y dy
e Thay vao ta co + 2 -6 0 +—~— -6y =0 2
yv a2 ot ot YTV g T Y 2)

e Phwong trinh dactrung r +r-6=0r=2,r =-3
e (2) c6 nghiém tbng quéat y = ce?! + cre 3t

, o ux , c
e (1) c6 nghiém tdng quat y = ;g2 x + coe 3 x= g x2 + 22
X3

Vi du 2. Gii phwong trinh vi phan x2y” — 2xy” + 2y = 3x2, x > 0 bang cach dat x = et

(y:(C1+Cglnx)x2+%x2In2x)
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§4. Hé phwong trinh vi phan

e D4t van dé
— Céc quy luat cda tw nhién khong dién ra don 1& ma gdm nhiéu qué trinh dan xen nhau
— Hé phwong trinh vi phan tuyén tinh giai quyét nhiéu bai toan néu trén, chang han nhw :
1°/ Vi du 1. Xét hé hai khdi lwong va hai 16 xo nhw trong Hinh 1,
v&i mot luc tac déng tr bén ngoai £(t) bén phai khéi lwong my. . vin] 2] £0
Ta ki hiéu x(t) 1a ham vi tri (sang phai) cta khéi lwong my tw —
trang thai can bang (khi hé bat déng va can bang voi f(t) = 0)
va y(t) 1a vitri ctia khéi lwong my tir trang thai tinh cta no.
mx" = —kyX + Ky (y — X)
moy" = —ky(y — x)+ £(f)
2°/ Vi du 2. Xét hai thing nwéc mudi dwec ndi véi nhau nhw
trong Hinh 2. Thung 1 chtra x(f) pounds mudi trong 100 gallon 20 galfic

i)
Vitri cin hing

Hinh 1. Hé khéi lwong va

— C6 mb hinh toan la { 16 xo trong Vi du 1

cta nwdc bién va thung 2 chra y(t) pounds mudi trong 200 Fl_mmm§ T,
gallon nudc bién. Nwéc bién trong moi thung duoc git f% Y
nguyén b&i cac voi bom va nwéc bién thung nay sang thung kil — e ﬁ,::\
khac vai tbec dd chi ra trén Hinh 2. Thém nira nwéc nguyen ﬁl“zuﬁm“=ﬁ;“1
chat chay vao thung 1 v&i tbc dd 20gal/phut va nwdc mubi .
trong thiing 2 chay ra vai toc 6 20gal/phit Hinh 2. Hai thiing nwéc

x’:—ix+iy bién trong Vi du 2
— C6 mé hinh toan 1a 1020

y=x-y

10 20

3°/ Vi du 3. Xét mach dién nhw trong Hinh 3, & do
I, (t) ki hiéu cta dong dién chay qua cam bién L va o S |
L(t) ki hiéu cta dong dién chay qua dién & R,. W
Dong dién chay qua dién tr& R, 1a I=h—1I, theo wai= " wums b S
hwéng da chi. :

%+2511 —-251, =50 Hinh 3. Mang dién
— C6 mé hinh toan la { 9 trong Vi du 3

2%— %—51‘2 =0

dt dt

1. Pai cwong

— Dinh nghia. Hé phwong trinh vi phan chuén téc cip moét c6 dang
yi=H((X y1, Y2, .., ¥n)

y2 = B(X y1, Y2, ---s ¥n)

.y;7 = fn(Xs Y15 YZs ceey Yn)
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—Binh li 1. Gia str cac ham fi(x, y1, Yo, ..., ¥n) va cac dao ham riéng BBTﬁ(x, Y1, Y2, .y ¥Vn)
j
lién tuc trén D < R+,

Cho (xo, ¥9, ¥9, ..., ¥9) € D, khi d6 3U,.(xo) dé (1) c6 nghiém duy nhat thod mén cac
didu kién yi(xo) = y%, i=1n

Dinh nghia. Tabéo (yy, ..., ¥n), @ A6 yi = ¢i(x, ¢, Co, ..., Cp) la nghiém téng quét cua
he (1) o

ethoamanhé (1) V¢, co, ..., Cp

° V(X0 ¥9, ¥9,...,¥%) thod man dinh Ii 1 = 3¢ =c? sao cho cac ham sb
Yi = ¢i(x cf, c3, ...,cd) thod man diéu kien yi|,_ =P, i= 1, n

Nghiém riéng cla (1) nhan dwoc tlr nghiém tdng quat khi cho ¢, i = 1, n céc gia tri xac dinh
2. Cach giai

e Phuwong trinh vi phan cap n: y" = f(x, y, y, ..., y'»V) lubn dwa v& hé phuong
trinh vi phan chuén téc cip 1: Pat y = y4, c6

yi=yo

Y2 = y3

Yn-1=Yn

y;’l = f(X’ y1’ y2’ IRRE yn)

Ngwoc lai, hé PTVP chuan tac ludn dwa ve phwong trinh cap cao bang cach khir nhirng
ham so chwa biét tir cac phwong trinh cua hé, dwoc goi la phwong phap khi

, Y2
. y =5y +4z y=y+z y=7 y=z
Viduit.a) <’ b) <~ c) d)<7,
Z =4y + 5z Z=y+z+X z’—X zZ =Yy
2
y =z y = Cycos x + Cp sin x
e):’, !
Z =-y z=Cocos x—Cysinx
Y =y +5z y = e X(Gycos x + Cp sin x)
f
){z’:—(y+32) ( z:%e—x[(CZ—ZCI)cosx—(CI+202)sinx])
a) {y’ =-3y-z Y= (G- Co - C1X)e‘2X)
Z=y-z z = (Cix + Cy)e 2%
Giai a)

e T phuong trinh thr nhat = y” = 5y + 47
e Thay Z = 4y + 5z vao phwong trinh1c6 y” =5y +16y + 20z
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%(y’— 5y),thayvaotacé y"—10y'+9 =0
e Nghiém téng quat y = cieX + cre%x

e Ty phwong trinh 1 = z =

e ' = cieX + 9c,e9%, thay vao phwong trinh dau cé z = —cieX + cpe9

4 1 2C1
) I CF s )= Gt Gy
3. Hé phwong trinh vi phéan tuyén tinh thuan nhat véi hé sé hang sé
d
N a1+ a2y2 +...+ anyn
ax
Lz = aziy1 +axy2 +...+ anyn
a) Pinh nghia { dx (1)
d
Y0 = amyi + anzye + ... + @mn¥n
ax
o doé a,-j e R
d
. £:a11y1+a12y2
b) Cach giai. Bé don gian ta xét hé J (2)
22 _ a21y1 + agx2y?
ax
a1 —A  ap

e Giai phwong trinh dac trung ‘ ‘ =0 (3)

a1 ax -4
e Néu (3) c6 2 nghiém thuc phan biét 4, 1, = (2) c6 nghiém téng quat la (4, y») & d6
Y1 = CGY11+ Cy12; Y2 = Ciy21 + C2y22

& d6 yi1 = prieh, ya1 = ppet¥, yio = pioe®X, yoo = poe®¥, (pik, pak) 1& vecto
riéng wng voi giatririéng Ak, k =1, 2

/: 2 /: _5 /: _
Yy =y+2z b){y y -5z c){y y-z

Vi du 1. Giai cac hé sau a) ,
Z =4y + 3z Z=2y-2z Z=y+3z

Giai a) Cach 1. Phwong phap khtr:

y -4y -5y =0 _
o L o1, y = Cie X + G5
V' =y +2ZvoiZ=4y+3zvaz= 2(}/ y)e z=%(y’—y) @{zz—CIeX+20265X

Cach 2. Phuwong phap toan to

Lix + Loy = A(t ,
Hé{ X+ Loy = hD) 5 46 1. 12 céc toan tir tuyén tinh
Lsx + Lyy = b(t)
L L - A(t) Lof. L L y - L4 7’1(1‘)‘
L3 L4 h(t) La| L3 L4 Lz f(1)
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D-1y-2z=
. {( )y 0 ,_d

J

4y+(B3-D)z=0""  dx
D-1 -2

e Tacohd =(D-18-D)+8=-D2+4D+5
4 3-D

e He o —y”+4y,+5y=0
-2 +4Z2+5z2=0

e Phwong trinh dac trung —k2 + 4k +5=0 & ky = -1, ko =5
eTacd y = cle X + ce°X; Z=c3e X + cue°X
e Thay y, z vao phwong trinh 1 ta cé
0=-—y +y+2z=cie X — 2.56%% + cle X + %% + 2(c3e X + c48°%)
= (2¢) + 2c3)e X + (—4Co + 2¢4)€7%%, V X

2c1+2¢c3 =0 C3 = —C
= =N

—4¢co +2¢c4 =0 C4 = 2C>

e Nghiém tong quét (y, 2), & d6 y = cie™ + coe%%; z = —cie™* + 2cpe%*
1-1 2
3-4
1- 2001 =
./11:5:{( S)pi1+2p21 =0
4pr1+(3-9)p21 =0
Chon pi1 =1, poy =2
1 (-1 200 =
. =1 (1-=(=1)) pr2 +2pp =0
4pio —(83=(=1))pop =0
Chon pi2 =1, poo = -1
e H& nghiémco banla y; = e°X ; z; = 28°%; yo = e X; 20 = - X
e Nghiém tdng quat: (y ; z),&8d6 y = 15X + coe X;  z = 2¢185% — cpre X
Vidu 2

Cach 3. e

‘20@22—42—520@/11:5,/12:—1

& 4p1 —2p21 =0

S 2P0 + 200 =0

ax
— = 2X+y alaa 5¢ _ (el 10 5¢

a) 3’1‘ ({x Ce :-Cge _ hode x = -Cie +3 0™
7};=3x+4y y =-Ce +3Cze y = Ciel + Coedt
x_ xX—-3

b) dt y ( x = e!(Cycos 3t + Co sin 3t) hodc y = el(Cycos 3t + Co sin 3t)
ay y =el(Cisin3t—Cocos3t) | x = el(Csin3t — Cocos 3t)

= 3X +
ot Y

Chu y. Phuong phap toan tir gidi dwgc hé phwong trinh tuyén tinh khong thuan nhat
v&i hé s6 hang sb

HAVE A GOOD UNRDERSTARNDING!
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PHUWONG TRINH VI PHAN VA Li THUYET CHUOI
BAI12

CHUONG 3. PHUONG PHAP TOAN TU LAPLACE

§1. Phép bién déi Laplace va phép bién déi ngwoc
e Phép bién dbi Laplace
e Tinh chét cha phép bién dbi Laplace
e Phép bién dbi Laplace nguoc
1. Dat van de
e Thuérng gap trong thue té cac phwong trinh vi phan

mx"+cx + kx=F(t); LI'+ Fa’l’+é/: E'(t)

twong (g véi hé théng gidm s6c va chudi mach RLC, F(t) va E'(t) néi chung la gian doan,
khi d6 phwong phap nhuw da biet kha bat tién. Co hay khdng phwong phap tién lgi hon?
e Phép bién dbi Laplace: Z{f(t)}(s) = F(s) bién phwong trinh vi phan v&i an ham (1)
thanh mét phwong trinh dai sb v&i An ham F(s) - c6 i gidi dwoc tim ra dé hon nhiéu.
Chang han nhw doi véi phwong trinh vi phéan cap cao

y " +ay"Via y+ay=>Ffx),
v6i diéu kién ban dau nhan duoc cong thire nghiém twérng minh biéu dién qua tich chap Laplace.
e Giai mot I&p phwong trinh vi phan cdp cao véi hé sé ham sb (diéu nay khong thé lam
duwoc voi cac phwong phap da biét), chadng han xy”—(4x+1) y' +2(2x+1)y =0
e Giai hé phwong trinh vi phan tuyén tinh cép cao

yi"” Zam}’k +£(x)

yin Za,,kyk+f (x)
k=n

e Giai mot I&p hé phwong trinh vi phan tuyén tinh cap cao véi hé sd ham sb.
2. Phép bién déi Laplace

oo

» Dinh nghia: F(s) = 7 {f(D}(s) = [ e f(t)dt, & d6 5,7 (1)e R
0
e Nhan xét. Phép bién dbi Laplace xac dinh véi s, f(t) e C. Nhwng trong chwong nay ta

chican s dung s, f(t)e R

Vidu 1. Tinh Z{1}(s)

. =Ie‘3’dt:[—le‘3’} = lim [—1e‘bs+l}:l, s>0
. s o bo=| S s| s

e Khong tén tai {1} (s) khi s<0.
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Vidu2. f(1)=e®, t>0.Tinh #(e?), ae R.

°° °° e(s—a)z‘ b
o 71e%}(s) =J-e‘3teatdt=j-e‘(s‘a)tdt= lim | —
b—oo S—a 0
0 0
= lim L(1—9‘(3‘3’)") =L, néu s>a
bowS—a s—a

e Phan ki khi s<a
Vidu3.Cho f() =12, a>—-1. Tinh Z{f()} va 21t"}, ne N

o 21t7}(s) =je‘3’tadt.
0

oo

eDatu=st » t=2 =% ¢ g{ta}zLIe‘“uadw
S S Sa+10

I'(a+1)

Sa+1

, §>0 (2.1)

|
. 3{1‘”}:%, s>0
S

3. Tinh chéat caa phép bién déi Laplace
Dinh ly 1. Tinh tuyén tinh caa phép bién déi Laplace
Cho «, B lahangsbéva 3 Z{f(t)}(s) va Z{g(t)}(s), khi doé

HHaf () + Bg(D}(s) =aZ{f (D} (s)+ B<L{g(D)}(s), Vs
Churng minh.
+) Z{af + Bg}(s) = je—sf(af(mﬁg(t))dt
tz 0
+) :blim e S (af (1) + Bg (1)) dt
b b
+) = lim | e Slaf () dt+ lim [ e S pg(t)dt

b—>co ¥ b—oo

+) = aje‘Stf(t)dH,b’Je‘Stg(t)dt
0 0
+) =aZ{f} + < {g}.

3
Vidu 4. Tinh z{stz +4t2}

e Taco F(lj =z
.r(1)=%\/5
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: i)
o 71321412 | =371} + 47 |2

St&r dung (2.1) ta cé

|
-g{tz}zrf’):%, >0
S S
5
(2 3)
Aot " \2) 3z
e 2li2]=—52 =255
s2 4.52
5
3 r>
, Py 2! (2) 6 V4
o 732 +4t2 =32 +4 =— +3, |~
S

Vidu 5. Tinh Z{coshkt}, Z{sinhkt}, L{coskt}, Z{sinkt}

Kt . —kt
o Z{coshkt} = Eff{%} :%(3{ekt}+3{e‘kt})

e Theo vi du 2 c6 ﬁz{coshkt}zl( LI j: S ss>k>0

2ls—k s+k) g2_K2’
e Twong ty < {sinhkt} = Z_ 42 s>k>0
it —st ° S
-Sf{coskt}(s):Je‘Stcosktdtz 5—— (ksinkt —scoskt) =—5—
9 S +k o S°+Kk
ikt | —ikt
1 1 1 S
hoéci’{coskt}zg{%}:—( + jz , §>0
(hog 2 2\s—ik s+ik) g2+ kK2 )
e Twong tw Z{sinkt} = $>0

s° + k2

Vi du 6. Tinh 2{3¢?' +2sin? 31}
. Z13e?t +2sin2 3t} = 213€?! +1-cos6t!
. =371} + {1} — Z{cos6t}
3 1 S

=4 ——

s-2 s s°+36
35 +1445-72

s(s—2)(s2 +36)’
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4. Phép bien doi Laplace nguwoc

Dinh nghia. Néu F(s)=Z{f(t)}(s) thi ta goi f(t) la bién dbi Laplace nguwoc cia F(s)
va viét f(t) = 2 {F(s)}

Vidu 7 a. sﬂ{

}:coskt, s>0; b.$1{ }zcoshkt, s>k>0

s2 + k2 s? — k2
f(t) F(s)
: X (s>0)
1
t ? (S>0)
n!
t" (n>0) F (s>0)
I'(a+1) T ot
— 7 (s>0), r'(s) = jts le~tdt
a _ a+l
¢ (a>-1) S ]
(Res > 0)
el é (s>a)
S
cos kt 1 (s>0)
. k
sin kt 7.1 (s>0)
S
cosh kt 25 (s >kl
. k
sinh kt 72 (s >kl
S —_
e—as
u(t-a) (s>0)
S

Bang 4. 1. 2. Bang cac phép bién dbi Laplace

c. & {i} — 4% d. & {3} _1p
3

s—5 st

Nhan xét. Phép bién déi ngwoc Laplace c6 tinh chat tuyén tinh.
That vay, ta ¢c6
+) aF + fG = aZ{f} + B<L{g} = L {af + B9}

1) = as P+ p2HGH
+) Tir d6 va tir dinh nghia c6 < H{aF + G} = a2 {F} + p {G}.
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Dinh nghia. Ham s6 f(#) dwoc goi la lién tuc tirng khic trén [a; b]néu nhw
e f(1) lién tuc trén méi khoang nhé (& do6 [a; b] dwoc chia thanh hiru han khoang nhd)
e f(t) cb gi&¢i han hiru han khi t tién t&i hai diém bién cta mdi doan nay.

| I
a b X

Hinh 4.1.3. D6 thj ctia ham lién tuc tirng khac.
Céc dau chadm chi ra cac gia tri ma ham sé gian doan

{1 1) e Y

e — =

| i
Hinh 4.1.4. D6 thj ctia ham don vi bac thang
0 t<a

1 t=>a
b

Vi du 8. Tinh Z{u, (1)}, a>0, ua(t):u(t—a):{

N I —st
o #{u, (D} = [e g (t)dt = [ e™'dit = lim K_e J
0

a

1 . _ _
o ——_ |im (g8 — g=sb)
S b—w
e—as
° — , §>0,a>0
S

Dinh nghia. Ham f dwoc goi 1a bac mi khi t — 400 néu tn tai cac hang sé khéng am
M, c, T saocho |f(t)<Me vit>T

Dinh ly 2. Sw ton tai ctia phép bién déi Laplace

Néu ham f lién tuc teng khac véi t>0 va la bac mi khi t— +e thi ton tai
Z{f(H)}(s), Vs>c.

Chtpng minh. +) Tt gia thiét f 12 bac md khi t — = |f(1)|< Me®, Vt>0

b b b b
+) Tach j le~stf (1) at = j e St|f (1) dt < j &St MeCtdt = M j e (s Ogt < S—MC s>c.
0 0 0 0

M

+) Cho b — 40 ¢6 |F(s) < j\e—sff(t)\dts
0
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Cho s — 4+ = I F(s),s>c,vaco

Hé qua. Néu f(t) thda man gia thiét cta Binh ly 2 thi lim F(s)

S—>+o0

0

Chu y.
e M&t ham hiru ti (bac tr nhd hon bac mau) 1a &nh cta phép bién dbi Laplace
e Pinh |i 2 khéng la diéu kién can, vi du:

Ham f(f) = 1 khong lién tuc tieng khac tai t =0, nhwng & vi du 3 c6

Jt

y

g{t;}:@:\/é

1

N |

s
Dinh ly 3. Sw duy nhét cta bién doéi Laplace nghich dao
Gid st rang cac ham f(t),g(t) théa man giad thiét cha Dinh ly 2 dé tbén tai
F(s)=2{f()}(s), G(s)=Z{g(t)}(s). Néu F(s)=G(s), Vs>c thicd f(t)=g(t) tai t
ma ca hai ham lién tuc.
Vi du 9. Dung béang tinh bién dbi Laplace cta cac ham sb sau

a) f(t) = cos? t b) f(t) = sin 2t cos 3t c) f(t) = cosh? 3t
d) f(t) = (2 + )2 e) (t) = tet f) f(t) = t + 265
Vi du 10. Dung bang tinh bién di Laplace ngwoc clia cac ham sé sau
2 2 4 - 2s
a) F(s) = — b) F(s) = c) F(s) =
) F(s) 3 ) F(s) s 3 ) F(s) 214
5s -2 1.5
d) F(s) e) F(s) = 3s-1e-5s
9-s2
Chu y

e Hai ham lién tuc tng khuc, 14 bac mii va bang nhau qua phép bién dbi Laplace chi cé
thé khac nhau tai nhirng diém gian doan c6 lap. Diéu nay khéng quan trong trong hau hét
cac (rng dung thuc té.

e Phép bién dbi Laplace cé mét lich st kha tha vi: Xuét hién dau tién trong nghién ctu
cua Euler, mang tén nha toan hoc Phap Laplace (1749-1827) - ngwdi da dung tich phan
trong Iy thuyét xac xuét ctia minh, nhung viéc van dung phwong phap bién dbi Laplace
dé giai phwong trinh vi phan lai khong thudc vé Laplace ma thudc vé ki sw ngudi Anh
Oliver Heaviside (1850-1925).

DAVE A GOOD URDERSTARNDJING!
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PHU'ONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 13
§2. Phép bién déi cua bai toan véi gia tri ban dau
e Phép bién dbi ctia dao ham
e Nghiém cla bai toan gié tri ban dau
e Hé phwong trinh vi phan tuyén tinh
e Nhirng Ki thuat bién dbi bd sung
1. Dat van de

e VVan dung phép bién ddi Laplace dé giai phwong trinh vi phan tuyén tinh véi hé sé hdng
ax’(t)+ bx'(t) + cx(t) = f(t)

voi diéu kién x(0) = x;, x'(0) = X}
¢ So sanh v&i cac phwong phap giai da hoc
e Giai hé phwong trinh vi phén tuyén tinh
2. Phép bién dbi cia dao ham
Dinh 1y 1. Cho 7(t) lién tuc va tron tirng khic voi t>0 va la bac ma khi t — +oo (tlrc
ton tai hang so0 khong a&m ¢, M va T thoa man:
f(t)|< Me™, t=T (2.1)
Khi @6 ton tai Z{f' (1)} v&i s>cvaco Z{f(t)}=sz{f(t)}-7(0)=sF(s)-7(0)

(e}

Chirng minh. +) Z{f ()} = j e St (¢ dt = j e Stdf (1)
0 0

oo

¥) =e (], + sj e St (t) ot
0
Do |f(t) < Me®, t>T = e S!f (1) —2= 0 khi s> ¢

+) T Dinh 1i 2 (bai 1) = je—sff(t)dt hdi tu v&i s> ¢
0

+) Tw dotaco L1 (s)=sZ{fi(s)-1(0)

Dinh nghia. Ham f dwoc goi la tron tieng khiic trén [a; b] < nd kha vitrén [a; b] trir
ra htru han diém va (1) lién tuc tieng khiic trén [a; b]

3. Nghiém cua bai toan gia tri ban dau

Hé qua. Phép bién dbi cua dao ham bac cao

Gia st rng cac ham sb f, f,---, £ lién tuc va tron tirng khic véi >0 va 1a bac md
khi t — +oo. Khi d6 tdn tai Z1f™ (1)} véi s> ¢ vacé

L (1) = "2 {f (D} - s"F(0) - 8" 27 (0) —---— £V (0)

= s"F(s)—s"'1(0)—s" 2 (0)—---— " (0)
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Vi du. St dung Binh li 1, chi*ng minh rang

|
a) e =— T n-123,..

(s—a)""
Chirng minh bang qui nap
An=1: et _gferry- 11 __ 1 >
s—a s-as-a (s_a)
|
+)n k: g{tk at} LKH
(s—-a)
| |
) S{Hgat) k+1${l‘k et} — k+1 k! _ (k+1)!
s-a s-a (s-a") (s—a)*?
! : 2sk
b) éZ{tSInhkl‘}=ﬂ

+) f(t) = t.sinhkt = f(0) = 0 va c6
+) f(t) = sinhkt + ktcoshkt, f(0) =
f'(f) = 2kcoshkt + Kt sinhkt

+) Z{2kcoshkt + k2tsinkt} = s2Z {f (1)} - sf(0) - £ (0)
¥) 2k—> 4+ K2F(s) = s?F(s), & d6 F(s) = {tsinhki)

(s2 - K?)
2ks
+) F(s)=—22
2, 2)?
(s2 - K?)
Phuomg tnnh Mzhidrn (xt) ola
w1 phin i wil phiromg trinh wi
Ht) phﬁ.n

Phutmg trinh Hehiérn ()
dai e i v (AL dad 26 clia phrong
(s ' trinh dai s

Hinh 4. 2. 4. St dung bién ddi Laplace dé gidi mét phwong trinh vi phan
théa man dieu kién ban dau.

Vi du 1. Gidi phwong trinh

a) x'—x —6x=0 voi diéu kién x(0) =2, x'(0) = -1

e Tach: Z{xX (1)} =sX(s)-2

o Z{x (1} =52X(x)-sx(0)- x(0) =s°X(s)-25+1
e Thay vao phwong trinh da cho cé
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(s2X(s)—25+1)—(sX(5)-2)-6X(s)=0 < (s2-5-6) X(s)—25+3=0
2s—-3 2s—3 3 1 7 1
s“—s-6 (s—3)(s+2) 5s-3 5 s+2

e Do ¢! {L} =e? nénco x(t) _3 g8ty g2
s—a ) )
la nghiém cua bai toan gia tri ban dau.
Vi du 2. Giai bai toan gia tri ban dau
a) X’+4x=sin3t, x(0)=x(0)=0
Bai to4n nay gan lién v&i qué trinh chuyén déng ciia mot hé vat — 10 xo véi tac ddng cua
lwc bén ngoai)

| k=4 flry=%m 3t

m=1 p——

x(t)
Hinh 4. 2. 2. Hé vat — 10 xo thda man bai toan diéu kién dau trong Vi du 2.
Diéu kién dau cla vat 14 vj tri can bang cta né.
o Tlr diéu kién ban dau c6: Z{x" (1)} = s?X(s)—sx(0)— x (0) = s> X (s)

e Tr bang 4.1.2 c6 Z{sin3t} = 23 4
s +3
e Thay vaotacd s°X(s)+4X(s)= 23
s°+9
3 As+B Cs+D
e X(s)=— 2 =T 2 2
(s“+9)(s“+4) (s°+4) (s°+9)
e Ddng nhitta cé A=C=0, B:%, D:—%,dod@
X(e)=2 2 1.3
10 s*+4 5 s°+9
e Do Z{sin2t} = ——, Z{sin3t} =——— néntacd x(t):isinZt—lsinBt.
s°+4 s +3 10 S
b) X’+9x=0,x(0)=3,x(0)=4 (x(t):30053t+%sin3t)
c) X’+8x +15x=0, x(0) =2, x'(0) =-3 (x(t)=%(7e‘3’—39‘5t))
d) x"+4x=cost, x(0)=0,x(0)=0 (x(t)=%(cost—cos2t))

e) X'+9x=1 x(0)=0,x(0)=0 (x(t)=%(1—cosst))
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Nhan xét. Nhw vay phwong phap bién doi Laplace cho 10i giai tryc tiép tim nghiém cla
bai toan gia tri ban dau ma khong can phan biét do la phwong trinh vi phan thuan nhat
hay la khéng thuan nhat.
4. Hé phwong trinh vi phan tuyén tinh
e Phép bién dbi Laplace c6 kha nang bién dbi hé phuong trinh vi phan tuyén tinh thanh
moét hé phuwong trinh dai s tuyén tinh
, e . o L, 2X" =-6x+2y,
Vi du 3. a) Giai hé phwong trinh vi phan tuyén tinh { Y _
y =2x-2y+40sin3t
v&i diéu kién ban dau x(0) = x(0)=y(0) =y’ (0)=0
e Day 13 bai toan gid tri ban dau xac dinh ham dich chuyén x(t) va y(t) cta hé hai vat
thé dwoc chi ra trong Hinh 4.2.5, gia st rang luc f(t) = 40sin3t la thc dong bat ngo toi
vat thé thi hai tai thoi diem t = 0 khi ca hai vat thé dang & trang thai tinh tai vi tri can

bang cla ching.
g flr)y=40sin 3¢

X 1
Hinh 4. 2. 5. Hé vat thé thda man diéu kién dau trong Vi du 3.
C4 hai vat thé dang & vj tri can bang.
e Tl didu kién ban dau c6 Z{x (1)} =s°X(s)-sx(0) - x(0) =s°X(s)
e Twong tv Z{y (1)} = s?Y(s)

e Do Z{sin3t}=

, thay vao hé phwong trinh cé hé phwong trinh sau:

s?+9
252 X(s) = -6 X(s) +2Y(s) (s +3)X(s)-Y(s)=0
=
$2Y(s) = 2 X(5) ~ 2Y(8) + = _2X(5)+ (5% +2)¥(8) =2
s°+9 s°+9
2
1
-A:(S +3) = (s® +1)(s? + 4)
—2 (32+2)
0 1 2
4=| 120 _ 120 A2=S +3 12 _120(s? +3)
5 s°+2 249’ -2 20 s°+9
$°+9 s?+9
e Do d6 X(s)= 120 5 8 . 3

(s +4)(s®+9)(s® +1) s?+1 s°+4 s2+9
e Do d6 x(t) =5sint—4sin2t +sin3t

2
e Twongtwcod Y(s)= 120(s” +3) __10 + 8 18

(32+4)(32+9)(32+1) (32+1) 32+4_32+9
enéncéd y(t)=10sint+4sin2t-6sin3t
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Hinh 4. 2. 6. Cac ham dinh vi x(t) va y(t) trong Vi du 3 a).
0) {x’+2y’+x:0, x(0)=0
X-y +y=0, y(0)=1
Téac dong toan t&r Laplace, st dung diéu kién ban dau cé
sX(s)+2[sY(s)-1]+ X(s)=0 (s+1) X(s)+2sY(s)=2
{ sX(s)-[sY(s)-1]+Y(s)=0 = {sX(s)+(1—s)Y(s) =1
Giai hé 2 phwong trinh tuyén tinh cip 1 ta c6

+) X(s)=- 2 _.° : 133 2 {smhi}
32 -1 B 2_(1/43° 3 J3
3s+1 s+1/3 S 1 1//3
Y(s) = = =

3s-1 s°-1/3 &2 _(1,/3)° N 2_(1/43)°

_ 3{cosh%} +%${sinh%}

)x(t)——%smh\/_ y(t) =cosh— 1 sinh-L

«/5 "BR

c) { ,: X+2i (x(D=2(e? —et —3te™!), y() =1 &t 1 6te))
y=x+e' x(0)=0=y(0) 9 9

0 {x”+2x+4y=0,x(0)=y(0)=0
Y +x+2y=0, xX(0)=y(0)=-1

5. Nhirng ky thuat bién déi b6 sung

Vi du 4. Chieng minh rang < {te?'} =

(x(t) =%(2t—33in2t), y (1) =—%(2t+3sin2t)

(s— a)
e Dt f(t)=te? thico f(0)=0, F(t)=e? +ate?. Do d6 co
et +ate?) = 2{F (1)} = sZ{f (1)} = sz {te?}
e Do phép bién ddi tuyén tinh nén co: #{e?} + az{te®} = s {te?}
at
ap 2l 1 oo ety 1
S—a (S a) S—a

Vidu 5. Tim Z{tsinkt}
Pat f(t) =tsinkt thico f(0) =0, f(t)=sinkt+ ktcoskt, f(0)=0

e Do db iZ’{te
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o f"(t) = 2kcos kt — k*tsin kt

e Matkhac Z{r" (1)} = 22 {(1)}, < {coskt} =—— 7 nén 6
S+
%-kzg{tsin kt} = s*{tsinkt}
s“+k
eDodo #{tsinktt=— 2>
(s +K°)

Dinh li 2. Phép bién doéi cua tich phan
Néu f(t) lién tuc trng khiic véi t>0 va la bac mi khi t — +e thi

t
& J.f(z')dz' o219 wsiss o
3 S S

hay 1a: < {@}:jf(r)m :j3”1{F}(r)df
0 0

t

Chirng minh. +) f lién tuc tirng khic = g(t) =J.f(r)dr lién tuc, tron tirng khic voi
0

t t
t>0 vaco \g(t)\S_C[If(r)ldrs M{e“drz%(e“—1)<%e°’

= g(t) 1a ham bac mi khi t — o
+) S dung dinh li 1 taco Z{f ()} =<2{g ()} =sz{g(t)}-g(0)

t
+) Do g(0) =0 néntacd g{Jf(f)dr}z3{9(1‘)}:%9’“(1‘)}
0

Vi du 6. Tim nghich dao ca phép bién dbi Laplace cta G(s) = ————

- t t
eTaco &1 1 =Y1{ﬁ}='|.371{L}dr=J.eafdrzl(eat—ﬂ
s(s—a) S s—a a
0 0
1 t
o x Lo 1 19 s(s—a) 1 1
e Twr do va tiép tuc cé 3‘{—}:97 e :Jg”{ }dr
a
0

t t
=J‘l(eaf—1)dr={1(1eaf—rﬂ :iz(eat—at—ﬂ.
. d a\a a

HAVE A GOOD UNRDERSTARNDING!
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 14
§3. Phép tinh tién va phan thirc don gian
e Quy tac phan thirc don gian e Sy cong hwdng va nhan ti tich 1ap bac hai
1. M& dau. , o o
Phwong trinh vi phén tuyén tinh véi hé so hang cé nghiém la bién doi Laplace nghich
P(s)
Q(s)
Can dwa ra ki thuat cho phép tinh < '{R(s)} duoc thuan loi.
2. quy tac phan thirc don gian
a) Quy tic 1. Phan thirc don gian tuyén tinh

dao cua ham hiru ti R(S) =

Néu Q(s) c6 (s—a)" thi R(s) c6 cac sb hang sau

A + A 5+t Ay —~, A€R, i=1n
$-a (s-a) (s-a)
b) Quy tac 2. Phan thirc don gian bac hai
, n
Néu Q(s) c6 ((s—a)®+b?) thi R(s) c6 dang
A1$—|2-B1 . As+ B, - A,s+B, _
(s—a)"+b [(s—a)2+b2} [(s—a)2+b2}
&dé A, BeR, i=1n
Dinh li 1. Bién déi trén truc s
Néu F(s) = £ {f(1)} 1dn tai véi s > ¢, thi tdn tai < {e®f(1)} voi s>a+c vaco
2{e®f(1)} = F(s-a).

Hay twong dwong véi 7 F(s-a)} = e¥f(t)
Chirng minh. Ta cé

oo oo

F(s—a) = je‘(s‘a)tf(t)dtz je‘ST[ea’f(t)]dt: Z1e®f(1)}, s—a>c

0 0
Tw két qua nay va tov bang 4.1.2 ¢6
f(t) F(t)
n!
eattn m, Ss>a (21)
s—a
e?! cos(kt) (s-af+k2 5>4 (2.2)

k
at o , S§>a
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Vi du 1. Tim phép bien doi Laplace ngwoc cua

2
s +1
a) R(s) =
) R(s) s® -2s°-8s
2
o« R(s) = S +1 A B N C

s(s+2)(s-4) s s+2 s—a
o 32+1=A(s+2)(s—4)+Bs(s—4)+Cs(s+2).

e Thay s=0,s=-2,vas=4taco

—-8A=1,12B=5,24C=17 & A=—%; B:i, sz

12 24
11 5 1 17 1

e R(S)=-c—+ ———+———,
8s 12 s+2 24 s-4
. Y1{R(s)}=—l+£e‘2’+£e‘”.
8 12 24
2
b) F(s) = S°+2s (f(t)=1(2003t—sint—20032t+23in2t))
s* +5s2 + 4 3
2 _
c) F(s) = S” - 28 (f(t) = —2cost - sint + 2cos~/2t + /2 sin+/2t)
s*+3s2+2
Vi du 2. Giai bai toan gia tri ban ddu y”+4y +4y =t?; y(0) = y’(0) = 0.
e Tac dong phép bién ddi Laplace ta cd s°Y(s)+4sY(s)+4Y(s)= %
S
2 A B C D E
* Y(s)=— =3t o+t + 5+
s°(s+2)° s° s° S (s+2) S+2
i1 3 1 3
e Pbng nhét cac hé sb ta cod Y(s)=%—%+§— 4 5 8
S S S (S+2) S+2

S

2 8 4 8
Vi du 3. Xét mot hé con Iac 16 xo voi m:%, k=17, ¢=3 don vi (mét, kilbgam, giay).
x(t) 1a khodng dich chuyén cua khéi lwong m tw vi tri can bang ctia n6. Néu khéi lwong

dwoc dat & vitri x(0)=3, x'(0)=1. Tim x(t) la ham cla dao déng tw do tat dan.

k=17

=3
[RRLISRERXRRRRRRE m=%-—% }_

e

A0

Hinh 4.3.1. Hé khéi lwong-10 xo va vat can cla Vi du 1
e Ta c6 phwong trinh vi phan twong tng v&i bai toan la: %x”+3x’+ 17x=0
véi diéu kién ban dau x(0) =3; x/(0) =1
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e Tac déng phép bién doi Laplace vao hai vé, chi y < {0} =0 ta c6
[sZX(s) _3s- 1] +6[sX(s)-3]+34X(s)=0
. X(s)= 233+19 _3 s+23 ) 52
s°+6s+34  (s+3)"+25 (s+3)°+25

o SIv dung (2.2), (2.3) c6 x(t) = e 3 (3cos5t +2sin5t)

3L

Hinh 4.3.2. Ham vi tri x(t) trong Vi du 1.
Tw hinh ta thy dd thi ctia dao dong tat dan.
Vi du 4. a) Xét hé con lac 16 xo - gidm x6c nhw trong Vi du 3, tuy nhién véi diéu kién
x(0) = x'(0) =0 va v&i mot lwe tac dong bén ngoai F(t) =15sin2t. Tim chuyén ddng tirc
thei va én dinh cda khéi lwong do.
e Ta can giai bai todn véi gia tri ban dau

x"+6x'+34x=30sin2t; x(0)=x'(0)=0.

e Tac dong phép bién ddi Laplace vao ta cé s2X(s)+6sX(s)+34 X(s) = 260 2
s° +
60 As+B Cs+D
* X(s)=13 2 2.4 2 '
(s +4)[(s+3) +25} s“+4 (s+3)°+25
e Pdng nhét ta co A:—E, B:@, C:D:E.V‘l vay,
29 29 29
11 -10s+50 10s+10 1|-10s+25.2 10(s+3)-4.5
* X(s)=25| —= + 2 ~og 2 + 2 '
29| s°+4  (s+3)°+25) 29 s°+4 (s+3)°+25

e Do d6 x(t) =239(—20032t+53in2t)+2—29e‘3t(50035t—23in5t).

b) xX® + x' —6x =0, x(0) =0, xX(0) = X’(0) =1
+) [*X(s)-s-1]+[s®X(s)-1]-6sX(s) =0
S+2 =i(_§_ 1 N 6 j
s°+s2-6s 15
’

S s§+3 s-2
4) =—(srin-wledrevie?}) = :Z{i(b‘e?" _edt —5)}
15 15

+) X(s) =

+) x(t) = l(692t —e3t_5)
15
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c) X' -6X+8x=2,x(00=0=x(0) (x(t)= %(1 _ 262t 4 %)

d) X +4x +8x=e!, x(0)=x(0)=0 (x(t)= %[Ze‘t _e2(2¢c0s2t +sin2t)])

e) x* —x=0,x(0=1,x(0) = x(0) = x¥(0) =0 (x(t) = %(cosh t+cost))
f) X% +13x"+36x =0, x(0)=x"(0)=0, x(0) =2, x® (0) = -13
(x(t) =lsin2t+lsin3t)
2 3
g) X¥ +2x"+ x =€, x(0) = X (0) = x'(0) = xX*(0) =0
(x(t) =51—0[262t+(1Ot—2)cost—(5t+14)sint])
h) x”+6x +18x =cos2t, x(0) =1, x'(0) = -1
(x(t) =Le‘st(4890033t+307sin3t)+L(70032t+63in2t))
510 170

) xX® 4 x—12x=0,x(0)=0,x(0)=x(0) =1 (x(t) = 1o e —ie“”)

6 21 14
k) x® + x"=20x =0, x(0) =0, X (0) = x"(0) =1 (X(t)=—%+%94t—%e_5t)

3. Sw cong hwéng va nhan tor tich 1ap bac hai
Hay dung hai phép bién dbi Laplace ngwoc ciia ham phan thire don gidn trong trwérng hop
phén tich lap bac hai (nhan dwoc khi str dung ky thuat nhw & Vi du 5, Bai 2)
o Lsinkt; o L -
(52+k2) 2k (52+k2) 2k
Vi du 5. St dung phép bién dbi Laplace dé giai bai toan vai gid tri ban dau
X" +apx = Fysinat; x(0)=0= x(0)

(sin kt — kt cos kt)

e Tac dong phép bién dbi Laplace vao cé s°X(s) + af X(s) = Fow

s° +

e X(s)=

Foe Fyw 1 1
sf+m? S5+

(s2+a)2)(sz+a§)=a)2—wo2 2 wz}“’ia’o = tim duoc x()

e Néu 0=, ta cod X(s) __fom , khi d6 x(t) = fo sin ant — antcos apt
2 5 (SIN QT — I COS ayy
(32+ 2]2) 2ax
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~C(1)

-4

Hinh 4.3.4. Nghiém cdng huwéng trong (18) v&i a :% va Fy =1,

cung voi dwdng bao cia né x = +C(t)
Vi du 6. Giai bai toan v&i gia tri ban dau
y“W 2y y = ate'; y(0)=y'(0) = y"(0) = y1¥(0) = 0.
e C6 Z{y" () = s2Y(s), g{y(“)(t)} = s*Y(s), Z{te'} =

(s=1)°

e Tac dong phép bién dbi Laplace vao c6 (34 +252 +1)Y(s) = : )2 :
s—1
4 A B Cs+D Es+F
* Y(s)= 2,2 L 12 2 T + 2T 2
(s—1°(s“+1)° (s-1)° s-1 (32+1) < +1

e Dung hé sbé bét dinh c6
1 2 2s 2s+1
Y(s)= +

_ +
(s-17 s-1 (g2, s°+1

e Do d6 y(t)=(t—2)e' +(t+1)sint+2cost.

DAVE A GOOD UNRDERSTARNDJING!
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